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▲1 Ó÷åáíûé ïëàí

I ñåìåñòð

1 2 êîíòðîëüíûå ðàáîòû

2 3 ëàáîðàòîðíûå ðàáîòû

3 Êîëëîêâèóì

4 Çà÷åò

II ñåìåñòð

1 2 êîíòðîëüíûå ðàáîòû

2 3 ëàáîðàòîðíûå ðàáîòû

3 Ýêçàìåí
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ÒÅÌÀ 1. Òåîðèÿ ïîãðåøíîñòåé
1.1. Ïîñëåäîâàòåëüíîñòü ìîäåëåé è ñòðóêòóðà ïîãðåøíîñòè

1 Ðåàëüíûé îáúåêò

2 Ìàòåìàòè÷åñêàÿ ìîäåëü

3 Àëãîðèòìè÷åñêàÿ ìîäåëü

4 Âû÷èñëèòåëüíàÿ ìîäåëü

1 7→ 2 7→ 3 7→ 4 ⇒ Ðåçóëüòàò (×èñëî)

1 7→ 2 ⇒ Íåóñòðàíèìàÿ ïîãðåøíîñòü
2 7→ 3 ⇒ Ïîãðåøíîñòü ìåòîäà (ïîãðåøíîñòü óñå÷åíèÿ)
3 7→ 4 ⇒ Âû÷èñëèòåëüíàÿ ïîãðåøíîñòüa

aÊëàññèôèêàöèÿ ïîãðåøíîñòåé ïî Êîëìîãîðîâó

Ïðèìåð 1.
1 Ðåàëüíûé îáúåêò � êîëåáàòåëüíûé ïðîöåññ

2 Ìàòåìàòè÷åñêàÿ ìîäåëü � y = sin(x)

3 Àëãîðèòìè÷åñêàÿ ìîäåëü � ỹ(x) = x− x3

3! +
x5

5! − . . .

4 Âû÷èñëèòåëüíàÿ ìîäåëü ⇒ ỹ(25, 7) ≈ y⋆ = 24, 25401855...



Ïðèìåð 2.

Ðèñ. 1: Âû÷èñëåíèå ïðèáëèæåííîãî çíà÷åíèÿ ïëîùàäè ïëîñêîé ôèãóðû.



1.2. Àáñîëþòíàÿ è îòíîñèòåëüíàÿ ïîãðåøíîñòè
x � òî÷íîå ÷èñëî, x⋆ � ïðèáëèæåííîå ÷èñëî (ïðèáëèæåíèå)

Îïðåäåëåíèå 1.1.

Àáñîëþòíîé ïîãðåøíîñòüþ ïðèáëèæåíèÿ x⋆ íàçûâàåòñÿ òàêàÿ
âåëè÷èíà Ax⋆ , êîòîðàÿ óäîâëåòâîðÿåò íåðàâåíñòâó

|x− x⋆| ≤ Ax⋆ (1.1)

Îïðåäåëåíèå 1.2.

Îòíîñèòåëüíîé ïîãðåøíîñòüþ ïðèáëèæåíèÿ x⋆ (x⋆ ̸= 0)
íàçûâàåòñÿ òàêàÿ âåëè÷èíà ∆x⋆ , êîòîðàÿ óäîâëåòâîðÿåò
íåðàâåíñòâó

|x− x⋆

x⋆
| ≤ ∆x⋆ (1.2)

Ax⋆ � âåëè÷èíà ðàçìåðíàÿ: x = x⋆ ±Ax⋆

∆x⋆ � âåëè÷èíà áåçðàçìåðíàÿ: x = x⋆ (1±∆x⋆)

∆x⋆ =
Ax⋆

|x⋆|
(1.3)



1.3. Ïîãðåøíîñòü è ïîçèöèîííàÿ çàïèñü ÷èñëà

3, 141592653589793238462643 � ïîçèöèîííàÿ çàïèñü ÷èñëà π

Îïðåäåëåíèå 1.3.

Çíà÷àùàìè öèôðàìè ÷èñëà íàçûâàþòñÿ âñå öèôðû â åãî
ïîçèöèîííîé çàïèñè, ñëåäóþùèå ñëåâà íàïðàâî, íà÷èíàÿ ñ ïåðâîé
íåíóëåâîé

Ïðèìåðû: 1) 0, 00120; 2) 1, 20.

Îïðåäåëåíèå 1.4.

Öèôðà â ïîçèöèîííîé çàïèñè ÷èñëà íàçûâàåòñÿ âåðíîé, åñëè
àáñîëþòíàÿ ïîãðåøíîñòü ÷èñëà íå ïðåâîñõîäèò ïîëîâèíû åäèíèöû
ðàçðÿäà, ñîîòâåòñòâóþùåãî ýòîé öèôðåa

aÂ ïðîòèâíîì ñëó÷àå öèôðà íàçûâàåòñÿ ñîìíèòåëüíîé

Ïðèìåðû:
1) x⋆ = 0, 00120, ãäå Ax⋆ = 0, 00004;
2) x⋆ = 1, 20, ãäå Ax⋆ = 0, 07.



1.4. Îïðåäåëåíèå ïîãðåøíîñòè çíà÷åíèÿ ôóíêöèè ïî
ïîãðåøíîñòÿì åå àðãóìåíòîâ

y = f(x1, x2, . . . , xn), x ∈ D[f ] ⊆ Rn, x = (x1, x2, . . . , xn)
⊤ ∈ Rn.

Ïóñòü x⋆i : Ax⋆
i
,∆x⋆

i
(i = 1, 2, . . . , n), x⋆ = (x⋆1, x

⋆
2, . . . , x

⋆
n)

⊤ ∈ Rn.

Òðåáóåòñÿ ïîñòðîèòü îöåíêó ñâåðõó äëÿ

|y − y⋆| = |f(x1, x2, . . . , xn)− f(x⋆1, x
⋆
2, . . . , x

⋆
n)|.

Âñïîìîãàòåëüíàÿ ôóíêöèÿ

F (t) = f(x⋆ + th),
ãäå h = x− x⋆ = (h1, h2, . . . , hn)

⊤:

|hi| ≤ Ax⋆
i

(i = 1, 2, . . . , n). (1.4)



Îïðåäåëåíèå ïîãðåøíîñòè çíà÷åíèÿ ôóíêöèè ïî
ïîãðåøíîñòÿì åå àðãóìåíòîâ (ïðîäîëæåíèå)

Ïóñòü f ∈ C1. Òîãäà

|y − y⋆| = |F (1)−F (0)| = |F ′(θ)|(1− 0) =

= |
∑n

i=1
∂f
∂xi

(x⋆+θh)hi| ≤

≤
∑n

i=1 |
∂f
∂xi

(x⋆ + θh)|Ax⋆
i
≤

≤
∑n

i=1MiAx⋆
i
= Ay⋆ ,

(1.5)

ãäå θ ∈ [0, 1], Mi = maxθ∈[0,1] |
∂f
∂xi

(x⋆+θh)| (i = 1, 2, . . . , n).

Åñëè Ax⋆
i
≪ 1, òî ∂f

∂xi
(x⋆+θh) ≈ ∂f

∂xi
(x⋆) (i = 1, 2, . . . , n).

Ay⋆ =

n∑
i=1

| ∂f
∂xi

(x⋆)|Ax⋆
i

(1.6)



1.5. Ïîãðåøíîñòè àðèôìåòè÷åñêèõ îïåðàöèé

Ïóñòü xi, x
⋆
i : Ax⋆

i
,∆x⋆

i
(i = 1, 2, . . . , n)

I. ÑËÎÆÅÍÈÅ

Àáñîëþòíàÿ ïîãðåøíîñòü

Ïîñêîëüêó |
∑n

i=1 xi −
∑n

i=1 x
⋆
i | ≤

∑n
i=1 |xi − x⋆i | ≤

∑n
i=1Ax⋆

i
, òî

A∑n
i=1 x⋆

i
=

n∑
i=1

Ax⋆
i

(1.7)

Îòíîñèòåëüíàÿ ïîãðåøíîñòü. Ñëó÷àé 1: x⋆i > (<)0 (i = 1, 2, . . . , n)

Â ñèëó (1.3), (1.7)

∆∑n
i=1 x⋆

i
=

A∑n
i=1

x⋆
i

|
∑n

i=1 x⋆
i |

=

∑n
i=1 Ax⋆

i∑n
i=1 |x⋆

i |
=

∑n
i=1 ∆x⋆

i
|x⋆

i |∑n
i=1 |x⋆

i |
≤ maxi ∆x⋆

i
.

min
i

∆x⋆
i
≤ ∆∑n

i=1 x⋆
i
≤ max

i
∆x⋆

i
(1.8)



Ïîãðåøíîñòè àðèôìåòè÷åñêèõ îïåðàöèé
Îòíîñèòåëüíàÿ ïîãðåøíîñòü. Ñëó÷àé 2: x⋆i ðàçíûõ çíàêîâ
(i = 1, 2, . . . , n)

×àñòíûé ñëó÷àé: y⋆ = x⋆1 − x⋆2, ãäå x
⋆
1 > 0, x⋆2 > 0.

Â ñèëó (1.3), (1.7) ∆y⋆ =
Ax⋆

1−x⋆
2

|x⋆
1−x⋆

2 |
=

Ax⋆
1
+Ax⋆

2

|x⋆
1−x⋆

2 |
=

x⋆
1∆x⋆

1
+x⋆

2∆x⋆
2

|x⋆
1−x⋆

2 |
.

Ïðè âû÷èòàíèè äâóõ ïîëîæèòåëüíûõ áëèçêèõ ÷èñåë ìîæåò
ïðîèçîéòè çíà÷èòåëüíîå óâåëè÷åíèå îòíîñèòåëüíîé ïîãðåøíîñòè.

Ïðèìåð. x1 =
√
11, x⋆1 = 3, 32; x2 =

√
10, x⋆2 = 3, 16

Ïóñòü Ax⋆
1
= Ax⋆

2
= 0, 005. Òîãäà Ax⋆

1−x⋆
2
= Ax⋆

1
+Ax⋆

2
= 0, 01.

y⋆ = x⋆1 − x⋆2 = 0, 16 (1.9)

y⋆ =
√
11−

√
10 = (

√
11−

√
10)(

√
11+

√
10)√

11+
√
10

=

= 11−10√
11+

√
10

= 1
3,32+3,16 = 1

6,48 = 0, 154

(1.10)

1

1Ñàìîñòîÿòåëüíî îòâåòèòü íà âîïðîñ: Ïî÷åìó â ðåçóëüòàòå, ïîëó÷åííîì ñ
ïîìîùüþ ôîðìóëû (1.10), âñå öèôðû âåðíûå?



Îòíîñèòåëüíàÿ ïîãðåøíîñòü îïåðàöèè óìíîæåíèÿ

II. ÓÌÍÎÆÅÍÈÅ

y =
∏n

i=1 xi = f(x1, x2, . . . , xn).
Ïóñòü x⋆i ̸= 0, Ax⋆

i
,∆x⋆

i
(i = 1, 2, . . . , n) è

y⋆ =
∏n

i=1 x
⋆
i = f(x⋆1, x

⋆
2, . . . , x

⋆
n).

Íåòðóäíî çàìåòèòü, ÷òî

∂f

∂xi
(x1, x2, . . . , xn) =

f(x1, x2, . . . , xn)

xi
∀i = 1, 2, . . . , n (1.11)

Òîãäà, â ñèëó (1.3), (1.6) è (1.11), èìååì

∆y⋆ =
Ay⋆

|
∏n

i=1 x⋆
i |

=

∑n
i=1

|f(x⋆
1 ,x⋆

2 ,...,x⋆
n)|

|x⋆
i
| Ax⋆

i

|f(x⋆
1 ,x

⋆
2 ,...,x

⋆
n)|

=

=
|f(x⋆

1 ,x
⋆
2 ,...,x

⋆
n)|

∑n
i=1

Ax⋆
i

|x⋆
i
|

|f(x⋆
1 ,x

⋆
2 ,...,x

⋆
n)|

=
∑n

i=1

Ax⋆
i

|x⋆
i |

=

=
∑n

i=1 ∆x⋆
i

(1.12)



Îòíîñèòåëüíàÿ ïîãðåøíîñòü îïåðàöèè äåëåíèÿ

III. ÄÅËÅÍÈÅ

y = x1

x2
= f(x1, x2).

Ïóñòü x⋆i ̸= 0, Ax⋆
i
,∆x⋆

i
(i = 1, 2) è y⋆ =

x⋆
1

x⋆
2
.

∂f

∂x1
(x1, x2) =

1

x2
,

∂f

∂x2
(x1, x2) = −x1

x22
(1.13)

Òîãäà, â ñèëó (1.3), (1.6) è (1.13), èìååì

∆y⋆ =
Ay⋆

| x
⋆
1

x⋆
2
|
=

1
|x⋆

2 |Ax⋆
1
+

|x⋆
1 |

(x⋆
2)2

Ax⋆
2

| x
⋆
1

x⋆
2
|

=

=
Ax⋆

1

|x⋆
1 |

+
Ax⋆

2

|x⋆
2 |

=

= ∆x⋆
1
+∆x⋆

2

(1.14)

⊠



▲2 ÒÅÌÀ 2. Óñêîðåíèå ñõîäèìîñòè ÷èñëîâûõ ðÿäîâ
2.1. Ïîñòàíîâêà çàäà÷è

∞∑
n=1

an : ∃S = lim
N→∞

SN , SN =

N∑
n=1

an (2.1)

Îïðåäåëèòü S̃ ≈ S: |S − S̃| ≤ ε, ãäå ε > 0 � çàäàííàÿ òî÷íîñòü.

Ïóñòü ε = ε1 + ε2, ãäå ε1 � ïîãðåøíîñòü ìåòîäà:

S̃ =

Ñ∑
n=1

an (2.2)

Ñ : |S − S̃| = |
∞∑

n=1

an −
Ñ∑

n=1

an| = |
∞∑

n=Ñ+1

an| ≤ ε1 (2.3)

ε2 � âû÷èñëèòåëüíàÿ ïîãðåøíîñòü:

Aa⋆
n
=
ε2

Ñ
n = 1, 2, . . . , Ñ (2.4)

Òîãäà |S − S̃⋆| = |S − S̃ + S̃ − S̃⋆| ≤ |S − S̃|+ |S̃ − S̃⋆| ≤ ε1 + ε2 = ε



2.2. Ïðèìåð
∞∑

n=1

an, an =
1

n2 + 1
∀n ∈ N (2.5)

Ïóñòü ε = 10−5 è, íàïðèìåð, ε = ε1 + ε2, ãäå ε1 = ε2 = 0, 5 · 10−5.
Ñîãëàñíî (2.3), îöåíèì îñòàòîê ðÿäà (2.5):

|
∞∑

n=N+1

1

n2 + 1
| =

∞∑
n=N+1

1

n2 + 1
≤
∫ ∞

N

1

x2 + 1
dx (2.6)

Ðèñ. 2: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ñóììû ðÿäà
∑∞

n=N+1
1

n2+1
.



Ïðèìåð (ïðîäîëæåíèå)

Ñëåäîâàòåëüíî,

|
∑∞

n=N+1
1

n2+1 | ≤
∫∞
N

1
x2+1dx ≤

≤
∫∞
N

1
x2 dx = − 1

x |
∞
N = 1

N ≤ ε1 = 1
2 · 10−5

(2.7)

Èç (2.7) ñëåäóåò, ÷òî N ≥ 2 · 105. Îòêóäà

Ñ = 2 · 105 è Aa⋆
n
= ε2

Ñ
= 0,5·10−5

2·105 = 0, 25 · 10−10.

Âûâîä

Äëÿ òîãî, ÷òîáû âû÷èñëèòü ñóììó ðÿäà (2.5) ñ òî÷íîñòüþ
ε = 10−5, äîñòàòî÷íî â åãî ÷àñòè÷íîé ñóììå ïðîñóììèðîâàòü
2 · 105 ñëàãàåìûõ. Ïðè ýòîì ïðèáëèæåííîå çíà÷åíèå êàæäîãî èç
ñëàãàåìûõ äîëæíî ñîäåðæàòü íå ìåíåå 10 âåðíûõ öèôð ïîñëå
çàïÿòîé â åãî ïîçèöèîííîé çàïèñè.



2.3. Ìåòîä Êóììåðà

Óâåëè÷èòü ñêîðîñòü ñõîäèìîñòè ÷èñëîâîãî ðÿäà çíà÷èò
ïðåîáðàçîâàòü îáùèé ÷ëåí ðÿäà òàê, ÷òîáû äëÿ âû÷èñëåíèÿ
ïðèáëèæåííîãî çíà÷åíèÿ ñóììû èñõîäíîãî ðÿäà ñ çàäàííîé
òî÷íîñòüþ ïîòðåáîâàëîñü ìåíüøåå êîëè÷åñòâî ñëàãàåìûõ â åãî
÷àñòè÷íîé ñóììå.

Îïðåäåëåíèå 2.1.

×èñëîâîé ðÿä
∑∞

n=1 bn íàçûâàåòñÿ ýòàëîííûì äëÿ ðÿäà (2.1), åñëè

1 ∃
∑∞

n=1 bn = B <∞;

2 ∃ limn→∞
an

bn
= λ: 0 < |λ| <∞.a

aÎáùèå ÷ëåíû an è bn ñîîòâåòñòâóþùèõ ðÿäîâ àñèìïòîòè÷åñêè
ýêâèâàëåíòíû.



Ìåòîä Êóììåðà

Ïðåîáðàçîâàíèå Êóììåðà

Ïóñòü ðÿä
∑∞

n=1 bn � ýòàëîííûé äëÿ ðÿäà (2.1). Òîãäà

S =
∑∞

n=1 an =
∑∞

n=1 (an − λbn + λbn) =

=
∑∞

n=1 (an − λbn) + λ
∑∞

n=1 bn =

=
∑∞

n=1 bn

(
an

bn
− λ

)
+ λB

(2.8)

Âñïîìîãàòåëüíûé ðÿä

∞∑
n=1

cn = C, cn = bn

(
an
bn

− λ

)
∀n ∈ N (2.9)

S =

∞∑
n=1

an = C + λB (2.10)

Ïðè n→ ∞ cn → 0 �áûñòðåå�, ÷åì an è bn.



2.4. Ïðèìåðû ýòàëîííûõ ðÿäîâ

Êëàññ ðÿäîâ:
an = α0

nm + α1

nm+1+... , αi ∈ R ∀i, m ≥ 2;

an =
β0n

p+β1n
p−1+...+βp−1n+βp

γ0nq+γ1nq−1+...+γq−1n+γq
, βi, γj ∈ R ∀i, j, q ≥ p+ 2.

Ýòàëîííûå ðÿäû∑∞
n=1

1
n2 = π2

6∑∞
n=1

1
n3 = 1, 2020569032...∑∞

n=1
1
n4 = π4

90∑∞
n=1

1
n(n+m) =

1
m

(
1 + 1

2 + . . .+ 1
m

)
, m ∈ N∑∞

n=1
1

(n+k)(n+k+1)...(n+k+l) =
1

l(k+1)...(k+l) , k, l ∈ N

(2.11)



2.5. Ïðèìåð óñêîðåíèÿ ñõîäèìîñòè ÷èñëîâîãî ðÿäà
Ðàññìîòðèì ðÿä (2.5): S =

∑∞
n=1 an, an = 1

n2+1 .

Ïóñòü ε = 10−5 è ε = ε1 + ε2, ãäå ε1 = ε2 = 0, 5 · 10−5.

Ðàíåå óæå óñòàíîâëåíî, ÷òî S ≈ S̃ =
∑Ñ

n=1 an, ãäå Ñ = 2 · 105, è
Aa⋆

n
= 0, 25 · 10−10. Òðåáóåòñÿ óñêîðèòü ñõîäèìîñòü ðÿäà (2.5) ñ

ïîìîùüþ ìåòîäà Êóììåðà.

Î÷åâèäíî, ÷òî ýòàëîííûì ðÿäîì äëÿ ðÿäà (2.5) ÿâëÿåòñÿ
∑∞

n=1
1
n2 .

Äëÿ ðÿäà (2.5) ïîñòðîèì áîëåå �ýôôåêòèâíûé� ýòàëîííûé ðÿä.
Äëÿ ýòîãî, èñïîëüçóÿ èçâåñòíîå ðàçëîæåíèå â ðÿä Òåéëîðà â
îêðåñòíîñòè íóëÿ ôóíêöèè 1

1−x = 1 + x+ x2 + x3 + . . ., ìîæíî
ïðåîáðàçîâàòü îáùèé ÷ëåí ðÿäà (2.5) ñëåäóþùèì îáðàçîì

an = 1
n2+1 = 1

n2 · 1
1+ 1

n2
=

= 1
n2

(
1− 1

n2 + 1
n4 − 1

n6 + . . .
)
=

=
(

1
n2 − 1

n4

)
+ 1

n6 − . . .

(2.12)



Ïðèìåð óñêîðåíèÿ ñõîäèìîñòè ÷èñëîâîãî ðÿäà
(ïðîäîëæåíèå)

Èç (2.12) ñëåäóåò, ÷òî â êà÷åñòâå ýòàëîííîãî äëÿ ðÿäà (2.5) ìîæåò

áûòü èñïîëüçîâàí ðÿä
∑∞

n=1 bn =
∑∞

n=1

(
1
n2 − 1

n4

)
= B = π2

6 − π4

90 .

Çäåñü limn→∞
an

bn
= limn→∞

1
n2+1
1
n2 − 1

n4
= limn→∞

n4

n4−1 = 1 = λ.

Ïðåîáðàçîâàíèå Êóììåðà

S =
∑∞

n=1 an =
∑∞

n=1 (an − λbn + λbn) =

=
∑∞

n=1

(
1

n2+1 − 1
n2 + 1

n4

)
+
(

π2

6 − π4

90

)
=

=
∑∞

n=1
1

n2(n4+1) +
(

π2

6 − π4

90

) (2.13)

Âñïîìîãàòåëüíûé ðÿä

∞∑
n=1

cn = C, cn =
1

n2(n4 + 1)
∀n ∈ N (2.14)



Ïðèìåð óñêîðåíèÿ ñõîäèìîñòè ÷èñëîâîãî ðÿäà
(ïðîäîëæåíèå)

Àíàëîãè÷íî (2.6) îöåíèì ìîäóëü îñòàòêà âñïîìîãàòåëüíîãî ðÿäà
(2.14):

|
∑∞

n=N+1
1

n2(n4+1) | =
∑∞

n=N+1
1

n2(n4+1) ≤

≤
∫∞
N

1
x2(x4+1)dx ≤

∫∞
N

1
x6 dx =

= − 1
5x5 |∞N = 1

5N5 ≤ ε1 = 1
2 · 10−5

(2.15)

Èç (2.15) ñëåäóåò, ÷òî N ≥
(
2
5

) 1
5 · 10. Îòêóäà Ñ = 10 è

Ac⋆n
= ε2

Ñ
= 0,5·10−5

10 = 0, 5 · 10−6.

Ðåçóëüòàò

S ≈ S̃⋆ = C̃⋆ +
(

π2

6 − π4

90

)
, Ñ = 10, Ac⋆n

= 0, 5 · 10−6,

ãäå C̃⋆ =
∑Ñ

n=1 c
⋆
n, c

⋆
n ≈ 1

n2(n4+1) ∀n ∈ N.



ÒÅÌÀ 3. ×èñëåííîå ðåøåíèå óðàâíåíèé

3.1. Ïîñòàíîâêà çàäà÷è

f ∈ C (D[f ]) ,D[f ] ⊆ R
f(x) = 0 (3.1)

ξ ∈ D[f ] : f(ξ) = 0 (3.2)

ξ � êîðåíü óðàâíåíèÿ (3.1)

Ïðîáëåìû

1 Ëîêàëèçàöèÿ êîðíåé óðàâíåíèÿ (3.1) (îòäåëåíèå êîðíåé) �
[a, b] ⊆ D[f ] : ξ ∈ [a, b];

2 Âûáîð ìåòîäà ïðèáëèæåííîãî ðåøåíèÿ óðàâíåíèÿ (3.1) �
ïîñòðîåíèå ïîñëåäîâàòåëüíîñòè {xn}∞n=0: limn→∞ xn = ξ;

3 Îöåíêà ïîãðåøíîñòè ìåòîäà � ïîñòðîåíèå îöåíêè âèäà
|ξ − xn| ≤ C(x0, n, f);

4 Îöåíêà ñêîðîñòè ñõîäèìîñòè ìåòîäà � ïîñòðîåíèå îöåíêè
âèäà |ξ − xn| ≤ C(ξ, n, f)



3.2. Ëîêàëèçàöèÿ êîðíåé óðàâíåíèÿ f(x)=0
Òåîðåìà

Åñëè ôóíêöèÿ íåïðåðûâíà íà íåêîòîðîì îòðåçêå è íà êîíöàõ
ýòîãî îòðåçêà ïðèíèìàåò çíà÷åíèÿ ïðîòèâîïîëîæíûõ çíàêîâ, òî
ñóùåñòâóåò òî÷êà, â êîòîðîé çíà÷åíèå ôóíêöèè ðàâíî íóëþa.

aÑëåäñòâèå òåîðåìû Áîëüöàíî-Êîøè î ïðîìåæóòî÷íîì çíà÷åíèè

Òåîðåìà

Ïóñòü f ∈ C1 (D[f ]) , [a, b] ⊆ D[f ]:
a) f(a)f(b) ≤ 0; b) f ′(x) > (<) 0 ∀x ∈ [a, b].

Òîãäà ∃! ξ ∈ [a, b] : f(ξ) = 0.

Óòâåðæäåíèå

Ïóñòü Pn(x) � ìíîãî÷ëåí ñòåïåíè n: P
(k)
n (c̄) > 0 (k = 0, 1, . . . , n).

Òîãäà Pn(c) > 0 ∀c > c̄.

Äîêàçàòåëüñòâî: Pn(x) =
∑n

k=0
1
k!P

(k)
n (c̄)(x− c̄)k. Îòñþäà ∀c > c̄

Pn(c)=Pn(c̄)+P
(1)
n (c̄)(c−c̄)+ 1

2!P
(2)
n (c̄)(c−c̄)2+ . . .+ 1

n!P
(n)
n (c̄)(c−c̄)n>0.



3.3. Ìåòîäû ïðèáëèæåííîãî ðåøåíèÿ óðàâíåíèÿ
f(x)=0

I. Ìåòîä äèõîòîìèè (ìåòîä äåëåíèÿ îòðåçêà ïîïîëàì)

f ∈ C ([a, b]), ãäå [a, b] ⊆ D[f ]: f(a)f(b) < 0

×èñëåííàÿ ïðîöåäóðà:

[a0, b0] = [a, b], x0 = a0+b0
2 ;

[a1, b1] =

{
[a0, x0] , f(a0)f(x0)<0
[x0, b0] , f(x0)f(b0)<0

, x1 = a1+b1
2 ;

· · ·

[an, bn] =

{
[an−1, xn−1] , f(an−1)f(xn−1)<0
[xn−1, bn−1] , f(xn−1)f(bn−1)<0

, xn = an+bn
2 ;a

· · ·
Ïîñëåäîâàòåëüíîñòü {xn}∞n=0 ñõîäèòñÿ, ò.ê. îíà ôóíäàìåíòàëüíàÿ
è ïðîñòðàíñòâî R � ïîëíîå.

aåñëè f(xn) = 0, òî ξ = xn è ïðîöåäóðà ïðåðûâàåòñÿ



Ìåòîä äèõîòîìèè

Îöåíêà ïîãðåøíîñòè è ñêîðîñòè ñõîäèìîñòè ìåòîäà

|ξ − xn| ≤
b− a

2n
(3.3)

Ìåòîä äèõîòîìèè ñõîäèòñÿ êàê ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ ñî
çíàìåíàòåëåì 1

2 .

Îöåíêà ÷èñëà èòåðàöèé äîñòàòî÷íîãî äëÿ äîñòèæåíèÿ çàäàííîé
òî÷íîñòè ε

Òðåáóåòñÿ îïðåäåëèòü êîðåíü óðàâíåíèÿ (3.1) ñ çàäàííîé

òî÷íîñòüþ, ò.å. |ξ − ξ̃| ≤ ε. Ïóñòü ξ̃ = xn. Òîãäà èç (3.3) ñëåäóåò

n ≥ log2
b− a

ε
(3.4)

Â ìåòîäå äèõîòîìèè èñïîëüçóåòñÿ òîëüêî çíàê çíà÷åíèé ôóíêöèè
f , íåïðåðûâíîé íà îòðåçêå ëîêàëèçàöèè [a, b] êîðíÿ ξ óðàâíåíèÿ
(3.1).



II.à. Ìåòîä íåïîäâèæíûõ õîðä

f ∈ C ([a, b]), ãäå [a, b] ⊆ D[f ]: f(a)f(b) < 0

Ïóñòü x0 = a,2 x1 = b, . . ., xn ∈ [a, b] � òåêóùåå ïðèáëèæåíèå ξ.
Óðàâíåíèå ïðÿìîé â îòðåçêàõ

y − f(xn)

x− xn
=
f(x0)− f(xn)

x0 − xn
(3.5)

ãåîìåòðè÷åñêè çàäàåò õîðäó, ñòÿãèâàþùóþ òåêóùóþ
(�ïëàâàþùóþ�) òî÷êó (xn, f(xn)) è çàôèêñèðîâàííóþ òî÷êó
(x0, f(x0)) íà ãðàôèêå ôóíêöèè y = f(x). Òî÷êà ïåðåñå÷åíèÿ ýòîé
õîðäû ñ îñüþ àáñöèññ ãåîìåòðè÷åñêè îïðåäåëÿåò ñëåäóþùåå
(n+ 1-îå) ïðèáëèæåíèå xn+1 êîðíÿ ξ. Àíàëèòè÷åñêè çíà÷åíèå
xn+1 îïðåäåëÿåòñÿ êàê ðåøåíèå ñëåäóþùåãî èç (3.5) óðàâíåíèÿ

y =
f(x0)− f(xn)

x0 − xn
(x− xn) + f(xn) = 0. (3.6)

2Îòâåò íà âîïðîñ êàêîé èç êîíöîâ îòðåçêà [a, b] ñëåäóåò âçÿòü â êà÷åñòâå
íà÷àëüíîãî ïðèáëèæåíèÿ x0 çàâèñèò îò ñâîéñòâ ôóíêöèè f .



Ìåòîä íåïîäâèæíûõ õîðä (ïðîäîëæåíèå)
Ðåøåíèåì óðàâíåíèÿ (3.6) ÿâëÿåòñÿ x = xn − f (xn)

f (xn)−f (x0)
(xn − x0).

×èñëåííàÿ ïðîöåäóðà ìåòîäà íåïîäâèæíûõ õîðä:

xn+1 = xn − f(xn)

f(xn)− f(x0)
(xn − x0) , n = 0, 1, 2, . . . (3.7)

Ðèñ. 3: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà íåïîäâèæíûõ õîðä.



Ìåòîä íåïîäâèæíûõ õîðä (ïðîäîëæåíèå)

Ïóñòü f ∈ C1 ([a, b]). Òîãäà, èñïîëüçóÿ ôîðìóëó Ëàãðàíæà,

f(ξ)− f(xn) = f ′(θ) (ξ − xn) , θ ∈ [ξ, xn] (3.8)

Èç (3.8) ñ ó÷åòîì òîãî, ÷òî f(ξ) = 0, ñëåäóåò

ξ−xn=−f(xn)
f ′(θ)

.

Îòêóäà

Îöåíêà ïîãðåøíîñòè ìåòîäà

Ïóñòü (a) f ∈ C1 ([a, b]), (b) m = minx∈[a,b] |f ′(x)| > 0. Òîãäà

|ξ − xn| ≤
|f(xn)|
m

(3.9)

3

3Ñëåäóåò ëè èç òîãî, ÷òî âåëè÷èíà |f(xn)| äîñòàòî÷íî ìàëà, ÷òî
ïðèáëèæåíèå xn óæå äîñòàòî÷íî áëèçêî ê êîðíþ ξ?



II.á. Ìåòîä ïîäâèæíûõ õîðä
Â ìåòîäå íåïîäâèæíûõ õîðä (3.7) íåïîäâèæíàÿ òî÷êà (x0, f(x0))
�ðàçìîðàæèâàåòñÿ� è î÷åðåäíîå ïðèáëèæåíèå xn+1 êîðíÿ ξ
óðàâíåíèÿ (3.1) ñòðîèòñÿ íà îñíîâå òåêóùåãî xn è åìó
ïðåäøåñòâîâàâøåãî xn−1 ïðèáëèæåíèé

×èñëåííàÿ ïðîöåäóðà ìåòîäà ïîäâèæíûõ õîðä:

xn+1 = xn − f(xn)

f(xn)− f(xn−1)
(xn − xn−1) , n = 0, 1, 2, . . . (3.10)

Ðèñ. 4: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà ïîäâèæíûõ õîðä.



Ìåòîäû íåïîäâèæíûõ è ïîäâèæíûõ õîðä

Ðèñ. 5: Çàöèêëèâàíèå ìåòîäà íåïîäâèæíûõ õîðä.

Â ìåòîäå õîðä, â îòëè÷èå îò ìåòîäà äèõîòîìèè, óæå èñïîëüçóþòñÿ
çíà÷åíèÿ ôóíêöèè f , íåïðåðûâíîé íà îòðåçêå [a, b] ëîêàëèçàöèè
êîðíÿ ξ óðàâíåíèÿ (3.1)4.
⊠

4Èñïîëüçóÿ ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ ìåòîäà õîðä âûâåñòè ïðàâèëî
âûáîðà îäíîãî èç êîíöîâ îòðåçêà ëîêàëèçàöèè êîðíÿ ξ â êà÷åñòâå åãî
íà÷àëüíîãî ïðèáëèæåíèÿ x0.



▲3 III. Ìåòîä Íüþòîíà (ìåòîä êàñàòåëüíûõ)

f ∈ C1 ([a, b]), ãäå [a, b] ⊆ D[f ]: f(a)f(b) < 0

Ïóñòü x0 = a,5 x1, . . ., xn ∈ [a, b] � òåêóùåå ïðèáëèæåíèå ξ.
Óðàâíåíèå

y = f(xn) + f ′(xn) (x− xn) (3.11)

ãåîìåòðè÷åñêè çàäàåò ïðÿìóþ, êàñàòåëüíóþ ê ãðàôèêó ôóíêöèè
y = f(x) â òî÷êå (xn, f(xn)). Òî÷êà ïåðåñå÷åíèÿ ýòîé êàñàòåëüíîé
ñ îñüþ àáñöèññ ãåîìåòðè÷åñêè îïðåäåëÿåò ñëåäóþùåå (n+ 1-îå)
ïðèáëèæåíèå xn+1 êîðíÿ ξ. Àíàëèòè÷åñêè çíà÷åíèå xn+1

îïðåäåëÿåòñÿ êàê ðåøåíèå óðàâíåíèÿ

y = f(xn)− f ′(xn) (x− xn) = 0. (3.12)

Ðåøåíèåì óðàâíåíèÿ (3.12) ÿâëÿåòñÿ x = xn − f (xn)

f ′
(xn)

.

5Îòâåò íà âîïðîñ êàêîé èç êîíöîâ îòðåçêà [a, b] ñëåäóåò âçÿòü â êà÷åñòâå
íà÷àëüíîãî ïðèáëèæåíèÿ x0 çàâèñèò îò ñâîéñòâ ôóíêöèè f .



Ìåòîä Íüþòîíà (ïðîäîëæåíèå)

×èñëåííàÿ ïðîöåäóðà ìåòîäà Íüþòîíà:

xn+1 = xn − f(xn)

f ′(xn)
, n = 0, 1, 2, . . . (3.13)

Ðèñ. 6: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà Íüþòîíà.



Ìåòîä Íüþòîíà (ïðîäîëæåíèå)

Ïóñòü f ∈ C1 ([a, b]) è m = minx∈[a,b] |f ′(x)| > 0. Òîãäà èç (3.9)
ñëåäóåò, ÷òî

|ξ − xn+1| ≤
|f(xn+1)|

m
.

Åñëè f ∈ C2 ([a, b]), òî

f(xn+1) = f(xn) + f ′(xn) (xn+1 − xn) +
1

2
f ′′(θ) (xn+1 − xn)

2
,

ãäå θ ∈ [xn, xn+1].
Â ñèëó (3.13), f(xn) + f ′(xn) (xn+1 − xn) = 0. Ñëåäîâàòåëüíî,

f(xn+1) =
1

2
f ′′(θ) (xn+1 − xn)

2
.

Òàêèì îáðàçîì,

|ξ − xn+1| ≤
|f ′′(θ)|
2m

(xn+1 − xn)
2
.



Ìåòîä Íüþòîíà (ïðîäîëæåíèå)

Îöåíêà ïîãðåøíîñòè ìåòîäà

Ïóñòü (a) f ∈ C2 ([a, b]), (b) m = minx∈[a,b] |f ′(x)| > 0. Òîãäà

|ξ − xn+1| ≤
M

2m
(xn+1 − xn)

2
, (3.14)

ãäå M = maxx∈[a,b] |f ′′(x)|.

Åñëè
M

2m
|xn+1 − xn| < 1, (3.15)

òî |ξ − xn+1| < |xn+1 − xn|.
Ñëåäîâàòåëüíî, êîãäà çíà÷åíèÿ xn ñòàáèëèçèðóþòñÿ
(|xn+1 − xn| < δ) è íà÷íåò âûïîëíÿòüñÿ óñëîâèå (3.15) (δ ≤ 2m

M )
òîãäà |xn+1 − xn| < δ ⇒ |ξ − xn+1| < δ.

Åñëè ε > 0 � çàäàííàÿ òî÷íîñòü âû÷èñëåíèÿ êîðíÿ ξ óðàâíåíèÿ
(3.1), òî óñëîâèå |xn+1 − xn| < δ ïðè 0 < δ ≤ min{ε, 2mM } ìîæíî
èñïîëüçîâàòü â êà÷åñòâå óñëîâèÿ îñòàíîâêè ÷èñëåííîé ïðîöåäóðû
ìåòîäà Íüþòîíà.



Ìåòîä Íüþòîíà (ïðîäîëæåíèå)

Äëÿ òîãî, ÷òîáû îöåíèòü ñêîðîñòü ñõîäèìîñòè ìåòîäà òðåáóåòñÿ
îöåíèòü |ξ − xn+1| ÷åðåç |ξ − xn|.
Â ñèëó (3.13)

ξ − xn+1 = ξ − xn +
f(xn)

f ′(xn)
=
f(xn) + f ′(xn) (ξ − xn)

f ′(xn)
. (3.16)

Ïóñòü f ∈ C2 ([a, b]). Òîãäà

f(ξ) = f(xn) + f ′(xn) (ξ − xn) +
1

2
f ′′(θ) (ξ − xn)

2
= 0,

ãäå θ ∈ [xn, xn+1]. Îòñþäà

f(xn) + f ′(xn) (ξ − xn) = −1

2
f ′′(θ) (ξ − xn)

2
. (3.17)

Òàêèì îáðàçîì, èç (3.16) è (3.17) ñëåäóåò



Ìåòîä Íüþòîíà (ïðîäîëæåíèå)

ξ − xn+1 = −1

2

f ′′(θ)

f ′(xn)
(ξ − xn)

2
(3.18)

Îòêóäà

Îöåíêà ñêîðîñòè ñõîäèìîñòè ìåòîäà

Ïóñòü (a) f ∈ C2 ([a, b]), (b) m = minx∈[a,b] |f ′(x)| > 0. Òîãäà

|ξ − xn+1| ≤
M

2m
(ξ − xn)

2
, (3.19)

ãäå M = maxx∈[a,b] |f ′′(x)|.

Â îáîçíà÷åíèÿõ rn = M
2m |ξ − xn| íåðàâåíñòâî (3.19) ìîæíî

ïåðåïèñàòü â âèäå
rn+1 ≤ r2n. (3.20)

Ñëåäîâàòåëüíî, åñëè r0 < 1, òî rn → 0 ïðè n→ ∞ è ïðè ýòîì, â
ñèëó (3.20), ñêîðîñòü ñõîäèìîñòè êâàäðàòè÷íàÿ. Áîëåå òîãî,
ïîëó÷åíî óñëîâèå íà âûáîð äîñòàòî÷íîãî r0, îáåñïå÷èâàþùåãî
ñõîäèìîñòü.



Äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ìåòîäîâ õîðä è
Íüþòîíà

Òåîðåìà 3.1.

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(a) f ∈ C2 ([a, b]);

(b) [a, b] ⊆ D[f ]: f(a)f(b) < 0;

(c) f ′(x) > (<)0 ∀x ∈ [a, b];

(d) f ′′(x) ̸= 0 ∀x ∈ [a, b];

(e) x0 ∈ [a, b] : f(x0)f
′′(x0) > 0.

Òîãäà ìåòîäû õîðä (3.7), (3.10) è Íüþòîíà (3.13) ñõîäÿòñÿ ê êîðíþ
ξ ∈ [a, b] óðàâíåíèÿ (3.1). Ïðè÷åì ñõîäèìîñòü ìîíîòîííàÿ è
ìåòîäû õîðä è Íüþòîíà ñõîäÿòñÿ ê òî÷êå ξ ñ ðàçíûõ ñòîðîí.

Ìîæíî äîêàçàòü óòâåðæäåíèå òåîðåìû, èñïîëüçóÿ
ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ ìåòîäîâ õîðä è Íüþòîíà6.

6Ìîæíî ëè èç óñëîâèé òåîðåìû èñêëþ÷èòü óñëîâèå (c)?



Ìåòîä Íüþòîíà

Ðèñ. 7: Çàöèêëèâàíèå ìåòîäà Íüþòîíà.



IV. Ìåòîä ïàðàáîë

f ∈ C2 ([a, b]): M > 0, ãäå M = maxx∈[a,b] |f ′′(x)|

Ïóñòü [a, b] ⊆ D[f ]: f(a)f(b) < 0 è xn ∈ [a, b] � òåêóùåå
ïðèáëèæåíèå êîðíÿ ξ ∈ [a, b] óðàâíåíèÿ (3.1). Íàïðèìåð, äëÿ
îïðåäåëåííîñòè ìîæíî ñ÷èòàòü, ÷òî f(xn) > 0. Òîãäà óðàâíåíèå

y = f(xn) + f ′(xn) (x− xn)−
M

2
(x− xn)

2
(3.21)

ãåîìåòðè÷åñêè çàäàåò ïàðàáîëó7, êîòîðàÿ ðàñïîëîæåíà ïîä
ãðàôèêîì ôóíêöèè y = f(x) è êàñàåòñÿ ãðàôèêà ýòîé ôóíêöèè â
òî÷êå (xn, f(xn)). Âåòâè ïàðàáîëû íàïðàâëåíû âíèç è ïåðåñåêàþò
îñü àáñöèññ â äâóõ òî÷êàõ. Ýòè òî÷êè ãåîìåòðè÷åñêè îïðåäåëÿþò
ñëåäóþùèå (n+ 1-îå) ïðèáëèæåíèÿ xn+1 êîðíÿ ξ.

7Â ñëó÷àå, åñëè f(xn) < 0, òî òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè óðàâíåíèÿ
(3.21) íåîáõîäèìî çàïèñûâàòü ñî çíàêîì �+�.



Ìåòîä ïàðàáîë (ïðîäîëæåíèå)

Ðèñ. 8: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà ïàðàáîë.



Ìåòîä ïàðàáîë (ïðîäîëæåíèå)

Àíàëèòè÷åñêè çíà÷åíèÿ xn+1 îïðåäåëÿþòñÿ êàê ðåøåíèÿ
óðàâíåíèÿ

y = f(xn) + f ′(xn) (x− xn)−
M

2
(x− xn)

2
= 0, (3.22)

êîòîðîå óäîáíî çàïèñàòü â âèäå

− M

2
∆x2n + f ′(xn)∆xn + f(xn) = 0, (3.23)

ãäå ∆xn = xn+1 − xn.

Ðåøåíèÿ ∆x
(±)
n óðàâíåíèÿ (3.23) çàäàþòñÿ ôîðìóëîé

∆x(±)
n =

−f ′(xn)±
√(

f ′(xn)
)2

+ 2Mf(xn)

−M
. (3.24)



Ìåòîä ïàðàáîë (ïðîäîëæåíèå)

×èñëåííàÿ ïðîöåäóðà ìåòîäà ïàðàáîë: ∆x
(±)
n =

−f ′
(xn)±

√
(f

′
(xn))

2
+2Mf (xn)

−M

xn+1 = xn +∆x
(±)
n

n = 0, 1, 2, . . .

(3.25)

Â ðåçóëüòàòå ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ (3.25), ìîæíî
ôîðìàëüíî ïîñòðîèòü, ïî êðàéíåé ìåðå, äâå ÷èñëîâûå

ïîñëåäîâàòåëüíîñòè x
(±)
n (n = 0, 1, 2, . . .), êàæäàÿ èç êîòîðûõ

ñîîòâåòñòâóåò ñâîåìó âûáîðó çíàêà (�+� èëè �-�) â ÷èñëèòåëå äðîáè
â ïðàâîé ÷àñòè ðàâåíñòâà (3.24). Â îáùåì ñëó÷àå êàæäàÿ èç ýòèõ
ïîñëåäîâàòåëüíîñòåé ìîæåò êàê ñõîäèòñÿ ê êîðíþ ξ óðàâíåíèÿ
(3.1), òàê è âûõîäèòü çà ïðåäåëû îòðåçêà [a, b] åãî ëîêàëèçàöèè8.

Â ÷àñòíîñòè, åñëè f(x0) > 0 è f ′(x0) < 0, òî ïîñëåäîâàòåëüíîñòü

x
(−)
n (n = 0, 1, 2, . . .) ÿâëÿåòñÿ ìîíîòîííî-âîçðàñòàþùåé è ïðè
îïðåäåëåííûõ óñëîâèÿõ (ñì. ðèñ. 8) ñõîäèòñÿ ê èñêîìîìó êîðíþ ξ.

8Ñàìîñòîÿòåëüíî ïðîèëëþñòðèðîâàòü ãåîìåòðè÷åñêè.



V. Ìåòîä ïðîñòîé èòåðàöèè

φ ∈ C ([a, b]), [a, b] ⊆ D[φ]: ∃ξ ∈ [a, b] ξ = φ(ξ), ξ � êîðåíü
óðàâíåíèÿ

x = φ(x) (3.26)

Óðàâíåíèå (3.26) ìîæåò áûòü ïîëó÷åíî èç óðàâíåíèÿ f(x) = 0 (ñì.
(3.1)) ðàçëè÷íûìè ñïîñîáàìè. Íàïðèìåð, îò óðàâíåíèÿ (3.1)
ìîæíî ïåðåéòè ê óðàâíåíèþ (3.26) ñëåäóþùèì, âîîáùå ãîâîðÿ,
íåðàâíîñèëüíûì îáðàçîì

x = x+ g(x)f(x), (3.27)

ãäå g(x) � íåêîòîðàÿ çàäàííàÿ ôóíêöèÿ9.

×èñëåííàÿ ïðîöåäóðà ìåòîäà ïðîñòîé èòåðàöèè:

xn+1 = φ(xn), n = 0, 1, 2, . . . (3.28)

Ìåòîä ïðîñòîé èòåðàöèè ìîæåò êàê ñõîäèòüñÿ,òàê è ðàñõîäèòüñÿ.

9Ñïîñîáû çàäàíèÿ ôóíêöèè g(x) áóäóò ðàññìîòðåíû íèæå.



Ìåòîä ïðîñòîé èòåðàöèè

Ðèñ. 9: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà ïðîñòîé èòåðàöèè.



Ñõîäèìîñòü ìåòîäà ïðîñòîé èòåðàöèè

Îïðåäåëåíèå 3.1.

Ïóñòü R � ìåòðè÷åñêîå ïðîñòðàíñòâî ñ çàäàííîé íà íåì ìåòðèêîé
ρ. Îïåðàòîð A : R→ R íàçûâàåòñÿ ñæèìàþùèì, åñëè

∃q ∈ R 0 < q < 1 : ∀x, y ∈ R ρ (Ax,Ay) ≤ q ρ (x, y) (3.29)

Òåîðåìà (Ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé)

Ïóñòü R � ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî ñ çàäàííîé íà íåì
ìåòðèêîé ρ è îïåðàòîð A : R→ R � ñæèìàþùèé.
Òîãäà óðàâíåíèå x = Ax èìååò åäèíñòâåííîå ðåøåíèå ξ ∈ R:

ξ = lim
n→∞

xn,

ãäå
∀x0 ∈ R, xn+1 = Axn, n = 0, 1, 2, . . . .



Ñõîäèìîñòü ìåòîäà ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)
Òåîðåìà 3.2.

Ïóñòü äëÿ ôóíêöèè φ(x), x ∈ [a− r, a+ r] âûïîëíåíû ñëåäóþùèå
óñëîâèÿ:

(a) ∃q ∈ R 0 < q < 1 : ∀x, y ∈ [a−r, a+r] ⇒ |φ(x)−φ(y)| ≤ q|x−y|;a

(b) |φ(a)− a| ≤ (1− q)r.

Òîãäà ∃!ξ ∈ [a− r, a+ r]: ξ = limn→∞ xn, ãäå ∀x0 ∈ [a− r, a+ r],
xn+1 = φ(xn), n = 0, 1, 2, . . ..

aÔóíêöèÿ φ � ðàâíîìåðíî-ëèïøèöåâàÿ ôóíêöèÿ íà îòðåçêå [a− r, a+ r],
q � êîíñòàíòà Ëèïøèöà.

Äîêàçàòåëüñòâî: Äëÿ òîãî, ÷òîáû äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ
òåîðåìû âîñïîëüçîâàòüñÿ ïðèíöèïîì ñæèìàþùèõ îòîáðàæåíèé
äîñòàòî÷íî ïîêàçàòü, ÷òî φ(x) ∈ [a− r, a+ r] ∀x ∈ [a− r, a+ r], òî
åñòü |φ(x)− a| ≤ r ∀x ∈ [a− r, a+ r].

Äåéñòâèòåëüíî,
|φ(x)− a| = |φ(x)− φ(a) + φ(a)− a| ≤ |φ(x)− φ(a)|+ |φ(a)− a| ≤
q|x− a| + (1− q)r ≤ qr + (1− q)r = r.



Ñõîäèìîñòü ìåòîäà ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)

Ñëåäñòâèå

Ïóñòü φ ∈ C1 ([a, b]), ãäå [a, b] ⊆ D[φ]:

(a) ∃ξ ∈ [a, b] ξ = φ(ξ);

(b) |φ′(ξ)| < 1.

Òîãäà ñóùåñòâóåò òàêîå ε > 0, ÷òî äëÿ ëþáîãî íà÷àëüíîãî
ïðèáëèæåíèÿ x0 ∈ [ξ − ε, ξ + ε] ìåòîä ïðîñòîé èòåðàöèè (3.28)
ñõîäèòñÿ ê ðåøåíèþ ξ óðàâíåíèÿ (3.26).

⊠



▲4 Ñêîðîñòü ñõîäèìîñòè è ïîãðåøíîñòü ìåòîäà
ïðîñòîé èòåðàöèè

Ïóñòü ξ ∈ [a, b] ⊆ D[φ], ãäå ξ � óðàâíåíèÿ (3.26), è ôóíêöèÿ φ
ðàâíîìåðíî-ëèïøèöåâà íà îòðåçêå [a, b]:

∃q ∈ R 0 < q < 1 : ∀x, y ∈ [a, b] ⇒ |φ(x)− φ(y)| ≤ q|x− y| (3.30)

Òîãäà, â ñèëó îïðåäåëåíèÿ êîðíÿ ξ óðàâíåíèÿ (3.26), ÷èñëåííîé
ïðîöåäóðû (3.28) ìåòîäà ïðîñòîé èòåðàöèè è (3.30)

|ξ − xn| = |φ(ξ)− φ(xn−1)| ≤ q|ξ − xn−1| =

= q|φ(ξ)− φ(xn−2)| ≤ q2|ξ − xn−2| =

= . . . = qn−1|φ(ξ)− φ(x1)| ≤

≤ qn|ξ − x0|.

(3.31)



Ñêîðîñòü ñõîäèìîñòè ìåòîäà ïðîñòîé èòåðàöèè

Îöåíêà ñêîðîñòè ñõîäèìîñòè ìåòîäà

Ïóñòü ξ ∈ [a, b] ⊆ D[φ] è âûïîëíåíî óñëîâèå (3.30). Òîãäà

|ξ − xn| ≤ qn|ξ − x0|. (3.32)

Âûâîä

Ìåòîä ïðîñòîé èòåðàöèè (3.28) ñõîäèòñÿ êàê ãåîìåòðè÷åñêàÿ
ïðîãðåññèÿ ñî çíàìåíàòåëåì q.

Äëÿ ïîëó÷åíèÿ îöåíêè ïîãðåøíîñòè ìåòîäà ïðîñòîé èòåðàöèè
áóäåò èñïîëüçîâàòüñÿ ñëåäóþùèé ïðèåì. Ïðè ôèêñèðîâàííîì n
äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m áóäåò ïîñòðîåíà íåêîòîðàÿ
îöåíêà

|xn+m − xn| ≤ C(q, n,m, x0, x1).

Ïîñëå ÷åãî â ýòîì íåðàâåíñòâå áóäåò îñóùåñòâëåí ïðåäåëüíûé
ïåðåõîä ïðè m→ ∞.



Îöåíêà ïîãðåøíîñòè ìåòîäà ïðîñòîé èòåðàöèè

|xn+m − xn| = | (xn+m − xn+m−1)+

(xn+m−1 − xn+m−2) + . . .+

(xn+1 − xn) | ≤

≤ |xn+m − xn+m−1|+

|xn+m−1 − xn+m−2|+ . . .+

|xn+1 − xn| ∀n,m ∈ N.

(3.33)

Àíàëîãè÷íî (3.31) íåòðóäíî ïîêàçàòü, ÷òî

|xn+k − xn+k−1| ≤ qk|xn − xn−1| ≤

≤ qn+k−1|x1 − x0|

∀n, k ∈ N.

(3.34)



Îöåíêà ïîãðåøíîñòè ìåòîäà ïðîñòîé èòåðàöèè
(ïðîäîëæåíèå)

Òîãäà èç (3.33) ñ ó÷åòîì (3.34) ñëåäóåò, ÷òî

|xn+m − xn| ≤ qn+m−1|x1 − x0|+

+qn+m−2|x1 − x0|+ . . .+

+qn|x1 − x0| =
.

= qn|x1 − x0|
(
qm−1 + qm−2 + . . .+ q + 1

)
.

(3.35)

Ïðåäåëüíûé ïåðåõîä ïðè m→ ∞ â îáåèõ ÷àñòÿõ íåðàâåíñòâà
(3.35) ïðèâîäèò ê îöåíêå

Îöåíêà ïîãðåøíîñòè ìåòîäà

Ïóñòü ξ ∈ [a, b] ⊆ D[φ] è âûïîëíåíî óñëîâèå (3.29). Òîãäà

|ξ − xn| ≤
qn

1− q
|x1 − x0|. (3.36)



Ïðèìåð

f(x) = x3 − x− 1 = 0, x ∈ [a, b] = [1, 2]. (3.37)

Ïîñêîëüêó

f(1) · f(2) = (−1) · 5 < 0

è
f ′(x) = 3x2 − 1 > 0 ∀x ∈ [1, 2],

òî
∃!ξ ∈ [1, 2] : f(ξ) = 0.

Óðàâíåíèå (3.37) ìîæåò áûòü ïðåîáðàçîâàíî â ðàâíîñèëüíîå åìó
óðàâíåíèå âèäà x = φ(x) íåñêîëüêèìè ñïîñîáàìè.



Ïðèìåð (ïðîäîëæåíèå)

Ñïîñîá A)
x = φ(x) = x3 − 1 (3.38)

Ïîñêîëüêó φ′(x) = 3x2 ≥ 3 > 1 ∀x ∈ [1, 2], òî ∀x0 ∈ [1, 2] ìåòîä
ïðîñòîé èòåðàöèè (3.28) äëÿ óðàâíåíèÿ (3.38) ðàñõîäèòñÿ10.

Ñïîñîá B)

x = (x+ 1)
1
3 (3.39)

Çäåñü φ(x) = (x+ 1)
1
3 è φ′(x) = 1

3 · 1

(x+1)
2
3
.

Î÷åâèäíî, ÷òî maxx∈[1,2] |φ′(x)| = φ′(1) = 1
3 · 1

(4)
1
3
< 1

3 = q < 1.

Ñëåäîâàòåëüíî, â ñèëó íåðàâåíñòâà (3.32), ìåòîä ïðîñòîé èòåðàöèè
(3.28) äëÿ óðàâíåíèÿ (3.39) ñõîäèòñÿ ê ξ äëÿ ëþáîãî åãî
íà÷àëüíîãî ïðèáëèæåíèÿ x0 ∈ [1, 2].

10Äîêàçàòü ñàìîñòîÿòåëüíî, èñïîëüçóÿ, íàïðèìåð, ãåîìåòðè÷åñêóþ
èíòåðïðåòàöèþ ìåòîäà ïðîñòîé èòåðàöèè.



Ïðèìåð (ïðîäîëæåíèå)

Çäåñü äëÿ φ′(1) ìîæíî ïîëó÷èòü áîëåå òî÷íóþ îöåíêó

φ′(1) = 1
3 · 1

(4)
1
3
= 1

(27)
1
3
· 1

(4)
1
3
≤ 1

(16)
1
3
· 1

(4)
1
3
= 1

(4)
2
3
· 1

(4)
1
3
= 1

4 = q.

Òàêàÿ îöåíêà ïîçâîëÿåò áîëåå òî÷íî îöåíèòü êîëè÷åñòâî èòåðàöèé
ìåòîäà, êîòîðîå äîñòàòî÷íî äëÿ äîñòèæåíèÿ çàäàííîé òî÷íîñòè
ε > 0 âû÷èñëåíèÿ çíà÷åíèÿ êîðíÿ ξ óðàâíåíèÿ (3.39).
Èç îöåíêè (3.36) ïîãðåøíîñòè ìåòîäà ñëåäóåò, ÷òî

|ξ − xn| ≤
( 1

4 )
n

1− 1
4

|x1 − x0| = 1
3 ·
(
1
4

)n−1 |x1 − x0|.
Íàïðèìåð, åñëè â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ x0 âçÿòü

ñåðåäèíó îòðåçêà [1, 2], òî åñòü òî÷êó x0 = 3
2 , òî x1 = (2, 5)

2
3 .

Íåòðóäíî ïðîâåðèòü, ÷òî 1, 3 ≤ x1 ≤ 1, 5. Òîãäà |x1 − x0| ≤ 0, 2.

Â ýòîì ñëó÷àå |ξ − xn| ≤ 1
15 ·

(
1
4

)n−1 ≤ ε.
Â èòîãå, êîëè÷åñòâî èòåðàöèé ìåòîäà, äîñòàòî÷íîå äëÿ
äîñòèæåíèÿ çàäàííîé òî÷íîñòè ε > 0, óäîâëåòâîðÿåò íåðàâåíñòâó

n ≥ 1 + log4

(
1

15ε

)
. (3.40)



Î âûáîðå ôóíêöèè g â (3.27): x = x+ g(x)f(x)

Â çàêëþ÷åíèå îáñóæäåíèÿ ìåòîäà ïðîñòîé èòåðàöèè ñëåäóåò
îñòàíîâèòüñÿ íà óæå óïîìÿíóòîì âûøå, âîîáùå ãîâîðÿ,
íåðàâíîñèëüíîì ñïîñîáå (3.27) ïîñòðîåíèÿ óðàâíåíèÿ âèäà
x = φ(x) (ñì. (3.26)) èç óðàâíåíèÿ f(x) = 0 (ñì. (3.1)):

f(x) = 0 ⇒ x = x+ g(x)f(x),

ãäå g(x) � íåêîòîðàÿ çàäàííàÿ ôóíêöèÿ, êîòîðàÿ îïðåäåëÿåò
ôóíêöèþ φ â óðàâíåíèè (3.26) ñëåäóþùèì îáðàçîì

φ(x) = x+ g(x)f(x). (3.41)

Î÷åâèäíî, ÷òî ëþáîé êîðåíü óðàâíåíèÿ (3.1) ÿâëÿåòñÿ êîðíåì è
óðàâíåíèÿ (3.27), à îáðàòíîå â îáùåì ñëó÷àå íåâåðíî. Ïîñêîëüêó
íóëè ôóíêöèè g ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ (3.27), à êîðíÿìè
óðàâíåíèÿ (3.1), âîîáùå ãîâîðÿ, áûòü íå îáÿçàíû.



Î âûáîðå ôóíêöèè g â (3.27): x = x+ g(x)f(x)
(ïðîäîëæåíèå)

Â ñëó÷àå, åñëè òðåáóåòñÿ âû÷èñëèòü ïðèáëèæåííîå çíà÷åíèå
êîðíÿ ξ óðàâíåíèÿ (3.1) (ξ ∈ D[f ] : f(ξ) = 0), èñïîëüçóÿ äëÿ ýòîãî
ìåòîä ïðîñòîé èòåðàöèè äëÿ óðàâíåíèÿ (3.27), òî âîçíèêàåò
åñòåñòâåííûé âîïðîñ:

Êàê â (3.41) ñëåäóåò çàäàòü ôóíêöèþ g, ÷òîáû ìåòîä ïðîñòîé
èòåðàöèè (3.28) ñõîäèëñÿ ê êîðíþ ξ óðàâíåíèÿ (3.1)
(ξ ∈ D[f ] : f(ξ) = 0) è ïðè ýòîì åãî ñêîðîñòü ñõîäèìîñòè áûëà
íàèáîëüøåé?

Ïóñòü f ∈ C1 ([a, b]), ãäå [a, b] ⊆ D[f ]: f(a)f(b) < 0.

Òîãäà â ïðåäïîëîæåíèè g ∈ C1 ([a, b]) îïðåäåëÿåìàÿ âûðàæåíèåì
(3.41) ôóíêöèÿ φ:

φ ∈ C1 ([a, b]) .



Î âûáîðå ôóíêöèè g â (3.27): x = x+ g(x)f(x)
(ïðîäîëæåíèå)

Ëîêàëüíûì äîñòàòî÷íûì óñëîâèåì ñõîäèìîñòè ìåòîäà ïðîñòîé
èòåðàöèè ÿâëÿåòñÿ |φ′(ξ)| < 1 (ñì. ñëåäñòâèå òåîðåìû 3.2). Ïðè
ýòîì, â ñèëó (3.32), ñêîðîñòü ñõîäèìîñòè ìåòîäà çàâèñèò îò
âåëè÷èíû q:

q = max
x∈[ξ−ε,ξ+ε]

|φ′(x)|,

ãäå
φ′(x) = 1 + g′(x)f(x) + g(x)f ′(x). (3.42)

Â ñèëó íåïðåðûâíîñòè φ′, ÷åì ìåíüøå |φ′(ξ)|, òåì ìåíüøå è
çíà÷åíèå q.

Ïîäñòàíîâêà ξ â (3.42) ïðèâîäèò ê ðàâåíñòâó φ′(ξ) = 1 + g(ξ)f ′(ξ).
Òðåáîâàíèå òîãî, ÷òîáû |φ′(ξ)| ïðèíèìàëî ìèíèìàëüíî âîçìîæíîå
çíà÷åíèå (φ′(ξ) = 0) ïðèâîäèò ê âûðàæåíèþ

g(ξ) = − 1

f ′(ξ)
. (3.43)



Î âûáîðå ôóíêöèè g â (3.27): x = x+ g(x)f(x). Âûâîä
Ïðîäîëæåíèå ïðàâèëà (3.43) çàäàíèÿ ôóíêöèè g íà [ξ − ε, ξ + ε]
ïðèâîäèò ê ñëåäóþùåìó ñïîñîáó îïðåäåëåíèÿ ýòîé ôóíêöèè

g(x) = − 1

f ′(x)
x ∈ [ξ − ε, ξ + ε]. (3.44)

Â ýòîì ñëó÷àå11 äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ
x0 ∈ [ξ − ε, ξ + ε] ìåòîä ïðîñòîé èòåðàöèè äëÿ óðàâíåíèÿ (3.27)
âûãëÿäèò ñëåäóþùèì îáðàçîì

xn+1 = xn − f(xn)

f ′(xn)
n = 0, 1, . . . . (3.45)

Âûâîä

Ìåòîä Íüþòîíà ÿâëÿåòñÿ ìåòîäîì ïðîñòîé èòåðàöèè äëÿ
óðàâíåíèÿ f(x) = 0, êîòîðûé îáëàäàåò íàèáîëüøåé ëîêàëüíîé
ñêîðîñòüþ ñõîäèìîñòè. ⊠

11Ïðàâèëî (3.44) çàäàíèÿ ôóíêöèè g îáåñïå÷èâàåò ðàâíîñèëüíîñòü
èñõîäíîãî óðàâíåíèÿ (3.1) (f(x) = 0) è óðàâíåíèÿ (3.27) (x = x+ g(x)f(x))?



▲5 ÒÅÌÀ 4. ×èñëåííûå ìåòîäû ëèíåéíîé àëãåáðû

Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ax = b, (4.1)

ãäå x, b ∈ Rn, A ∈ Rn×n (dim(A) = n× n):

det(A) ̸= 0. (4.2)

Ìåòîäû ðåøåíèÿ ñèñòåìû (4.1)

Òî÷íûå ìåòîäû:
1 Ìåòîä, îñíîâàííûé íà îáðàùåíèè ìàòðèöû A: x̄ = A−1b;
2 Ïðàâèëî Êðàìåðà: x̄i =

∆i
∆

i = 1, 2, . . . , n, ãäå ∆ = det(A),
∆i � îïðåäåëèòåëü ìàòðèöû, ïîëó÷åííîé èç ìàòðèöû A
çàìåíîé åå i-ãî ñòîëáöà íà âåêòîð-ñòîëáåö b (i = 1, 2, . . . , n);

3 Ìåòîä èñêëþ÷åíèÿ Ãàóññà.

Ïðèáëèæåííûå ìåòîäû � èòåðàöèîííûå ìåòîäû, îñíîâàííûå
íà ïðîöåäóðàõ ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòåé {x(i)}∞i=0:
limi→∞ x(i) = x̄.



4.1. Ìåòîä èñêëþ÷åíèÿ Ãàóññà


a11x1 + a12x2 + a13x3 + . . .+ a1nxn = a1n+1

a21x1 + a22x2 + a23x3 + . . .+ a2nxn = a2n+1

a31x1 + a32x2 + a33x3 + . . .+ a3nxn = a3n+1

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
an1x1 + an2x2 + an3x3 + . . .+ annxn = ann+1

(4.3)

Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ñèñòåìà (4.3)
ïðåîáðàçóåòñÿ â ðàâíîñèëüíóþ åé ñèñòåìó ñ âåðõíåòðåóãîëüíîé
ìàòðèöåé 

x1 + c12x2 + a13x3 + . . .+ c1nxn = c1n+1

x2 + a23x3 + . . .+ c2nxn = c2n+1

x3 + . . .+ c3nxn = c3n+1

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
xn = cnn+1

(4.4)



Ìåòîä èñêëþ÷åíèÿ Ãàóññà (ïðîäîëæåíèå)

Â ìàòðè÷íîé ôîðìå ýòî ïðåîáðàçîâàíèå ìîæåò áûòü çàïèñàíî â
âèäå

A = B · C, (4.5)

ãäå

B=


b11 0 0 · · · 0
b21 b22 0 · · · 0
b31 b32 b33 · · · 0
· · · · · · · · · · · · · · ·
bn1 bn2 bn3 · · · bnn

, C=


1 c12 c13 · · · c1n
0 1 c23 · · · c2n
0 0 1 · · · c3n
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

 (4.6)

Òîãäà

Ax = b ∼ (B · C)x = b ∼
{
By = b
Cx = y

(4.7)



Ìåòîä èñêëþ÷åíèÿ Ãàóññà (ïðîäîëæåíèå)

Ïîñêîëüêó det(A) ̸= 0, òî bii ̸= 0 (i = 1, 2, · · · , n). Òîãäà èç (4.3),
(4.6), (4.7) ñëåäóåò

y1 = a1n+1

b11

y2 = a2n+1−b21y1

b22

y3 = a3n+1−b31y1−b32y2

b33
· · ·
yn = ann+1−bn1y1−bn2y2−bn3y3−...−bnn−1yn−1

bnn

(4.8)



xn = yn
xn−1 = yn−1 − cn−1nxn
· · ·
x3 = y3 − c3nxn − c3n−1xn−1 − . . .− c34x4
x2 = y2 − c2nxn − c2n−1xn−1 − . . .− c23x3
x1 = y1 − c1nxn − c1n−1xn−1 − . . .− c12x2

(4.9)



Êîìïàêòíàÿ ñõåìà Ãàóññà
Êîíå÷íîøàãîâàÿ ïðîöåäóðà ïîñëåäîâàòåëüíîãî âû÷èñëåíèÿ
çíà÷åíèé ýëåìåíòîâ bij è cij ìàòðèö B è C ñîîòâåòñòâåííî,
ïîçâîëÿþùàÿ îäíîâðåìåííî îïðåäåëèòü çíà÷åíèÿ êîìïîíåíò
âåêòîðà y

Ïðèìåð. Ïóñòü n = 4. Òîãäà A = B · C ∼a11| a12 a13 a14

a21| a22| a23 a24

a31| a32| a33| a34

a41| a42| a43| a44|

=
b11| 0 0 0
b21| b22| 0 0
b31| b32| b33| 0
b41| b42| b43| b44|

·
1 c12 c13 c14
0 1 c23 c24
0 0 1 c34
0 0 0 1


I. b) ai1 = bi1 ∀i ≥ 1 ⇒ bi1 = ai1 ∀i ≥ 1

c) a1j = b11c1j ∀j ≥ 2 ⇒ c1j =
a1j

b11
∀j ≥ 2

II. b) ai2 = bi1c12 + bi2 ∀i ≥ 2 ⇒ bi2 = ai2 − bi1c12 ∀i ≥ 2

c) a2j = b21c1j + b22c2j ∀j ≥ 3 ⇒ c2j =
a2j−b21c1j

b22
∀j ≥ 3



Êîìïàêòíàÿ ñõåìà Ãàóññà (ïðîäîëæåíèå)

a11| a12 a13 a14

a21| a22| a23 a24

a31| a32| a33| a34

a41| a42| a43| a44|

=
b11| 0 0 0
b21| b22| 0 0
b31| b32| b33| 0
b41| b42| b43| b44|

·
1 c12 c13 c14
0 1 c23 c24
0 0 1 c34
0 0 0 1


III. b) ai3 = bi1c13 + bi2c23 + bi3 ∀i ≥ 3 ⇒

bi3 = ai3 − bi1c13 − bi2c23 ∀i ≥ 3

c) a3j = b31c1j + b32c2j + b33c3j ∀j ≥ 4 ⇒
c3j =

a3j−b31c1j−b32c2j
b33

∀j ≥ 4

IV. b) ai4 = bi1c14 + bi2c24 + bi3c34 + bi4 ∀i ≥ 4 ⇒
bi4 = ai4 − bi1c14 − bi2c24 − bi3c34 ∀i ≥ 4

c) a4j = b41c1j + b42c2j + b43c3j + b44c4j ∀j ≥ 5 ⇒
c4j =

a4j−b41c1j−b42c2j−b43c3j
b44

∀j ≥ 5



Êîìïàêòíàÿ ñõåìà Ãàóññà (ïðîäîëæåíèå)

Â ðåçóëüòàòå ïðè j = 5 c ó÷åòîì (4.8)
c15 = a15

b11
= y1

c25 = a25−b21c15
b22

= y2
c35 = a35−b31c15−b32c25

b33
= y3

c45 = a45−b41c15−b42c25−b43c35
b44

= y4

(4.10)

Äîïîëíèòåëüíûå âîçìîæíîñòè:
Âû÷èñëåíèå îïðåäåëèòåëÿ ìàòðèöû A:
det(A) = det(B · C) = det(B)det(C) = det(B) = b11b22b33 . . . bnn;

Îáðàùåíèå ìàòðèöû A:
A−1=

[
x(1),x(2)x(3), . . . ,x(n)

]
, ãäå Ax(i)=b(i) (i=1, 2, . . ., n),

b(i)=(b1, b2, . . ., bn)
⊤
, bj=δij (j=1, 2, . . ., n);

Âû÷èñëåíèå ðåøåíèé ñèñòåìû Ax = b ïðè ðàçëè÷íûõ åå
ïðàâûõ ÷àñòÿõ b: â ñèëó (4.10) îò çíà÷åíèé êîìïîíåíò âåêòîðà

b = (a1n+1, a2n+1, . . . , ann+1)
⊤
çàâèñÿò òîëüêî çíà÷åíèÿ

yi (i = 1, 2, . . . , n) � ïðàâûõ ÷àñòåé ñèñòåìû Cx = y.



4.2. Îïðåäåëåíèå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ
âåêòîðîâ êâàäðàòíîé ìàòðèöû

Ïóñòü A ∈ Rn×n (dim(A) = n× n)

Îïðåäåëåíèå 4.1.

Êîìïëåêñíîå ÷èñëî λ ∈ C íàçûâàåòñÿ ñîáñòâåííûì çíà÷åíèåì
ìàòðèöû A, åñëè ñóùåñòâóåò íåíóëåâîé âåêòîð x ∈ Rn ñ
êîìïëåêñíûìè êîìïîíåíòàìè xi ∈ C (i = 1, 2, . . . , n),
óäîâëåòâîðÿþùèé óðàâíåíèþ

Ax = λx (4.11)

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A ÿâëÿþòñÿ êîðíÿìè åå
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

∆(λ) = det(λE −A) = λn − p1λ
n−1 − . . .− pn−1λ− pn = 0, (4.12)

ãäå E � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n× n.



Ñòðóêòóðà è êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî
ìíîãî÷ëåíà ∆(λ)

∆(λ) = λn − p1λ
n−1 − . . .− pn−1λ− pn =

= det



λ− a11 · · · −a1i · · · −a1j · · · −a1n

· · · · · · · · · · · · · · · · · · · · ·
−ai1 · · · λ− aii| · · · | − aij | · · · −ain

· · · · · · · · · · · · · · · · · · · · ·
−aj1 · · · −aji · · · λ− ajj | · · · −ajn

· · · · · · · · · · · · · · · · · · · · ·
−an1 · · · −ani · · · −anj · · · λ− ann


=

=
∏n

k=1 (λ− akk) + Pn−2(λ) = λn −
∑n

k=1 akkλ
n−1 +Qn−2(λ),

Îòñþäà íåòðóäíî âèäåòü, ÷òî

p1 =

n∑
k=1

akk = tr(A). (4.13)



Ñâîéñòâà ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ
âåêòîðîâ êâàäðàòíîé ìàòðèöû

Èçâåñòíî, ÷òî àëãåáðàè÷åñêîå óðàâíåíèå ñòåïåíè n èìååò íà
ìíîæåñòâå êîìïëåêñíûõ ÷èñåë ðîâíî n êîðíåé λ1, λ2, . . . , λn ñ
ó÷åòîì èõ êðàòíîñòè. Ïðè ýòîì èç èçâåñòíîé òåîðåìû Âèåòà,
äàþùåé ñâÿçü êîðíåé óðàâíåíèÿ ñ åãî êîýôôèöèåíòàìè, ñëåäóåò

p1 =
∑n

k=1 λk = tr(A),

−pn = (−1)ndet(A) = λ1 · λ2 · . . . · λn,
(4.14)

ãäå λk (k = 1, 2, . . . , n) � êîðíè óðàâíåíèÿ (4.12) (ñîáñòâåííûå
çíà÷åíèÿ ìàòðèöû A)12.
Êàæäàÿ êâàäðàòíàÿ ìàòðèöà A ðàçìåðíîñòè n× n îáëàäàåò
íàáîðîì èç n ñîáñòâåííûõ çíà÷åíèé λk (k = 1, 2, . . . , n) è
ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ âåêòîðîâ x(k) (k = 1, 2, . . . , n).
Åñëè ìàòðèöà A ñèììåòðè÷íàÿ, ò.å. aij = aji (i, j = 1, 2, . . . , n), òî
λk ∈ R (k = 1, 2, . . . , n), à âåêòîðû x(k) îðòîãîíàëüíû ìåæäó ñîáîé.

12Ñîîòíîøåíèÿ (4.14) ìîæíî èñïîëüçîâàòü äëÿ êîíòðîëÿ âû÷èñëåíèé
ñîáñòâåííûõ çíà÷åíèé ìàòðèöû.



×èñëåííûå ìåòîäû îïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé
êâàäðàòíîé ìàòðèöû

×èñëåííûå ìåòîäû ðåøåíèÿ ïðîáëåìû ñîáñòâåííûõ çíà÷åíèé
óñëîâíî äåëÿòñÿ íà äâå ãðóïïû:

1 Òî÷íûå ìåòîäû, îñíîâàííûå íà âû÷èñëåíèè êîýôôèöèåíòîâ
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.12) è åãî ïîñëåäóþùåì
ðåøåíèè (ìåòîäû Ëåâåððüå-Ôàääååâà, Äàíèëåâñêîãî,
Êðûëîâà è äð. );

2 Èòåðàöèîííûå ìåòîäû, îñíîâàííûå íà âû÷èñëåíèè ÷àñòè èëè
âñåõ ñîáñòâåííûõ çíà÷åíèé áåç èñïîëüçîâàíèÿ
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.12), êàê ïðåäåëîâ
íåêîòîðûõ ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé (ñòåïåííîé ìåòîä,
QR-àëãîðèòì, ìåòîä âðàùåíèé è äð.).



Ìåòîä Ëåâåððüå

Ìåòîä Ëåâåððüå ïîñòðîåíèÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.12)
ìàòðèöû (âû÷èñëåíèÿ åãî êîýôôèöèåíòîâ) îñíîâàí íà ôîðìóëàõ
Íüþòîíàa äëÿ ñóìì ñòåïåíåé êîðíåé àëãåáðàè÷åñêîãî óðàâíåíèÿ.

aÊóðîø À.Ã. Êóðñ âûñøåé àëãåáðû.- Ì.: Íàóêà, 1975.�431 ñ.

Ïóñòü λi (i = 1, 2, . . . , n) � ïîëíàÿ ñîâîêóïíîñòü êîðíåé
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.12) ìàòðèöû A, ãäå êàæäûé
êîðåíü ïîâòîðÿåòñÿ ñòîëüêî ðàç, êàêîâà åãî êðàòíîñòü.

Ôîðìóëà Íüþòîíà

Ïóñòü Sk =
∑n

i=1 λ
k
i , k = 1, 2, . . . , n. Òîãäà

kpk = Sk − p1Sk−1 − . . .− pk−1S1, k = 1, 2, . . . , n, (4.15)

ãäå pi (i = 1, 2, . . . , n) � êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ (4.12) ìàòðèöû A.



Ìåòîä Ëåâåððüå (ïðîäîëæåíèå)

Åñëè ÷èñëà Sk èçâåñòíû, òî, ðåøàÿ ðåêóððåíòíóþ ñèñòåìó (4.15),
ìîæíî íàéòè íóæíûå êîýôôèöèåíòû pk:

p1 = S1

p2 = 1
2 (S2 − p1S1)

· · ·
pn = 1

n (Sn − p1Sn−1 − . . .− pn−1S1)

(4.16)

Èç ôîðìóë (4.11) (èëè æîðäàíîâîãî ïðåäñòàâëåíèÿ ìàòðèöû A)
ñëåäóåò, ÷òî ÷èñëà λki (i = 1, 2, . . . , n) ÿâëÿþòñÿ ñîáñòâåííûìè
çíà÷åíèÿìè ìàòðèöû Ak, à èç ôîðìóë (4.14) âûòåêàåò, ÷òî

Sk = tr(Ak), k = 1, 2, . . . , n, (4.17)

Ñòåïåíè Ak = Ak−1 ·A (k = 2, 3, . . . , n) ìàòðèöû A íàõîäÿòñÿ
íåïîñðåäñòâåííûì ïåðåìíîæåíèåì.



Ìåòîä Ëåâåððüå (ïðîäîëæåíèå)

×èñëåííàÿ ïðîöåäóðà ìåòîäà Ëåâåððüå

1 Âû÷èñëÿþòñÿ Ak (k = 1, 2, . . . , n) � ñòåïåíè ìàòðèöû A;

2 Âû÷èñëÿþòñÿ Sk = tr(Ak) (k = 1, 2, . . . , n) � ñëåäû ìàòðèö Ak;

3 Ïî ôîðìóëàì (4.16) îïðåäåëÿþòñÿ èñêîìûå êîýôôèöèåíòû
pk (k = 1, 2, . . . , n) õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.12)
ìàòðèöû A.

Íàõîäÿòñÿ êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.12) �
ñîáñòâåííûå çíà÷åíèÿ λi (i = 1, 2, . . . , n) ìàòðèöû A.
Äëÿ ýòîãî ìîãóò áûòü èñïîëüçîâàíû èçâåñòíûå ìåòîäû
ïðèáëèæåííîãî ðåøåíèÿ óðàâíåíèÿ (3.1). Ïðåäñòàâëÿåòñÿ, ÷òî äëÿ
âû÷èñëåíèÿ ïðèáëèæåííûõ çíà÷åíèé êîðíåé õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ (4.12) (êîðíåé ìíîãî÷ëåíà) íàèáîëåå ýôôåêòèâíûì èç
íèõ áóäåò ìåòîä ïàðàáîë (3.25).



Ëîêàëèçàöèÿ ñîáñòâåííûõ çíà÷åíèé êâàäðàòíîé
ìàòðèöû íà êîìïëåêñíîé ïëîñêîñòè

Òåîðåìà Ãåðøãîðèíà

Âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A ëåæàò â îáúåäèíåíèè
êðóãîâ S(1), S(2), . . . , S(n), ãäå S(i) = {z ∈ C : |z − aii| ≤ ri},
ri = |ai1|+ . . .+ |aii−1|+ |aii+1|+ . . .+ |ain| � ñóììà ìîäóëåé
âíåäèàãîíàëüíûõ ýëåìåíòîâ i-îé ñòðîêè ìàòðèöû A. Ïðè ýòîì,
åñëè k êðóãîâ îáðàçóþò çàìêíóòóþ îáëàñòü, èçîëèðîâàííóþ îò
äðóãèõ êðóãîâ, òî â ýòîé îáëàñòè íàõîäèòñÿ ðîâíî k ñîáñòâåííûõ
çíà÷åíèé ñ ó÷åòîì èõ êðàòíîñòè.

Åñëè ìàòðèöà A � ñèììåòðè÷íàÿ, òî òåîðåìà Ãåðøãîðèíà
ïîçâîëÿåò îïðåäåëèòü ãðàíèöû âåùåñòâåííûõ ñîáñòâåííûõ
çíà÷åíèé, êîòîðûå áóäóò íàõîäèòüñÿ â îáúåäèíåíèè èíòåðâàëîâ
s(i) = [aii − ri, aii + ri] (i = 1, 2, ..., n).



Ïðèìåðû ëîêàëèçàöèè ñîáñòâåííûõ çíà÷åíèé

Ïðèìåð 1. A=

( −2 0, 5 0, 5
−0, 5 −3, 5 1, 5
0, 8 −0, 5 0, 5

)

Äëÿ ìàòðèöû A êðóãè Ãåðøãîðèíà èìåþò âèä:

a11 = −2 r1 = |0, 5|+ |0, 5| = 1 S(1) = {z ∈ C : |z + 2| ≤ 1}
a22 = −3, 5 r2 = | − 0, 5|+ |1, 5| = 2 S(2) = {z ∈ C : |z + 3, 5| ≤ 2}
a33 = 0, 5 r3 = |0, 8|+ | − 0, 5| = 1, 3 S(3) = {z ∈ C : |z − 0, 5| ≤ 1, 3}
Íåòðóäíî ïîñòðîèòü íà êîìïëåêñíîé ïëîñêîñòè êðóãè S(1), S(2) è
S(3) è óáåäèòüñÿ, ÷òî S(1) ∩ S(2) ̸= ⊘,

(
S(1) ∪ S(2)

)
∩ S(3) = ⊘.

Òàêèì îáðàçîì, â îáúåäèíåíèè êðóãîâ S(1) è S(2) íàõîäèòñÿ ðîâíî
äâà ñîáñòâåííûõ çíà÷åíèÿ λ1 è λ2, à êðóã S

(3) ñîäåðæèò ðîâíî
îäíî ñîáñòâåííîå çíà÷åíèå λ3.



Ïðèìåðû ëîêàëèçàöèè ñîáñòâåííûõ çíà÷åíèé

Ïðèìåð 2. A=

2, 2 1 0, 5 2
1 1, 3 2 1
0, 5 2 0, 5 1, 6
2 1 1, 6 2


Äëÿ ñèììåòðè÷åñêîé ìàòðèöû A óêàçàííûå èíòåðâàëû èìåþò âèä:

a11 = 2, 2 r1 = |1|+ |0, 5|+ |2| = 3, 5 s(1) = [−1, 3; 5, 7]
a22 = 1, 3 r2 = |1|+ |2|+ |1| = 4 s(2) = [−2, 7; 5, 3]
a33 = 0, 5 r3 = |0, 5|+ |2|+ |1, 6| = 4, 1 s(3) = [−3, 6; 4, 6]
a44 = 2 r4 = |2|+ |1|+ |1, 6| = 4, 6 s(4) = [−2, 6; 6, 6]

Âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A áóäóò íàõîäèòüñÿ âíóòðè
èíòåðâàëà s = s(1) ∪ s(2) ∪ s(3) ∪ s(4) = [−3, 6; 6, 6].



Äîïîëíèòåëüíûå ðåçóëüòàòû

1 Îïðåäåëèòåëü ìàòðèöû A: det(A) = (−1)n−1pn;

2 Îáðàòíàÿ ìàòðèöà A−1:
Â ñèëó òåîðåìû Ãàìèëüòîíà-Êåëè

An − p1A
n−1 − . . .− pn−1A− pnE = 0,

ãäå 0 � íóëü-ìàòðèöà ðàçìåðíîñòè n× n.
Óìíîæåíèå îáåèõ ÷àñòåé ýòîãî ðàâåíñòâà íà ìàòðèöó A−1

ïðèâîäèò ê âûðàæåíèþ

An−1 − p1A
n−2 − . . .− pn−1E − pnA

−1 = 0.

Îòêóäà åñëè pn ̸= 0, òî

A−1 =
1

pn

(
An−1 − p1A

n−2 − . . .− pn−1E
)
.

⊠



▲6 Ìîäèôèêàöèÿ ìåòîäà Ëåâåððüå. Ìåòîä
Ëåâåððüå-Ôàääååâà.

Ä.Ê.Ôàääååâ ïðåäëîæèë âèäîèçìåíåíèå ìåòîäà Ëåâåððüå, êîòîðîå
êðîìå óïðîùåíèé ïðè âû÷èñëåíèè êîýôôèöèåíòîâ pk
(k = 1, 2, . . . , n) õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.12) ìàòðèöû A
ïîçâîëÿåò áîëåå ïðîñòî îïðåäåëèòü îáðàòíóþ ìàòðèöó A−1 è
ñîáñòâåííûå âåêòîðû ìàòðèöû A.

Âìåñòî íàáîðà ìàòðèö A,A2, A3, . . . , An ñòðîèòñÿ íàáîð ìàòðèö
A1, A2, A3, . . . , An ñëåäóþùèì îáðàçîì:

A1 = A, q1 = tr(A1), B1 = A1 − q1E
A2 = A ·B1, q2 = 1

2 tr(A2), B2 = A2 − q2E
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
An = A ·Bn−1, qn = 1

n tr(An), Bn = An − qnE

(4.18)

Èç (4.18) ñëåäóåò



Ìåòîä Ëåâåððüå-Ôàääååâà (ïðîäîëæåíèå)

Ak = A ·Bk−1 = A (Ak−1 − qk−1E) =
= A (A ·Bk−2 − qk−1E) = A2 ·Bk−2 − qk−1A =
= A2 (Ak−2 − qk−2E)− qk−1A =
= A2 (A ·Bk−3 − qk−2E)− qk−1A =
= A3 ·Bk−3 − qk−2A

2 − qk−1A =
= . . . =
= Ak−q1Ak−1−q2Ak−2−. . .−qk−2A

2−qk−1A

Bk = Ak−q1Ak−1−q2Ak−2−. . .−qk−2A
2−qk−1A−qkE

∀k = 1, 2, . . . , n

(4.19)

Îòêóäà

kqk = tr(Ak) = Sk−q1Sk−1−q2Sk−2−. . .−qk−2S2−qk−1S1

∀k = 1, 2, . . . , n
(4.20)



Ìåòîä Ëåâåððüå-Ôàääååâà (ïðîäîëæåíèå)
Ïîñêîëüêó q1 = tr(A1) = tr(A) = p1, òî â ñèëó ôîðìóëû Íüþòîíà
(4.15) è ðàâåíñòâ (4.20)

Êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.12) äëÿ
ìàòðèöû A

pk = qk k = 1, 2, . . . , n (4.21)

Îáðàòíàÿ ìàòðèöà

Â ñèëó ñîîòíîøåíèé (4.19), (4.21) è òåîðåìû Ãàìèëüòîíà-Êåëè

Bn = An−p1An−1−p2An−2−. . .−pn−2A
2−pn−1A−pnE = 0 (4.22)

Èç ôîðìóë (4.18) è (4.22) ñëåäóåò, ÷òî

A ·Bn−1 = An = Bn + pnE = pnE

Îòêóäà, åñëè pn ̸= 0, òî

A−1 =
Bn−1

pn
(4.23)



Íàõîæäåíèå ñîáñòâåííûõ âåêòîðîâ

Ïóñòü λ̄ � ñîáñòâåííîå çíà÷åíèå ìàòðèöû A

Q(λ̄) = λ̄n−1E + λ̄n−2B1 + . . .+ λ̄Bn−2 +Bn−1, (4.24)

ãäå Bk (k = 1, 2, . . . , n−1) � ìàòðèöû, âû÷èñëåííûå ïî ôîðìóëàì
(4.18).

(
λ̄E −A

)
Q(λ̄) = ∆(λ̄)E, (4.25)

ãäå ∆(λ̄) = det(λ̄E −A).
Äåéñòâèòåëüíî, â ñèëó (4.18) è (4.21)(
λ̄E−A

)
Q(λ̄)=

(
λ̄E−A

) (
λ̄n−1E+λ̄n−2B1+ . . .+ λ̄Bn−2+Bn−1

)
=

=λ̄nE+λ̄n−1B1+ . . .+λ̄2Bn−2+λ̄Bn−1−
−λ̄n−1A−λ̄n−2A ·B1− . . .−λ̄A ·Bn−2−A ·Bn−1=

=λ̄nE+λ̄n−1 (B1−A)+λ̄n−2 (B2−A ·B1)+ . . .+
+λ̄ (Bn−1−A ·Bn−2)−A ·Bn−1=

=λ̄nE−p1λ̄n−1E−p2λ̄n−2E− . . .−pn−1λ̄E−pnE=
= ∆(λ̄)E.



Íàõîæäåíèå ñîáñòâåííûõ âåêòîðîâ (ïðîäîëæåíèå)

Ïîñêîëüêó λ̄ � êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (4.12) äëÿ
ìàòðèöû A, òî ∆(λ̄) = 0. Òàêèì îáðàçîì,(

λ̄E −A
)
Q(λ̄) = ∆(λ̄)E = 0

Îòêóäà ñëåäóåò, ÷òî äëÿ ëþáîãî ñòîëáöà x̄ ìàòðèöû Q(λ̄)(
λ̄E −A

)
x̄ = 0

èëè
Ax̄ = λ̄x̄,

òî åñòü x̄ ̸= 0 � ñîáñòâåííûé âåêòîð ìàòðèöû A, îòâå÷àþùèé
ñîáñòâåííîìó çíà÷åíèþ λ̄.



4.3. Íåóñòðàíèìàÿ ïîãðåøíîñòü ïðè ðåøåíèè ñèñòåì
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ax = b, (4.26)

ãäå x, b ∈ Rn, A ∈ Rn×n (dim(A) = n× n):

det(A) ̸= 0. (4.27)

Ïóñòü x̄ = A−1b � òî÷íîå ðåøåíèå ñèñòåìû (4.26)a.

aÁóäåì ñ÷èòàòü, ÷òî îòñóòñòâóþò ïîãðåøíîñòü ìåòîäà è âû÷èñëèòåëüíàÿ
ïîãðåøíîñòü

Íåóñòðàíèìàÿ ïîãðåøíîñòü â ðåøåíèè ñèñòåìû (4.26) ìîæåò áûòü
âûçâàíà íåòî÷íîñòüþ â çàäàíèè çíà÷åíèé ýëåìåíòîâ ìàòðèöû A è
âåêòîð-ñòîëáöà ïðàâûõ ÷àñòåé b.



Íåóñòðàíèìàÿ ïîãðåøíîñòü ... (ïðîäîëæåíèå)
�Âîçìóùåííàÿ� ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

(A+∆A)x = b+∆b, (4.28)

ãäå ∆b ∈ Rn, ∆A ∈ Rn×n (dim(∆A) = n× n)

ÏÐÈÌÅÐ {
0, 2x1 + x2 = 1 +∆b1

x2 = 1 +∆b2
(4.29){

−x1 + x2 = 1 +∆b1
x1 + x2 = 1 +∆b2

(4.30)

Î÷åâèäíî, ÷òî ïðè ∆b1 = ∆b2 = 0 âåêòîð x̄ = (0, 1)
⊤
ÿâëÿåòñÿ

òî÷íûì ðåøåíèåì ñèñòåì (4.29) è (4.30).

Ïóñòü
|∆b1| ≤ ε, |∆b2| ≤ ε, (4.31)

ãäå ε > 0.



Ìíîæåñòâà âîçìîæíûõ ðåøåíèé �âîçìóùåííûõ�
ñèñòåì (4.29) è (4.30)
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Õîðîøî è ïëîõî îáóñëîâëåííûå ñèñòåìû

Îäíî è òî æå âîçìóùåíèå ïðàâûõ ÷àñòåé â ñèñòåìå (4.29) ïðèâåëî
ê çíà÷èòåëüíî áîëüøåìó âîçìóùåíèþ ðåøåíèÿ, ÷åì â ñèñòåìå
(4.30).

Ïîíÿòèå õîðîøî è ïëîõî îáóñëîâëåííûõ ñèñòåì
Ñèñòåìû, ó êîòîðûõ ìàëûì âîçìóùåíèÿì ïàðàìåòðîâ
ñîîòâåòñòâóþò ìàëûå âîçìóùåíèÿ ðåøåíèé, íàçûâàþò õîðîøî
îáóñëîâëåííûìè. Â ïðîòèâíîì ñëó÷àå � ïëîõî îáóñëîâëåííûìè.

Ñèñòåìà (4.29) ÿâëÿåòñÿ ïðèìåðîì ïëîõî îáóñëîâëåííîé ñèñòåìû,
ñèñòåìà (4.30) � õîðîøî îáóñëîâëåííîé.



Íîðìû âåêòîðîâ è ìàòðèö
Îïðåäåëåíèå íîðìû

Ïóñòü X � ëèíåéíîå (âåêòîðíîå) ïðîñòðàíñòâî. Ñêàëÿðíàÿ
ôóíêöèÿ ∥ · ∥ : X → R íàçûâàåòñÿ íîðìîé, åñëè ýòà ôóíêöèÿ
îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1) ∀x ∈ X ∥x∥ ≥ 0, ∥x∥ = 0 ⇔ x = 0,
2) ∀λ ∈ R ∀x ∈ X ∥λx∥ = |λ| · ∥x∥,
3) ∀x,y ∈ X ∥x+ y∥ ≤ ∥x∥+ ∥y∥

(4.32)

Âåêòîðíûå íîðìû

x ∈ Rn

1) ∥x∥1 = |x1|+ |x2|+ . . .+ |xn|,

2) ∥x∥∞ = maxi=1,2,...,n |xi|,

3) ∥x∥2 =
√
x21 + x22 + . . .+ x2n,

4) ∥x∥r = (|x1|r + |x2|r + . . .+ |xn|r)
1
r

(4.33)



Íîðìà ìàòðèöû
Íîðìà ìàòðèöû, ïîä÷èíåííàÿ âåêòîðíîé

A ∈ Rn×n, x ∈ Rn

∥A∥ = sup
∥x∥=1

∥Ax∥ = sup
∥x∥≠0

∥Ax∥
∥x∥

= sup
∥x∥≤1

∥Ax∥ (4.34)

Ìàòðè÷íûå íîðìû

A ∈ Rn×n

1) ∥A∥1 = maxj=1,2,...,n

∑n
i=1 |aij |,

2) ∥A∥∞ = maxi=1,2,...,n

∑n
j=1 |aij |,

3) ∥A∥2 =
√
maxi=1,2,...,n λi (A∗A)

(4.35)

Ñâîéñòâà ïîä÷èíåííîé ìàòðè÷íîé íîðìû

A,B ∈ Rn×n, x ∈ Rn

1) ∥Ax∥ ≤ ∥A∥ · ∥x∥,
2) ∥A ·B∥ ≤ ∥A∥ · ∥B∥

(4.36)



Îöåíêè íåóñòðàíèìîé ïîãðåøíîñòè â ðåøåíèÿõ
�âîçìóùåííûõ� ñèñòåì

Ñëó÷àé I. �Âîçìóùåíèå� çíà÷åíèé ïðàâûõ ÷àñòåé óðàâíåíèé
ñèñòåìû

A (x̄+∆x) = b+∆b, (4.37)

ãäå ∆b,∆x ∈ Rn; Ax̄ = b

A (x̄+∆x) = Ax̄+A∆x = b+A∆x ⇒ A∆x = ∆b ⇒ ∆x = A−1∆b

Îòñþäà ñ ó÷åòîì (4.36) ñëåäóåò:
1) ∥∆x∥ = ∥A−1∆b∥ ≤ ∥A−1∥∥∆b∥;
2) Òàê êàê Ax̄ = b, òî ∥Ax̄∥ = ∥b∥ è ∥b∥ ≤ ∥A∥∥x̄∥ ⇒ ∥x̄∥ ≥ ∥b∥

∥A∥ .

∥∆x∥
∥x̄∥

≤ ∥A−1∥∥∆b∥
∥b∥
∥A∥

= ∥A−1∥∥A∥∥∆b∥
∥b∥



Îöåíêè íåóñòðàíèìîé ïîãðåøíîñòè â ðåøåíèÿõ
�âîçìóùåííûõ� ñèñòåì (ïðîäîëæåíèå)

Ñëó÷àé I.

∥∆x∥
∥x̄∥

≤ cond (A)
∥∆b∥
∥b∥

, (4.38)

ãäå cond (A) = ∥A−1∥∥A∥.

Îïðåäåëåíèå 4.2.

Âåëè÷èíà
cond (A) = ∥A−1∥∥A∥

íàçûâàåòñÿ ÷èñëîì îáóñëîâëåííîñòè ìàòðèöû A.

Ñâîéñòâî

cond (A) ≥ 1 (4.39)

⊠



▲7 Îöåíêè íåóñòðàíèìîé ïîãðåøíîñòè â ðåøåíèÿõ
�âîçìóùåííûõ� ñèñòåì (ïðîäîëæåíèå)

Ñëó÷àé II. �Âîçìóùåíèå� çíà÷åíèé êîýôôèöèåíòîâ ïðè
íåèçâåñòíûõ è ïðàâûõ ÷àñòåé óðàâíåíèé ñèñòåìû

(A+∆A) (x̄+∆x) = b+∆b, (4.40)

ãäå ∆A ∈ Rn×n; ∆b,∆x ∈ Rn; Ax̄ = b

b+∆b = (A+∆A) (x̄+∆x) =
= Ax̄+∆Ax̄+ (A+∆A)∆x =
= b+∆Ax̄+ (A+∆A)∆x ⇒

(A+∆A)∆x = ∆b−∆Ax̄ ⇒
A
(
E +A−1∆A

)
∆x = ∆b−∆Ax̄ ⇒

∆x =
(
E +A−1∆A

)−1
A−1 (∆b−∆Ax̄) (4.41)



Îöåíêè íåóñòðàíèìîé ïîãðåøíîñòè â ðåøåíèÿõ
�âîçìóùåííûõ� ñèñòåì (ïðîäîëæåíèå)

Âûðàæåíèå (4.41) ñ ó÷åòîì (4.32) è (4.36) ïðèâîäèò ê îöåíêå

∥∆x∥ ≤ ∥
(
E +A−1∆A

)−1∥∥A−1∥ (∥∆b∥+ ∥∆A∥∥x̄∥) (4.42)

Óòâåðæäåíèå

Ïóñòü B ∈ Rn×n: ∥B∥ < 1. Òîãäà

∥(E −B)
−1∥ ≤ 1

1− ∥B∥
(4.43)

Â ïðåäïîëîæåíèè, ÷òî ∆A ∈ Rn×n: ∥∆A∥ < 1
∥A−1∥

(∥A−1∆A∥ ≤ ∥A−1∥∥∆A∥ < 1)13, èç (4.42) ñëåäóåò14

∥∆x∥ ≤ 1

1− ∥A−1∥∥∆A∥
∥A−1∥ (∥∆b∥+ ∥∆A∥∥x̄∥) (4.44)

13Êîãäà ∆A ìàëî, òî óêàçàííîå óñëîâèå âûïîëíÿåòñÿ.
14B = −A−1∆A



Îöåíêè íåóñòðàíèìîé ïîãðåøíîñòè â ðåøåíèÿõ
�âîçìóùåííûõ� ñèñòåì (ïðîäîëæåíèå)

Äåëåíèå îáåèõ ÷àñòåé íåðàâåíñòâà (4.44) íà ∥x̄∥ ïðèâîäèò ê îöåíêå

∥∆x∥
∥x̄∥

≤ 1

1− ∥A−1∥∥∆A∥
∥A−1∥

(
∥∆b∥
∥x̄∥

+ ∥∆A∥
)

(4.45)

Èç (4.45) ñ ó÷åòîì òîãî, ÷òî ∥x̄∥ ≥ ∥b∥
∥A∥ , ñëåäóåò

∥∆x∥
∥x̄∥

≤ ∥A−1∥∥A∥
1− ∥A−1∥∥A∥∥∆A∥

∥A∥

(
∥∆b∥
∥b∥

+
∥∆A∥
∥A∥

)
(4.46)

Ñëó÷àé II.

∥∆x∥
∥x̄∥

≤ cond (A)

1− cond (A) ∥∆A∥
∥A∥

(
∥∆b∥
∥b∥

+
∥∆A∥
∥A∥

)
(4.47)



ÏÐÈÌÅÐ
Èñõîäíàÿ ñèñòåìà {

1, 01x1 + 0, 99x2 = 2, 00
0, 99x1 + 0, 98x2 = 1, 97

(4.48)

�Âîçìóùåííàÿ� ñèñòåìà{
1, 01x1 + 0, 99x2 = 2, 04
0, 99x1 + 0, 98x2 = 1, 99

(4.49)

Î÷åâèäíî, ÷òî AT = A è A > 0. Ñëåäîâàòåëüíî, λi (A) ∈ R è
λi (A) > 0 (i = 1, 2).

Ïîýòîìó
1) ∥A∥2 =

√
maxi=1,2 λi (ATA) =

√
maxi=1,2 λi (A2) =

maxi=1,2 λi (A);
2)15 ∥A−1∥2 = maxi=1,2

1
λi(A) =

1
mini=1,2 λi(A) .

15Åñëè AT = A, òî E =
(
A−1A

)T
= AT

(
A−1

)T
= A

(
A−1

)T
. Òîãäà(

A−1
)T

= A−1.



ÏÐÈÌÅÐ
λ1 (A) ≈ 1, 98005, λ2 (A) ≈ 0, 00005

cond2 (A) = ∥A−1∥∥A∥ =
maxi=1,2 λi(A)
mini=1,2 λi(A) ≈ 1,98005

0,00005 ≈ 4 · 104

Âûâîä

Èñõîäíàÿ ñèñòåìà (4.48) ÿâëÿåòñÿ ïëîõî îáóñëîâëåííîéa.

aÏðèáëèçèòåëüíûìè çíà÷åíèÿìè ÷èñëà îáóñëîâëåííîñòè, ðàçäåëÿþùèìè
õîðîøî è ïëîõî îáóñëîâëåííûå ñèñòåìû, ñ÷èòàåòñÿ 10-20.

Èñõîäíàÿ ñèñòåìà

b = (2, 00; 1, 97)
⊤
; Ðåøåíèå: x̄ = (1, 00; 1, 00)

⊤

�Âîçìóùåííàÿ� ñèñòåìà

b̃ = (2, 04; 1, 99)
⊤
= b+∆b, ∆b = (0, 04; 0, 02)

⊤
;

Ðåøåíèå: x̃ = (3, 00;−1, 00)
⊤
= x̄+∆x, ∆x = (2, 00;−2, 00)

⊤

Ñðàâíèòåëüíî ìàëûå âàðèàöèè çíà÷åíèé ïðàâûõ ÷àñòåé èñõîäíîé
ñèñòåìû (4.48) ïðèâîäÿò ê çíà÷èòåëüíûì �âîçìóùåíèÿì� åå
ðåøåíèÿ. Ïðè ýòîì, êàê íåòðóäíî âèäåòü, λ1 (A) ≫ λ2 (A).



Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ. ×àñòíûé ñëó÷àé.

Ax̄ = b, (4.50)

A (x̄+∆x) = b+∆b, (4.51)

ãäå A ∈ Rn×n: A > 0; x̄, b,∆x,∆b ∈ Rn: Ax̄ = b.

Â ñèëó (4.50), (4.51)
A∆x = ∆b. (4.52)

×àñòíûé ñëó÷àé: n = 2 è ∥∆b∥ = ε, ãäå ε > 0

∥∆b∥ =
√
(∆b,∆b).

Èç (4.52) ñëåäóåò (∆b,∆b) = (A∆x, A∆x) = (∆x, A∗A∆x).

(∆x, A∗A∆x) = ε2 (4.53)

Ïîñêîëüêó A∗A > 0, òî óðàâíåíèå (4.53) îïðåäåëÿåò â R2 ýëëèïñ.



Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ (Ïðîäîëæåíèå)

u(1), u(2) ∈ R2 :
Au(1) = λ1u

(1), Au(2) = λ2u
(2),

λ2 > λ1 > 0, u(1)⊥u(2)

Ïóñòü ∆b(i) ⇈ u(i) (i = 1, 2)

Òîãäà ∆x(i) = A−1∆b(i) = 1
λi
∆b(i) : ∥∆x(i)∥ = ε

λi
(i = 1, 2).

Òîãäà â îðòîíîðìèðîâàííîé ñèñòåìå êîîðäèíàò, çàäàâàåìîé
ñîáñòâåííûìè âåêòîðàìè u(1), u(2) ìàòðèöû A, äëèíû ïîëóîñåé
ýëëèïñà, îïðåäåëÿåìîãî óðàâíåíèåì (4.53) ðàâíû ε

λ1
, ε

λ2
è åãî

ýêñöåíòðèñèòåò e = λ2

λ1
.



Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ (Ïðîäîëæåíèå)

Òî÷êè ýòîãî ýëëèïñà ãåîìåòðè÷åñêè îïðåäåëÿþò ðåøåíèÿ x̄+∆x
�âîçìóùåííîé� ñèñòåìû (4.51), ñîîòâåòñòâóþùèå ðàçëè÷íûì
�âîçìóùåíèÿì� ∆b (∥∆b∥ = ε) ïðàâûõ ÷àñòåé b ñèñòåìû (4.50).
Òàêèì îáðàçîì, îäíî è òî æå �âîçìóùåíèå� ïî íîðìå ïðàâûõ
÷àñòåé ñèñòåìû (4.50) ïðèâîäèò ê ðàçëè÷íûì �âîçìóùåíèÿì� åå
ðåøåíèé. Ðàçáðîñ íîðì ýòèõ �âîçìóùåíèé� îïðåäåëÿåòñÿ
âåëè÷èíîé λ2 − λ1.



4.4. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ñèñòåì ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé

Ïóñòü äëÿ ñèñòåìû Ax = b ïîñòðîåíà ðàâíîñèëüíàÿ åé ñèñòåìà
âèäà

x = Bx+ c, (4.54)

ãäå B ∈ Rn×n; x, c ∈ Rn

×èñëåííàÿ ïðîöåäóðà ìåòîäà ïðîñòîé èòåðàöèè

x(k+1) = Bx(k) + c, (4.55)

ãäå k = 0, 1, 2, . . .; x(0) ∈ Rn

Â ñèëó (4.55)

x(k+1)=Bx(k)+c=B
(
Bx(k−1)+c

)
+c=B2x(k−1)+(B+E) c=

=B2
(
Bx(k−2)+c

)
+(B+E) c=B3x(k−2)+

(
B2+B+E

)
c=

· · · · · · · · ·
=Bk+1x(0)+

(
Bk+Bk−1+ . . .+B2+B+E

)
c



Ìåòîä ïðîñòîé èòåðàöèè

x(k+1) = Bk+1x(0) +

(
k∑

i=0

Bi

)
c, (4.56)

ãäå k = 0, 1, 2, . . .; x(0) ∈ Rn

Îïðåäåëåíèå 4.3. Ïðåäåë ïîñëåäîâàòåëüíîñòè ìàòðèö

Ïóñòü {A(k)}∞k=1, ∀k ∈ N A(k) ∈ Rn×m.

limk→∞A(k) = A, ãäå A ∈ Rn×m, åñëè

lim
k→∞

a
(k)
ij = aij (∀i = 1, 2, . . . , n;∀j = 1, 2, . . . ,m) (4.57)

Óñëîâèå (4.57) ðàâíîñèëüíî

lim
k→∞

∥A(k) −A∥ = 0 (4.58)

èëè
lim
k→∞

A(k)x = Ax ∀x ∈ Rm (4.59)



Ìåòîä ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)
Ñâîéñòâà ñõîäÿùèõñÿ ìàòðè÷íûõ ïîñëåäîâàòåëüíîñòåé

Ïóñòü {A(k)}∞k=1, {B(k)}∞k=1, ∀k ∈ N A(k), B(k) ∈ Rn×n:
∃ limk→∞A(k) = A è ∃ limk→∞B(k) = B, ãäå A,B ∈ Rn×n.
Òîãäà

∃ limk→∞
(
A(k) +B(k)

)
= A+B,

∃ limk→∞
(
A(k) ·B(k)

)
= A ·B (4.60)

Îïðåäåëåíèå 4.4. Ñóììà ìàòðè÷íîãî ðÿäà

Ïóñòü
∑∞

k=1A
(k), ∀k ∈ N A(k) ∈ Rn×m.

Ðÿä
∑∞

k=1A
(k) íàçûâàåòñÿ ñõîäÿùèìñÿ, åñëè

∃ liml→∞ S
(l)
A = A, ãäå S

(l)
A =

∑l
k=1A

(k), A ∈ Rn×m.

Íåîáõîäèìîå óñëîâèå ñõîäèìîñòè ìàòðè÷íîãî ðÿäà

Ïóñòü ðÿä
∑∞

k=1A
(k) ñõîäèòñÿ. Òîãäà

lim
k→∞

A(k) = 0 (4.61)



Ìåòîä ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)
Òåîðåìà 4.1.

Ïóñòü B ∈ Rn×n.
limk→∞Bk = 0 ⇔ |λi(B)| < 1 ∀i = 1, 2, . . . , n, ãäå
λi(B) (i = 1, 2, . . . , n) � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû B.

Äîêàçàòåëüñòâî óòâåðæäåíèÿ òåîðåìû îñíîâàíî íà èñïîëüçîâàíèè
æîðäàíîâîé ôîðìû ìàòðèöû. Äëÿ ëþáîé êâàäðàòíîé ìàòðèöû B
ñóùåñòâóåò íåâûðîæäåííàÿ ìàòðèöà (ïðåîáðàçîâàíèå) T òàêîå,
÷òî ìàòðèöà G = T−1 ·B · T èìååò æîðäàíîâó ôîðìó16.

G2 =
(
T−1 ·B · T

)
·
(
T−1 ·B · T

)
= T−1 ·B2 · T,

G3 =
(
T−1 ·B2 · T

)
·
(
T−1 ·B · T

)
= T−1 ·B3 · T,

· · · · · · · · ·
Gk =

(
T−1 ·Bk−1 · T

)
·
(
T−1 ·B · T

)
= T−1 ·Bk · T.

Ïîñêîëüêó
1 ∥Gk∥ ≤ ∥T−1∥∥Bk∥∥T∥,
2 Bk = T ·Gk · T−1 è ∥Bk∥ ≤ ∥T∥∥Gk∥∥T−1∥,

òî limk→∞Bk = 0 ⇔ limk→∞Gk = 0.

16ñì. òåîðåìó î ïðèâåäåíèè ìàòðèöû ê æîðäàíîâîé ôîðìå



Ìåòîä ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)
Ïðåäëàãàåòñÿ îãðàíè÷èòüñÿ ðàññìîòðåíèåì îñíîâíîé èäåè
äîêàçàòåëüñòâà óòâåðæäåíèÿ òåîðåìû.
Â ïðîñòåéøåì ñëó÷àå, êîãäà λi(B) ∈ R (i = 1, 2, . . . , n) è
λi(B) ̸= λj(B) ∀i ̸= j, óòâåðæäåíèå òåîðåìû ñòàíîâèòñÿ
î÷åâèäíûì. Â ýòîì ñëó÷àå

G =

λ1(B) 0 · · · 0
0 λ2(B) · · · 0
· · · · · · · · · · · ·
0 0 · · · λn(B)

,

Gk =

λk
1(B) 0 · · · 0

0 λk
2(B) · · · 0

· · · · · · · · · · · ·
0 0 · · · λk

n(B)

.
Äîêàçàòåëüñòâî óòâåðæäåíèÿ òåîðåìû äëÿ ñëó÷àÿ, êîãäà ìàòðèöà
B èìååò êðàòíûå è/èëè êîìïëåêñíûå ñîáñòâåííûå çíà÷åíèÿ,
ÿâëÿåòñÿ òåõíè÷åñêè ñóùåñòâåííî áîëåå ãðîìîçäêèì17. ⊠

17Ïðåäëàãàåòñÿ îçíàêîìèòüñÿ ñàìîñòîÿòåëüíî.



▲8 Ìåòîä ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)

Òåîðåìà 4.2.

Äëÿ ñõîäèìîñòè ðÿäà
∑∞

k=0B
k íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

|λi(B)| < 1 ∀i = 1, 2, . . . , n, ãäå λi(B) (i = 1, 2, . . . , n) � ñîáñòâåííûå
çíà÷åíèÿ ìàòðèöû B.

Äîêàçàòåëüñòâî:

Íåîáõîäèìîñòü ñëåäóåò èç íåîáõîäèìîãî óñëîâèÿ (4.61) ñõîäèìîñòè
ðÿäà

∑∞
i=0B

k è òåîðåìû 4.1.

Äîñòàòî÷íîñòü

Ïóñòü |λi(B)| < 1 ∀i = 1, 2, . . . , n. Òîãäà λi(E −B) > 0
∀i = 1, 2, . . . , n. Ñëåäîâàòåëüíî, ìàòðèöà E −B íåâûðîæäåíà.



Ìåòîä ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)

Íåòðóäíî óáåäèòüñÿ, ÷òî(
E +B +B2 + . . .+Bk

)
· (E −B) = E −Bk+1. (4.62)

Óìíîæåíèå îáåèõ ÷àñòåé ðàâåíñòâà (4.62) íà ìàòðèöó (E −B)
−1

ñïðàâà ïðèâîäèò ê âûðàæåíèþ

E +B +B2 + . . .+Bk =
(
E −Bk+1

)
· (E −B)

−1
. (4.63)

Ïåðåõîä ê ïðåäåëó ïðè k → ∞ â (4.63) ïðèâîäèò ê ôîðìóëå

∞∑
i=0

Bk = (E −B)
−1
. (4.64)

Ïîñêîëüêó, â ñèëó òåîðåìû 4.1, limk→∞Bk = 0.
□ Òåîðåìà äîêàçàíà.



Ìåòîä ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)

Òåîðåìà 4.3.

Äëÿ ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà (4.56) (ìåòîäà ïðîñòîé
èòåðàöèè) ïðè ëþáûõ íà÷àëüíîì ïðèáëèæåíèè x(0) è âåêòîðå c
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû |λi(B)| < 1 ∀i = 1, 2, . . . , n, ãäå
λi(B) (i = 1, 2, . . . , n) � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû B.

Äîêàçàòåëüñòâî:

Íåîáõîäèìîñòü

Åñëè èòåðàöèîííûé ïðîöåññ (4.56) ñõîäèòñÿ ïðè ëþáûõ íà÷àëüíîì
ïðèáëèæåíèè x(0) è âåêòîðå c, òî îí ñõîäèòñÿ è ïðè x(0) = 0. Äëÿ
íóëåâîãî íà÷àëüíîãî ïðèáëèæåíèÿ èòåðàöèîííàÿ ïðîöåäóðà (4.56)
ïðèîáðåòàåò âèä

x(k+1) =
(
E +B +B2 + . . .+Bk

)
c, k = 0, 1, 2, . . . . (4.65)

Ïîñêîëüêó äëÿ ëþáîãî âåêòîðà c ñóùåñòâóåò ïðåäåë ïðè k → ∞
ëåâîé ÷àñòè ðàâåíñòâà (4.65), òî ñóùåñòâóåò
limk→∞

(
E +B +B2 + . . .+Bk

)
c.



Ìåòîä ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)
Â ñèëó îïðåäåëåíèÿ ñõîäèìîñòè ìàòðè÷íîé ïîñëåäîâàòåëüíîñòè

ýòî îçíà÷àåò, ÷òî ∃ limm→∞ S
(k)
B , ãäå S

(k)
B =

∑k
m=oB

m, òî åñòü ðÿä∑∞
k=0B

k ñõîäèòñÿ. Òîãäà óñëîâèå |λi(B)| < 1 ∀i = 1, 2, . . . , n
ñëåäóåò èç òåîðåìû 4.2.

Äîñòàòî÷íîñòü ñëåäóåò èç òåîðåì 4.1 è 4.2.

□ Òåîðåìà äîêàçàíà.

Òåîðåìà 4.4.

Äëÿ ëþáîé ìàòðèöû B ∈ Rn×n ñïðàâåäëèâû íåðàâåíñòâà

|λi(B)| ≤ ∥B∥ ∀i = 1, 2, . . . , n, (4.66)

ãäå λi(B) (i = 1, 2, . . . , n) � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû B.

Äîêàçàòåëüñòâî: Ïóñòü λ � ñîáñòâåííîå çíà÷åíèå ìàòðèöû B è
x ̸= 0 � ñîîòâåòñòâóþùèé åìó ñîáñòâåííûé âåêòîð ýòîé ìàòðèöû.
Òîãäà Bx = λx. Â ñèëó ñâîéñòâ (4.33), (4.36) íîðìû



Ìåòîä ïðîñòîé èòåðàöèè (ïðîäîëæåíèå)

|λ| · ∥x∥ = ∥λx∥ = ∥Bx∥ ≤ ∥B∥ · ∥x∥. (4.67)

Ïîñêîëüêó ∥x∥ > 0, òî äåëåíèå îáåèõ ÷àñòåé âûðàæåíèÿ (4.67) íà
∥x∥ ïðèâîäèò ê íåðàâåíñòâó |λ| ≤ ∥B∥.
□ Òåîðåìà äîêàçàíà.

Ñëåäñòâèå

Ïóñòü B ∈ Rn×n: ∥B∥ < 1. Òîãäà

∥(E −B)
−1∥ ≤ 1

1− ∥B∥
(4.68)

Äîêàçàòåëüñòâî: Ïîñêîëüêó |λi(B)| ≤ ∥B∥ < 1 ∀i = 1, 2, . . . , n, òî, â
ñèëó òåîðåìû 4.2, ðÿä

∑∞
k=0B

k ñõîäèòñÿ è åãî ñóììà îïðåäåëÿåòñÿ
ôîðìóëîé (4.64). Òàêèì îáðàçîì,

∥(E −B)
−1∥ = ∥

∞∑
k=0

Bk∥ ≤
∞∑
k=0

∥Bk∥ ≤
∞∑
k=0

∥B∥k =
1

1− ∥B∥
.

□ Ñëåäñòâèå äîêàçàíî.



Îöåíêà ñêîðîñòè ñõîäèìîñòè ìåòîäà ïðîñòîé èòåðàöèè
Ïóñòü x̄ ∈ Rn ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (4.54), òî åñòü

x̄ = Bx̄+ c (4.69)

Òîãäà, â ñèëó ôîðìóëû (4.55), çàäàþùåé ïðîöåäóðó ìåòîäà
ïðîñòîé èòåðàöèè, è (4.69), à òàêæå ñâîéñòâ (4.36) íîðìû

∥x̄− x(k+1)∥ = ∥Bx̄+ c−Bx(k) − c∥ = ∥B(x̄− x(k))∥ ≤
≤ ∥B∥∥x̄− x(k)∥ = ∥B∥∥Bx̄+ c−Bx(k−1) − c∥ =
= ∥B∥∥B(x̄− x(k−1))∥ ≤ ∥B∥2∥x̄− x(k−1)∥ =
· · · · · · · · · · · · · · · · · ·
≤ ∥B∥k+1∥x̄− x(0)∥

Òåîðåìà 4.5. Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè

Ïóñòü ∥B∥ < 1. Òîãäà èòåðàöèîííûé ïðîöåññ (4.55) ñõîäèòñÿ ïðè
ëþáîì íà÷àëüíîì ïðèáëèæåíèè x(0) è ñïðàâåäëèâà îöåíêà

∥x̄− x(k)∥ ≤ ∥B∥k∥x̄− x(0)∥ ∀k ∈ N (4.70)



Äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ìåòîäà ïðîñòîé
èòåðàöèè

1) ∥B∥1 = maxj=1,2,...,n

∑n
i=1 |bij | < 1,

2) ∥B∥∞ = maxi=1,2,...,n

∑n
j=1 |bij | < 1,

3) ∥B∥2 =
√
maxi=1,2,...,n λi (B∗B) < 1

(4.71)

Ñ ó÷åòîì (4.14)

(∥B∥2)2 = maxi=1,2,...,n λi (B
∗B) ≤

≤ λ1 (B
∗B) + λ2 (B

∗B) + . . .+ λn (B
∗B) =

= tr(B∗B) =
∑n

i=1

∑n
j=1b

2
ij

4)

n∑
i=1

n∑
j=1

b2ij < 1 (4.72)



Ïîãðåøíîñòü ìåòîäà ïðîñòîé èòåðàöèè
Ïóñòü ∥B∥ < 1 è x̄ ∈ Rn � ðåøåíèå ñèñòåìû (4.54), òî åñòü
x̄ = Bx̄+ c èëè

x̄ = (E −B)
−1

c. (4.73)

Àíàëîãè÷íî (4.63) íåòðóäíî ïîêàçàòü, ÷òî

x(k) = Bkx(0) +
(
Bk−1 +Bk−2 + . . .+B2 +B + E

)
c =

= Bkx(0) + (E −B)
−1 (

E −Bk
)
c.

(4.74)

Òîãäà, â ñèëó (4.73) è (4.74),

x(k) − x̄ = Bkx(0) + (E −B)
−1 (

E −Bk
)
c− (E −B)

−1
c =

= Bkx(0) − (E −B)
−1
Bkc.

Îòêóäà ñ ó÷åòîì (4.68)

Îöåíêà ïîãðåøíîñòè ìåòîäà ïðîñòîé èòåðàöèè

Ïóñòü ∥B∥ < 1. Òîãäà

∥x(k) − x̄∥ ≤ ∥B∥k∥x(0)∥+ ∥B∥k∥c∥
1− ∥B∥

∀k ∈ N. (4.75)



×àñòíûå ðåàëèçàöèè ìåòîäà ïðîñòîé èòåðàöèè äëÿ
ñèñòåìû Ax = b

Ax = b, (4.76)

ãäå x, b ∈ Rn, A ∈ Rn×n: det(A) ̸= 0.
Äëÿ ñèñòåìû (4.76) ñïðàâåäëèâî ñëåäóþùåå ïðåîáðàçîâàíèå

Ax = b ∼ Ax− b = 0 ∼
∼ H (Ax− b) = 0 ∼
∼ x = x−H (Ax− b) ∼
∼ x = (E −HA)x+Hb,

(4.77)

ãäå H ∈ Rn×n � ïðîèçâîëüíàÿ íåâûðîæäåííàÿ ìàòðèöà.

Òàêèì îáðàçîì, ñèñòåìà (4.76) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (4.77)
ìîæåò áûòü ïðåîáðàçîâàíà â ðàâíîñèëüíóþ åé ñèñòåìó âèäà

x = Bx+ c, (4.78)

äëÿ ïðèáëèæåííîãî ðåøåíèÿ êîòîðîé ïðèìåíèì ìåòîä ïðîñòîé
èòåðàöèè (4.55). Çäåñü B = E −HA, c = Hb.



×àñòíûå ðåàëèçàöèè ìåòîäà ïðîñòîé èòåðàöèè äëÿ
ñèñòåìû Ax = b

Ñîãëàñíî îöåíêå (4.70) (ñì. òåîðåìó 4.5), äëÿ ñèñòåìû (4.78) ìåòîä
ïðîñòîé èòåðàöèè (4.55) ñõîäèòñÿ òàêæå, êàê ãåîìåòðè÷åñêàÿ
ïðîãðåññèÿ ñî çíàìåíàòåëåì ∥B∥.

Ñëåäîâàòåëüíî, ÷åì �áëèæå� â (4.77) ìàòðèöà H ê A−1, òåì
áûñòðåå ñõîäèòñÿ ìåòîä ïðîñòîé èòåðàöèè äëÿ ñèñòåìû (4.78) c
ìàòðèöåé B = E −HA.

Â âû÷èñëèòåëüíîé ïðàêòèêå äëÿ ïðèáëèæåííîãî ðåøåíèÿ ñèñòåìû
(4.76) ìåòîäîì ïðîñòîé èòåðàöèè èñïîëüçóþò äîñòàòî÷íî ìíîãî
÷àñòíûõ ñïîñîáîâ ïðèâåäåíèÿ ñèñòåìû (4.76) ê òðåáóåìîìó âèäó
(4.78). Òàêèì îáðàçîì âîçíèêàþò ÷àñòíûå ðåàëèçàöèè ìåòîäà
ïðîñòîé èòåðàöèè (4.55). Äàëåå áóäóò ðàññìîòðåíû:

Ìåòîä ßêîáè,

Ìåòîä Ãàóññà-Çåéäåëÿ.



Ìåòîä ßêîáè
Ïóñòü A ∈ Rn×n:

aii ̸= 0 ∀i = 1, 2, . . . , n. (4.79)

Â ýòîì ñëó÷àå èç êàæäîãî óðàâíåíèÿ ñèñòåìû ñèñòåìû (4.76)
ìîæíî âûðàçèòü ïåðåìåííóþ ñ êîýôôèöèåíòîì, çàäàâàåìûì
äèàãîíàëüíûì ýëåìåíòîì ìàòðèöû A, ÷åðåç äðóãèå ïåðåìåííûå. Â
ðåçóëüòàòå ñòðîèòñÿ ðàâíîñèëüíàÿ ñèñòåìå (4.76) ñèñòåìà (4.78),
÷èñëåííàÿ ïðîöåäóðà ìåòîäà ïðîñòîé èòåðàöèè äëÿ êîòîðîé â
ïîêîîðäèíàòíîé ôîðìå çàïèñè èìååò âèä:

×èñëåííàÿ ïðîöåäóðà ìåòîäà ßêîáè

x
(k+1)
i = − 1

aii

(∑i−1
j=1 aijx

(k)
j +

∑n
j=i+1 aijx

(k)
j − bi

)
i = 1, 2, . . . , n,

(4.80)

ãäå k = 0, 1, 2, . . .,
(
x
(0)
1 , x

(0)
2 , . . . , x

(0)
n

)⊤
∈ Rn.

Äëÿ èññëåäîâàíèÿ ñâîéñòâ ìåòîäà ßêîáè (4.80) óäîáíî åãî
çàïèñàòü â ìàòðè÷íîé ôîðìå. Äëÿ ýòîãî ïðåäëàãàåòñÿ ìàòðèöó A
ïðåäñòàâèòü â âèäå ñóììû òðåõ ñëàãàåìûõ:



Ìåòîä ßêîáè (ïðîäîëæåíèå)

A = L+D +R, (4.81)

ãäå L � íèæíåòðåóãîëüíàÿ ìàòðèöà ñ íóëåâîé ãëàâíîé
äèàãîíàëüþ, D � äèàãîíàëüíàÿ ìàòðèöà, R � âåðõíåòðåóãîëüíàÿ
ìàòðèöà ñ íóëåâîé ãëàâíîé äèàãîíàëüþ.

Òîãäà ìåòîä ßêîáè (4.80) â ìàòðè÷íîé ôîðìå ìîæåò áûòü
ïðåäñòàâëåí â ñëåäóþùåì âèäå:

×èñëåííàÿ ïðîöåäóðà ìåòîäà ßêîáè

x(k+1) = −D−1 (L+R)x(k) +D−1b, (4.82)

ãäå k = 0, 1, 2, . . ., x(0) ∈ Rn.

Ñîãëàñíî òåîðåìå 4.3, êðèòåðèé ñõîäèìîñòè ìåòîäà ßêîáè (4.82)
ìîæåò áûòü ñôîðìóëèðîâàí â òåðìèíàõ êîðíåé óðàâíåíèÿ

det(λE −B) = 0, (4.83)

â êîòîðîì B = −D−1 (L+R).



Êðèòåðèé ñõîäèìîñòè ìåòîäà ßêîáè
Ëåâàÿ ÷àñòü ðàâåíñòâà (4.83) ìîæåò áûòü ïðåîáðàçîâàíà
ñëåäóþùèì îáðàçîì

det(λE −B) = det(λE +D−1 (L+R)) =
= det(D−1 (λD + L+R)) =
= det(D−1)det(λD + L+R)

(4.84)

Ïîñêîëüêó â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé (4.79)18

det(D−1) ̸= 0, òî ñ ó÷åòîì (4.84) óðàâíåíèå (4.83) ðàâíîñèëüíî
ñëåäóþùåìó

det(λD + L+R) = 0. (4.85)

Òåîðåìà 4.6.

Äëÿ ñõîäèìîñòè ìåòîäà ßêîáè (4.82) íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû àáñîëþòíûå çíà÷åíèÿ âñåõ êîðíåé óðàâíåíèÿ (4.85) áûëè
ìåíüøå åäèíèöû.

18aii ̸= 0 ∀i = 1, 2, . . . , n



Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà ßêîáè

Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà ßêîáè ñôîðìóëèðîâàíî â
òåîðåìå 4.5. Äëÿ ðàññìàòðèâàåìîãî ìåòîäà ïðåäëàãàåòñÿ åãî
êîíêðåòèçèðîâàòü â òåðìèíàõ ñâîéñòâ ìàòðèöû A, èñïîëüçóÿ
�ïîñòðî÷íóþ� íîðìó ìàòðèöû B = −D−1 (L+R):

B = {bij}ni,j=1, bij =

{
−aij

aii
, i ̸= j

0, i = j

Äëÿ òîãî, ÷òîáû ∥B∥∞ < 1 íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

n∑
j=1

|bij | =
n∑

j=1,j ̸=i

|aij |
|aii|

< 1 ∀i = 1, 2, . . . , n. (4.86)

Óñëîâèå (4.86) ðàâíîñèëüíî ñëåäóþùåìó

n∑
j=1,j ̸=i

|aij | < |aii| ∀i = 1, 2, . . . , n. (4.87)



Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà ßêîáè
(ïðîäîëæåíèå)

Îïðåäåëåíèå 4.5.

Ìàòðèöà A ∈ Rn×n îáëàäàåò ñâîéñòâîì ñòðîãîãî äèàãîíàëüíîãî
ïðåîáëàäàíèÿa, åñëè îíà óäîâëåòâîðÿåò óñëîâèþ (4.87).

aÅñëè â óñëîâèÿõ (4.87) çíàê íåðàâåíñòâà �≤�, òî ãîâîðÿò î íåñòðîãîì
äèàãîíàëüíîì ïðåîáëàäàíèè.

Òåîðåìà 4.7. Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè

Åñëè ìàòðèöà A ñèñòåìû (4.76) îáëàäàåò ñâîéñòâîì ñòðîãîãî
äèàãîíàëüíîãî ïðåîáëàäàíèÿ, òî ìåòîä ßêîáè (4.82) ñõîäèòñÿ äëÿ
ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ x(0) ∈ Rn.



Ìåòîäà ßêîáè. Çàìå÷àíèÿ.

Çàìå÷àíèå 4.1.

Åñëè ìàòðèöà A ñèñòåìû (4.76) îáëàäàåò ñâîéñòâîì íåñòðîãîãî
äèàãîíàëüíîãî ïðåîáëàäàíèÿ, íî õîòÿ áû äëÿ îäíîé åå ñòðîêè
âûïîëíåíî óñëîâèå ñòðîãîãî äèàãîíàëüíîãî ïðåîáëàäàíèÿ, òî ïðè
âûïîëíåíèè äëÿ ìàòðèöû A åùå îäíîãî äîïîëíèòåëüíîãî óñëîâèÿa

ìåòîä ßêîáè (4.82) ñõîäèòñÿ äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ
x(0) ∈ Rn.

aÑàìîñòîÿòåëüíî îçíàêîìèòüñÿ â ëèòåðàòóðå.

Çàìå÷àíèå 4.2.

Ïåðåñòàíîâêà óðàâíåíèé â ñèñòåìå Ax = b âëèÿåò íà ñõîäèìîñòü
ìåòîäà ßêîáè (4.82).

Ïðèìåð

Ïóñòü n = 2. ×èñëåííàÿ ïðîöåäóðà ìåòîäà ßêîáè{
a11x

(k+1)
1 + a12x

(k)
2 = b1

a21x
(k)
1 + a22x

(k+1)
2 = b2

(4.88)



Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà ßêîáè
Ïóñòü ξ ∈ R2 � òî÷íîå ðåøåíèå ñèñòåìû (4.88). ⊠
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▲9 Ìåòîä Ãàóññà-Çåéäåëÿ
Ïóñòü âûïîëíåíî óñëîâèå (4.79), òî åñòü A ∈ Rn×n:
aii ̸= 0 ∀i = 1, 2, . . . , n .

×èñëåííàÿ ïðîöåäóðà ìåòîäà Ãàóññà-Çåéäåëÿ

x
(k+1)
i = − 1

aii

(∑i−1
j=1 aijx

(k+1)
j +

∑n
j=i+1 aijx

(k)
j − bi

)
i = 1, 2, . . . , n,

(4.89)

ãäå k = 0, 1, 2, . . .,
(
x
(0)
1 , x

(0)
2 , . . . , x

(0)
n

)⊤
∈ Rn.

Ìåòîä Ãàóññà-Çåéäåëÿ â ìàòðè÷íîé ôîðìå èìååò âèä

(L+D)x(k+1) +Rx(k) = b

×èñëåííàÿ ïðîöåäóðà ìåòîäà Ãàóññà-Çåéäåëÿ â ìàòðè÷íîé ôîðìå

x(k+1) = − (L+D)
−1
Rx(k) + (L+D)−1b, (4.90)

ãäå k = 0, 1, 2, . . .,
(
x
(0)
1 , x

(0)
2 , . . . , x

(0)
n

)⊤
∈ Rn.



Êðèòåðèé ñõîäèìîñòè ìåòîäà Ãàóññà-Çåéäåëÿ
Ñîãëàñíî òåîðåìå 4.3, êðèòåðèé ñõîäèìîñòè ìåòîäà Ãàóññà-Çåéäåëÿ
(4.90) ìîæåò áûòü ñôîðìóëèðîâàí â òåðìèíàõ êîðíåé óðàâíåíèÿ

det(λE −B) = 0, (4.91)

â êîòîðîì B = − (L+D)
−1
R.

Ëåâàÿ ÷àñòü ðàâåíñòâà (4.91) ìîæåò áûòü ïðåîáðàçîâàíà
ñëåäóþùèì îáðàçîì

det(λE −B) = det(λE + (L+D)
−1
R) =

= det((L+D)
−1

(λL+ λD +R)) =

= det((L+D)
−1

)det(λL+ λD +R)

(4.92)

Ïîñêîëüêó det((L+D)
−1

) ̸= 0, òî óðàâíåíèå (4.91) ðàâíîñèëüíî

det(λL+ λD +R) = 0. (4.93)

Òåîðåìà 4.8.

Äëÿ ñõîäèìîñòè ìåòîäà Ãàóññà-Çåéäåëÿ (4.90) íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû àáñîëþòíûå çíà÷åíèÿ âñåõ êîðíåé óðàâíåíèÿ
(4.93) áûëè ìåíüøå åäèíèöû.



Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà
Ãàóññà-Çåéäåëÿ

Òåîðåìà 4.9. Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè

Åñëè ìàòðèöà A ñèñòåìû (4.76) ÿâëÿåòñÿ
ïîëîæèòåëüíî-îïðåäåëåííîé, òî ìåòîä Ãàóññà-Çåéäåëÿ (4.90)
ñõîäèòñÿ äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ x(0) ∈ Rn.

Äîêàçàòåëüñòâî.

Ýòàï 1. Âñïîìîãàòåëüíàÿ ýêñòðåìàëüíàÿ çàäà÷à

min
x∈Rn

F (x), (4.94)

ãäå F (x) = (x, Ax)− 2 (x, b).

Íåîáõîäèìîå óñëîâèå ýêñòðåìóìà äëÿ ôóíêöèè F èìååò âèä
∇F (x) = 2Ax− 2b = 0, òî åñòü Ax = b.
Ïóñòü F0(x) = F (x)− F (x̄), ãäå x̄ ∈ Rn: Ax̄ = b.
Òîãäà, ïîñêîëüêó A > 0, òî äëÿ ëþáîãî x ∈ Rn



Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà
Ãàóññà-Çåéäåëÿ (ïðîäîëæåíèå)

F0(x) = F (x)− F (x̄) = (x, Ax)− 2 (x, b)− (x̄, Ax̄) + 2 (x̄, b) =
= (x, Ax)− 2 (x, Ax̄)− (x̄, Ax̄) + 2 (x̄, Ax̄) =
= (x− x̄, A(x− x̄)) ≥ 0.

(4.95)
Òàêèì îáðàçîì, äëÿ ëþáîãî x ∈ Rn F (x) ≥ F (x̄).
Ñëåäîâàòåëüíî, x̄ ∈ Rn � åäèíñòâåííàÿ òî÷êà ìèíèìóìà19

íåïðåðûâíîé ôóíêöèè F .

Ýòàï 2. Ìåòîä ïîêîîðäèíàòíîãî ñïóñêà

Ïóñòü x(k) � òåêóùåå ïðèáëèæåíèå x̄. Òîãäà ñëåäóþùåå
ïðèáëèæåíèå x(k+1) íà k + 1-îé èòåðàöèè ìåòîäà ïîêîîðäèíàòíîãî
ñïóñêà îïðåäåëÿåòñÿ â ðåçóëüòàòå âûïîëíåíèÿ ñëåäóþùåé
n-øàãîâîé ïðîöåäóðû

19Ìàòðèöåé Ãåññå äëÿ ôóíêöèè F ÿâëÿåòñÿ ìàòðèöà H(F ) = A > 0.



Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà
Ãàóññà-Çåéäåëÿ (ïðîäîëæåíèå)

x
(k+1)
1 =Arg{minx1∈R F

(
x1, x

(k)
2 , x

(k)
3 , . . . , x

(k)
n

)
},

x
(k+1)
2 =Arg{minx2∈R F

(
x
(k+1)
1 , x2, x

(k)
3 , . . . , x

(k)
n

)
},

· · · · · · · · · · · ·
x
(k+1)
i =Arg{minxi∈R F

(
x
(k+1)
1 , . . . , x

(k+1)
i−1 , xi, x

(k)
i+1, . . . , x

(k)
n

)
},

· · · · · · · · · · · ·
x
(k+1)
n =Arg{minxn∈R F

(
x
(k+1)
1 , x

(k+1)
2 , . . . , x

(k+1)
n−1 , xn

)
}.

(4.96)
Íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà íà i-îì øàãå ýòîé ïðîöåäóðû
ÿâëÿåòñÿ ñëåäóþùåå ðàâåíñòâî

∂F

∂xi

(
x
(k+1)
1 , . . . , x

(k+1)
i−1 , xi, x

(k)
i+1, . . . , x

(k)
n

)
= 0.

Ñëåäîâàòåëüíî, ýêñòðåìàëüíàÿ òî÷êà x
(k+1)
i óäîâëåòâîðÿåò

ðàâåíñòâó



Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà
Ãàóññà-Çåéäåëÿ (ïðîäîëæåíèå)

∂F
∂xi

(
x
(k+1)
1 , . . . , x

(k+1)
i−1 , x

(k+1)
i , x

(k)
i+1, . . . , x

(k)
n

)
=

= 2(ai1x
(k+1)
1 + . . .+ aii−1x

(k+1)
i−1 + aiix

(k+1)
i +

+aii+1x
(k)
i+1 + . . .+ ainx

(k)
n − bi) = 0.

(4.97)

Íåòðóäíî âèäåòü, ÷òî ôîðìóëû (4.97) èäåíòè÷íû ôîðìóëàì
(4.89), çàäàþùèì ÷èñëåííóþ ïðîöåäóðó Ãàóññà-Çåéäåëÿ. Òàêèì
îáðàçîì, ìåòîä ïîêîîðäèíàòíîãî ñïóñêà êàê ìåòîä ïðèáëèæåííîãî
ðåøåíèÿ âñïîìîãàòåëüíîé ýêñòðåìàëüíîé çàäà÷è (4.94)
ðåàëèçóåòñÿ êàê ÷èñëåííàÿ ïðîöåäóðà ìåòîäà Ãàóññà-Çåéäåëÿ.

Ýòàï 3. Ñõîäèìîñòü ìåòîäà ïîêîîðäèíàòíîãî ñïóñêà

Ïî ïîñòðîåíèþ ïðîöåäóðû (4.96) äëÿ ëþáîãî x(k) ̸= x̄
âûïîëíÿåòñÿ íåðàâåíñòâî F

(
x(k+1)

)
< F

(
x(k)

)
.



Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà
Ãàóññà-Çåéäåëÿ (ïðîäîëæåíèå)

Òîãäà è F0

(
x(k+1)

)
< F0

(
x(k)

)
∀x(k) ̸= x̄. Ó÷èòûâàÿ (4.95), ýòî

íåðàâåíñòâî ðàâíîñèëüíî

F0

(
x(k+1)

)
F0

(
x(k)

) =

(
x(k+1) − x̄, A(x(k+1) − x̄)

)(
x(k) − x̄, A(x(k) − x̄)

) < 1. (4.98)

x(k+1) = Bx(k) + c, ãäå B = − (L+D)
−1
R è c = − (L+D)

−1
b,

x(k+1) − x̄ = Bx(k) + c−Bx̄− c = B
(
x(k) − x̄

)
.

Òîãäà íåðàâåíñòâî (4.98) ìîæíî çàïèñàòü â òåðìèíàõ ôóíêöèè

φ(r) = (Br,ABr)
(r,Ar) , ãäå r = x(k) − x̄, ñëåäóþùèì îáðàçîì

φ(r) < 1 ∀r ̸= 0. (4.99)

Ïîñêîëüêó ôóíêöèÿ φ íåïðåðûâíà è ∥r∥ = 1 � êîìïàêòíàÿ ñôåðà,
òî äîñòèãàåòñÿ

sup
∥r∥≠0

φ(r) = sup
∥r∥=1

φ(r) = q < 1. (4.100)



Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà
Ãàóññà-Çåéäåëÿ (ïðîäîëæåíèå)

Èç (4.99) è (4.100) ñëåäóåò, ÷òî
F0(x(k+1))
F0(x(k))

≤ q < 1 ∀x(k) ̸= x̄.

Îòêóäà

F0

(
x(k+1)

)
≤ qk+1F0

(
x(0)

)
.

Ñëåäîâàòåëüíî, ïðè k → ∞

F0

(
x(k)

)
=
(
x(k) − x̄, A(x(k) − x̄)

)
→ 0.

Îòñþäà ñ ó÷åòîì A > 0 ñëåäóåò, ÷òî ïðè k → ∞

x(k) − x̄ → 0.

□ Òåîðåìà äîêàçàíà.



Ìåòîä Ãàóññà-Çåéäåëÿ. Çàìå÷àíèÿ.
Çàìå÷àíèå 4.3.

Äëÿ ñèñòåìû Ax = b êðàìåðîâñêîãî òèïà ìîæíî ïîñòðîèòü
ðàâíîñèëüíóþ åé ñèñòåìó

A∗Ax = A∗b (4.101)

ñ íåîòðèöàòåëüíî-îïðåäåëåííîé ìàòðèöåé A∗A. Åñëè ìàòðèöà A∗A
ÿâëÿåòñÿ ïîëîæèòåëüíî-îïðåäåëåííîé, òî ìåòîä Ãàóññà-Çåéäåëÿ
(4.90) ïðèáëèæåíííîãî ðåøåíèÿ ñèñòåìû (4.101) ñõîäèòñÿ.

Çàìå÷àíèå 4.4.

Ïåðåñòàíîâêà óðàâíåíèé â ñèñòåìå Ax = b âëèÿåò íà ñõîäèìîñòü
ìåòîäà Ãàóññà-Çåéäåëÿ (4.90).

Ïðèìåð

Ïóñòü n = 2. ×èñëåííàÿ ïðîöåäóðà ìåòîäà Ãàóññà-Çåéäåëÿ{
a11x

(k+1)
1 + a12x

(k)
2 = b1

a21x
(k+1)
1 + a22x

(k+1)
2 = b2

(4.102)



Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà Ãàóññà-Çåéäåëÿ
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Î ñêîðîñòè ñõîäèìîñòè ìåòîäà Ãàóññà-Çåéäåëÿ
Êàê áûëî ïîêàçàíî ïðè äîêàçàòåëüñòâå òåîðåìû 4.9, ÷èñëåííàÿ
ïðîöåäóðà ìåòîäà Ãàóññà-Çåéäåëÿ ðåàëèçóåòñÿ êàê ÷èñëåííàÿ
ïðîöåäóðà ìåòîäà ïîêîîðäèíàòíîãî ñïóñêà â çàäà÷å ìèíèìèçàöèè
ôóíêöèè

F 0(x) = (x− x̄, A(x− x̄)) ,

ãäå Ax̄ = b, A > 0.
Â äâóìåðíîì ñëó÷àå (n = 2) ôàçîâûé ïîðòðåò ôóíêöèè F 0 (íàáîð
ëèíèé óðîâíÿ ýòîé ôóíêöèè) ïðåäñòàâëÿåò ñîáîé íàáîð
êîíöåíòðè÷åñêèõ ýëëèïñîâ, ãëàâíûå ïîëóîñè êîòîðûõ çàäàþòñÿ
äâóìÿ îðòîãîíàëüíûìè ñîáñòâåííûìè âåêòîðàìè ìàòðèöû A,
âûïóùåííûìè èç òî÷êè x̄.
Ðåàëèçàöèÿ ïðîöåäóðû ìåòîäà ïîêîîðäèíàòíîãî ñïóñêà äëÿ
ðàçëè÷íûõ âàðèàíòîâ îðèåíòàöèè ñîáñòâåííûõ âåêòîðîâ ìàòðèöû
A ìîæåò ïðîèëëþñòðèðîâàíà ñëåäóþùèì îáðàçîì.



Î ñêîðîñòè ñõîäèìîñòè ìåòîäà Ãàóññà-Çåéäåëÿ.
Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà
ïîêîîðäèíàòíîãî ñïóñêà.
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▲10 ÒÅÌÀ 5. ×èñëåííûå ìåòîäû ðåøåíèÿ ñèñòåì
íåëèíåéíûõ óðàâíåíèé

Ñèñòåìà íåëèíåéíûõ óðàâíåíèé

f i (x1, x2, . . . , xn) = 0
i = 1, 2, . . . , n

(5.1)

f(x) = 0, (5.2)

ãäå f = (f1, f2, . . . , fn)
⊤
, x = (x1, x2, . . . , xn)

⊤ ∈ Rn.

Çàäà÷è

1 Îòäåëåíèå êîðíåé;

2 Óòî÷íåíèå êîðíåé.

Ìåòîäû óòî÷íåíèÿ êîðíåé

1 Ìåòîä Íüþòîíà;

2 Ìåòîä ïðîñòîé èòåðàöèè.



5.1. Ìåòîä Íüþòîíà

Îïðåäåëåíèå 5.1.

Îòîáðàæåíèå (âåêòîð-ôóíêöèÿ) f : Rn → Rn íàçûâàåòñÿ
äèôôåðåíöèðóåìûì ïî Ôðåøå â òî÷êå x ∈ D[f ], åñëè

∃P (x) ∈ Rn×n : ∀x+∆x ∈ D[f ] ⇒

∥f (x+∆x)− f (x)− P (x)∆x∥ = o (∥∆x∥)
(5.3)

Îïðåäåëåíèå 5.2.

Îòîáðàæåíèå (âåêòîð-ôóíêöèÿ) f : Rn → Rn íàçûâàåòñÿ
äèôôåðåíöèðóåìûì ïî íàïðàâëåíèþ z ∈ Rn â òî÷êå x ∈ D[f ],
åñëè

∃P (x, z) ∈ Rn×n : lim
t→0

f(x+ tz)− f(x)

t
= P (x, z) z. (5.4)

Åñëè ìàòðèöà P íå çàâèñèò îò âåêòîðà z, òî âåêòîð-ôóíêöèþ
íàçûâàþò äèôôåðåíöèðóåìîé ïî Ãàòî â òî÷êå x.



Äèôôåðåíöèðóåìîñòü âåêòîð-ôóíêöèè

Èç äèôôåðåíöèðóåìîñòè âåêòîð-ôóíêöèè f ïî Ôðåøå â
íåêîòîðîé òî÷êå x ∈ D[f ] ñëåäóåò åå äèôôåðåíöèðóåìîñòü ïî Ãàòî
â ýòîé òî÷êå.

Â ñëó÷àå äèôôåðåíöèðóåìîñòè âåêòîð-ôóíêöèè f ïî Ãàòî
ìàòðèöó P ìîæíî ñôîðìèðîâàòü, âçÿâ â êà÷åñòâå íàïðàâëåíèé
z(j) = (0, . . . , 0︸ ︷︷ ︸

j−1

, 1, 0, . . . , 0)⊤ ∈ Rn � j-ûå åäèíè÷íûå îðòû

(j = 1, 2, . . . , n). Òîãäà â êà÷åñòâå ïðîèçâîäíîé âåêòîð-ôóíêöèè f â
òî÷êå x âûñòóïàåò ìàòðèöà ßêîáè

f ′ (x) =


∂f1
∂x1

(x)
∂f1
∂x2

(x) · · · ∂f1
∂xn

(x)
∂f2
∂x1

(x)
∂f2
∂x2

(x) · · · ∂f2
∂xn

(x)

· · · · · · · · · · · ·
∂fn
∂x1

(x)
∂fn
∂x2

(x) · · · ∂fn
∂xn

(x)

 (5.5)



Äèôôåðåíöèðóåìîñòü âåêòîð-ôóíêöèè ïî Ôðåøå

Äîñòàòî÷íîå óñëîâèå äèôôåðåíöèðóåìîñòè

Åñëè f i (i = 1, 2, . . . , n) îïðåäåëåíû è íåïðåðûâíû ñî ñâîèìè
÷àñòíûìè ïðîèçâîäíûìè â íåêîòîðîé îêðåñòíîñòè òî÷êè x, òî
âåêòîð-ôóíêöèÿ f äèôôåðåíöèðóåìà ïî Ôðåøå â òî÷êå x è åå
ïðîèçâîäíàÿ â ýòîé òî÷êå

P (x) = f ′ (x) (5.6)

20

Îáùåå ïðåäïîëîæåíèå

Ïóñòü âåêòîð-ôóíêöèÿ f äèôôåðåíöèðóåìà ïî Ôðåøå íà îáëàñòè
ñâîåãî îïðåäåëåíèÿ

20Â îòëè÷èå îò ïðîèçâîäíîé ïî Ãàòî (5.5) â ïðîèçâîäíîé ïî Ôðåøå (5.6) âñå

÷àñòíûå ïðîèçâîäíûå
∂f i
∂xj

(i, j = 1, 2, . . . , n) äîëæíû áûòü íåïðåðûâíû â

îêðåñòíîñòè ðàññìàòðèâàåìîé òî÷êè.



Ìåòîä Íüþòîíà. ×èñëåííàÿ ïðîöåäóðà ìåòîäà.
Ïóñòü ξ � ðåøåíèå ñèñòåìû (5.2), òî åñòü f(ξ) = 0, x(k) �
òåêóùåå ïðèáëèæåíèå ξ. Òîãäà

∥f(ξ)− f(x(k))− f ′(x(k))
(
ξ − x(k)

)
∥ = o

(
∥ξ − x(k)∥

)
.

Îòñþäà
ξ ≈ x(k) − [f ′(x(k))]−1f(x(k)).

×èñëåííàÿ ïðîöåäóðà ìåòîäà Íüþòîíà

x(k+1) = x(k) − [f ′(x(k))]−1f(x(k)),
k = 0, 1, 2, . . .

(5.7)

ãäå x(0) ∈ D[f ]; f(x(k)) ∈ Rn; [f ′(x(k))]−1 ∈ Rn×n.

Ðåàëèçàöèÿ ÷èñëåííîé ïðîöåäóðû (5.8):{
f ′(x(k))∆x(k) = −f(x(k))
x(k+1) = x(k) +∆x(k) (5.8)

k = 0, 1, 2, . . ..



Ñõîäèìîñòü ìåòîäà Íüþòîíà

Òåîðåìà 5.1. Äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé ñõîäèìîñòè
Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
a) ôóíêöèè f i (i = 1, 2, . . . , n) íåïðåðûâíî-äèôôåðåíöèðóåìû â
íåêîòîðîé îêðåñòíîñòè ðåøåíèÿ ξ ñèñòåìû (5.2);
b) ó ôóíêöèé f i (i = 1, 2, . . . , n) ñóùåñòâóþò è
ðàâíîìåðíî-îãðàíè÷åíû ÷àñòíûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà â
íåêîòîðîé îêðåñòíîñòè ξ;
c) ìàòðèöà f ′(ξ) îáðàòèìà.
Òîãäà äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ x(0) èç íåêîòîðîé
îêðåñòíîñòè òî÷êè ξ ìåòîä Íüþòîíà (5.8) ñõîäèòñÿ è ñïðàâåäëèâà
ñëåäóþùàÿ îöåíêà

∃C ∈ R : ∥x(k+1) − ξ∥ ≤ C∥x(k) − ξ∥2 ∀k = 0, 1, 2, . . . . (5.9)

Äîêàçàòåëüñòâî

Ïîñòðîèì èñêîìóþ îêðåñòíîñòü U(ξ) òî÷êè ξ.



Äîêàçàòåëüñòâî ...
Ïîñêîëüêó ∀x,y ∈ U(ξ) ∀i = 1, 2, . . . , n

f i(y)− f i(x) =

n∑
j=1

∂f i
∂xj

(x) (yj − xj) +O(∥y − x∥2),

òî ñèëó äèôôåðåíöèðóåìîñòè âåêòîð-ôóíêöèè f è ðàâíîìåðíîé
îãðàíè÷åííîñòè ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ôóíêöèé
f i (i = 1, 2, . . . , n) â íåêîòîðîé îêðåñòíîñòè U(ξ) äëÿ ëþáûõ
x,y ∈ U(ξ) ñïðàâåäëèâî íåðàâåíñòâî

∥f(y)− f(x)− f ′(x)(y − x)∥ ≤ K1∥y − x∥2. (5.10)

Ïîñêîëüêó ìàòðèöà f ′(ξ) îáðàòèìà (ñì. óñëîâèå (c)), òî èç
óñëîâèÿ (a) ñëåäóåò, ÷òî ýòà ìàòðèöà îáðàòèìà â ìàëîé
îêðåñòíîñòè Oδ(ξ) = {x | ∥x− ξ∥ ≤ δ} ⊆ U(ξ) è

∥[f ′(x)]−1∥ ≤ K2 ∀x ∈ Oδ(ξ). (5.11)

Çäåñü K1 è K2 � ïîëîæèòåëüíûå êîíñòàíòû. Òîãäà

x(1)−ξ = x(0)−[f ′(x(0))]−1f(x(0))−ξ=
= [f ′(x(0))]−1

(
f(ξ)−f(x(0))−f ′(x(0))(ξ−x(0))

)
.

(5.12)



Äîêàçàòåëüñòâî ...

Åñëè x(0) ∈ Oδ(ξ), òî â ñèëó (5.10), (5.11), (5.12) ïîëó÷àåì îöåíêó

∥x(1) − ξ∥ ≤ K2K1∥x(0) − ξ∥2, (5.13)

êîòîðóþ ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå

K2K1∥x(1) − ξ∥ ≤
(
K2K1∥x(0) − ξ∥

)2
. (5.14)

Ðàññìîòðèì íåêîòîðóþ îêðåñòíîñòü
Oε(ξ) = {x | ∥x− ξ∥ ≤ ε} ⊆ Oδ(ξ). Äëÿ ëþáîãî íà÷àëüíîãî
ïðèáëèæåíèÿ x(0) ∈ Oε(ξ), òî èç (5.13), (5.15) èìååì

∥x(1) − ξ∥ ≤ K2K1ε
2.

Òðåáîâàíèå, ÷òîáû K2K1ε
2 < ε (x(1) ∈ Oε(ξ)), ïðèâîäèò ê

îãðàíè÷åíèþ íà ε

ε <
1

K2K1
. (5.15)



Äîêàçàòåëüñòâî ...

Ââåäåì îáîçíà÷åíèå qk = K2K1∥x(k) − ξ∥, k = 0, 1, 2, . . ..
Èç (5.15) ñëåäóåò, ÷òî

q0 = K2K1∥x(0) − ξ∥ ≤ K2K1ε < 1. (5.16)

Òàêèì îáðàçîì21, â ðåçóëüòàòå ïðèõîäèì ê íåðàâåíñòâàì

qk ≤ q2
k

0 , k = 1, 2, 3, . . . . (5.17)

Èç (5.16), (5.17) ñëåäóåò, ÷òî

qk → 0 ïðè k → ∞.

□ Òåîðåìà äîêàçàíà.

Ôèãóðèðóþùàÿ â (5.9) êîíñòàíòà C = K2K1, à ðàäèóñ ε èñêîìîé
îêðåñòíîñòè U(ξ) äîëæåí óäîâëåòâîðÿòü óñëîâèþ (5.15).

21Çäåñü ñ ó÷åòîì (5.14) q1 ≤ q20 < 1.



5.2. Ìåòîä ïðîñòîé èòåðàöèè
Ïóñòü ñèñòåìà (5.1) ðàâíîñèëüíà ñèñòåìå

xi = φi (x1, x2, . . . , xn)
i = 1, 2, . . . , n

(5.18)

x = φ(x), (5.19)

ãäå φ = (φ1, φ2, . . . , φn)
⊤
, x = (x1, x2, . . . , xn)

⊤ ∈ Rn.

×èñëåííàÿ ïðîöåäóðà ìåòîäà ïðîñòîé èòåðàöèè

x(k+1) = φ
(
x(k)

)
, (5.20)

ãäå k = 0, 1, 2, . . .; x(0) ∈ D[φ].

Ìàòðèöà ßêîáè îòîáðàæåíèÿ φ

φ′ (x) =


∂φ1
∂x1

(x)
∂φ1
∂x2

(x) · · · ∂φ1
∂xn

(x)
∂φ2
∂x1

(x)
∂φ2
∂x2

(x) · · · ∂φ2
∂xn

(x)

· · · · · · · · · · · ·
∂φn
∂x1

(x)
∂φn
∂x2

(x) · · · ∂φn
∂xn

(x)

 (5.21)



Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè ìåòîäà ïðîñòîé
èòåðàöèè

Òåîðåìà 5.2. Äîñòàòî÷íîå óñëîâèå ñõîäèìîñòè

Ïóñòü ôóíêöèè φi (i = 1, 2, . . . , n) íåïðåðûâíî-äèôôåðåíöèðóåìû
â îêðåñòíîñòè ðåøåíèÿ ξ ñèñòåìû (5.19) è

∥φ′ (ξ)∥ < 1 (5.22)

äëÿ ïîä÷èíåííîé íîðìû.
Òîãäà ìåòîä ïðîñòîé èòåðàöèè (5.20) ñõîäèòñÿ äëÿ ëþáîãî
íà÷àëüíîãî ïðèáëèæåíèÿ x(0) èç íåêîòîðîé îêðåñòíîñòè òî÷êè ξ.

Äîêàçàòåëüñòâî

Ðàññìîòðèì ðàçíîñòè ñêàëÿðíîé ôóíêöèè îò âåêòîðíîãî
àðãóìåíòà φi(y)− φi(x), i = 1, 2, . . . , n.
Ñâåäåì ðàçíîñòè çíà÷åíèé ôóíêöèè âåêòîðíîãî àðãóìåíòà ê
ðàçíîñòè çíà÷åíèé ôóíêöèè ñêàëÿðíîãî àðãóìåíòà.



Äîêàçàòåëüñòâî ...

Ââåäåì âñïîìîãàòåëüíóþ âåêòîðíóþ ôóíêöèþ ñêàëÿðíîãî
àðãóìåíòà:

x(t) = x+ t(y − x).

Òîãäà

x(0) = x, x(1) = y,
φi(y)− φi(x) = φi(x(1))− φi(x(0)) = ψi(1)− ψi(0),

ãäå ψi(t) = ψi(x(t)) � ñëîæíàÿ ôóíêöèÿ.
Ïðèìåíèì ê ôóíêöèè ψi(t) ôîðìóëó êîíå÷íûõ ïðèðàùåíèé
Ëàãðàíæà:

ψi(1)− ψi(0) = ψ′
i(ci)(1− 0), ci ∈ [0, 1].

Âû÷èñëÿÿ ïðîèçâîäíóþ ôóíêöèè ψi(t), ïîëó÷àåì

ψi(1)− ψi(0) =

n∑
j=1

∂φi

∂xj
(x(ci)) (yj − xj).



Äîêàçàòåëüñòâî ...
Âîçâðàùàÿñü ê âåêòîðíîé ôóíêöèè âåêòîðíîãî àðãóìåíòà,
ïîëó÷àåì

φ(y)−φ(x) = B(c1, c2, ..., cn)(y − x),

ãäå

B(c1, c2, ..., cn) =


∂φ1
∂x1

(x(c1))
∂φ1
∂x2

(x(c1)) · · · ∂φ1
∂xn

(x(c1))
∂φ2
∂x1

(x(c2))
∂φ2
∂x2

(x(c2)) · · · ∂φ2
∂xn

(x(c2))

· · · · · · · · · · · ·
∂φn
∂x1

(x(cn))
∂φn
∂x2

(x(cn)) · · · ∂φn
∂xn

(x(cn))

.
Â ñèëó íåïðåðûâíîñòè ÷àñòíûõ ïðîèçâîäíûõ âûïîëíÿåòñÿ
∥φ′ (x)∥ ≤ q < 1 â íåêîòîðîé îêðåñòíîñòè U(ξ) òî÷êè ξ è
∥B∥ ≤ q < 1, åñëè x è y ïðèíàäëåæàò ýòîé îêðåñòíîñòè. Òîãäà

∥φ(y)−φ(x)∥ ≤ q∥y − x∥.

Ñóçèì U(ξ) äî åãî ïîäìíîæåñòâà � íåêîòîðîãî øàðà â òîé
ìåòðèêå, â êîòîðîé ðàññìàòðèâàåòñÿ ïîä÷èíåííàÿ íîðìà, ñ
öåíòðîì â ξ, êîòîðûé áóäåì îáîçíà÷àòü òàê æå.



Äîêàçàòåëüñòâî ...

Äîêàæåì, ÷òî åñëè íåêîòîðîå ïðèáëèæåíèå x(k) ∈ U(ξ), òî
x(k+1) ∈ U(ξ).
Â ñàìîì äåëå,

∥x(k+1) − ξ∥ = ∥φ(x(k))−φ(ξ)∥ ≤ q∥x(k) − ξ∥ < ∥x(k) − ξ∥.

Òàêèì îáðàçîì, åñëè âçÿòü íà÷àëüíîå ïðèáëèæåíèå x(0) èç ýòîé
îêðåñòíîñòè, òî âñå ïîñëåäóþùèå ïðèáëèæåíèÿ òàêæå áóäóò â
ýòîé îêðåñòíîñòè. Òàêèì îáðàçîì, èìååì

∥x(k) − ξ∥ ≤ q∥x(k−1) − ξ∥ ≤ . . . ≤ qk∥x(0) − ξ∥,

îòêóäà è ñëåäóåò ñõîäèìîñòü x(k) → ξ ïðè k → ∞.
□ Òåîðåìà äîêàçàíà.
⊠



▲11 ÒÅÌÀ 6. ×èñëåííàÿ èíòåðïîëÿöèÿ
Ïîñòàíîâêà çàäà÷è

Ïóñòü çàäàíû íàáîð äàííûõ

x0, x1, x2, . . . , xn ∈ [a, b] : xi ̸= xj ∀i ̸= j
y0, y1, y2, . . . , yn

(6.1)

è êëàññ ôóíêöèé Φ.

φ ∈ Φ : φ(xi) = yi ∀i = 0, 1, 2, . . . , n. (6.2)

×èñëà xi (i = 0, 1, 2, . . . , n) íàçûâàþò óçëàìè èíòåðïîëÿöèè22.

Ïðèìåðû Φ:

Φ = ⟨sin kx, cos kx⟩, k = 1, 2, . . .;

Φ = ⟨expkx⟩, k = 1, 2, . . .;

Φ = ⟨xk⟩, k = 0, 1, 2, . . .

22Íà êëàññå ôóíêöèé Φ òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ, ãðàôèê êîòîðîé
ïðîõîäèò ÷åðåç çàäàííûå òî÷êè (xi, yi) i = 0, 1, 2, . . . , n.



6.1. Ðåøåíèå çàäà÷è ÷èñëåííîé èíòåðïîëÿöèè

Ïóñòü
Φ = ⟨φ0(x), φ1(x), φ2(x), . . . , φn(x)⟩

x ∈ [a, b] ⊂ D[φi] (i = 0, 1, 2, . . . , n).
(6.3)

∀φ ∈ Φ ∃ (a0, a1, a2, . . . , an)⊤ ∈ Rn+1

φ(x) = a0φ0(x) + a1φ1(x) + a2φ2(x) + . . .+ anφn(x).

(6.4)

Òîãäà, â ñèëó (6.3) è (6.4), çàäà÷à ÷èñëåííîé èíòåðïîëÿöèè (6.2)
ñâîäèòñÿ ê ðåøåíèþ ñëåäóþùåé ñèñòåìû ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
a0, a1, a2, . . . , an

a0φ0(xi) + a1φ1(xi) + a2φ2(xi) + . . .+ anφn(xi) = yi

i = 0, 1, 2, . . . , n
(6.5)

Âîçíèêàåò âîïðîñ î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ
ñèñòåìû (6.5) äëÿ çàäàííûõ íàáîðà äàííûõ (6.1) è êëàññà
ôóíêöèé Φ.



×åáûøåâñêàÿ ñèñòåìà ôóíêöèé

Ïðèìåð

Ïóñòü x0 = −1, x1 = 1; Φ = ⟨1, x2⟩.
Òîãäà ∀y0, y1 îïðåäåëèòåëü ìàòðèöû ñèñòåìû (6.5)

det

(
1 1
1 1

)
= 0.

Îïðåäåëåíèå 6.1.

Ñèñòåìà ôóíêöèé φ0, φ1, φ2, . . . , φn íàçûâàåòñÿ ÷åáûøåâñêîé íà
îòðåçêå [a, b] ⊂ D[φi] (i = 0, 1, 2, . . . , n), åñëè ëþáàÿ íåòðèâèàëüíàÿ
ëèíåéíàÿ êîìáèíàöèÿ

a0φ0(x) + a1φ1(x) + a2φ2(x) + . . .+ anφn(x)

ýòèõ ôóíêöèé èìååò íà îòðåçêå [a, b] íå áîëåå, ÷åì n íóëåé.



Ðàçðåøèìîñòü çàäà÷è ÷èñëåííîé èíòåðïîëÿöèè

Ïðèìåðû

Ñèñòåìà ôóíêöèé
φ0(x) ≡ 1, φ1(x) = x, φ2(x) = x2, . . . , φn(x) = xn

ÿâëÿåòñÿ ÷åáûøåâñêîé íà ëþáîì îòðåçêå [a, b];

Ñèñòåìà ôóíêöèé
φ0(x) = x, φ1(x) = x2, φ2(x) = x3, . . . , φn(x) = xn+1

íå ÿâëÿåòñÿ ÷åáûøåâñêîé íà ëþáîì îòðåçêå [a, b], êîòîðûé
ñîäåðæèò 0.

Òåîðåìà 6.1.

Äëÿ òîãî, ÷òîáû îïðåäåëèòåëü ñèñòåìû (6.5) áûë îòëè÷åí îò íóëÿ
äëÿ ëþáîãî íàáîðà óçëîâ èíòåðïîëÿöèè x0, x1, x2, . . . , xn ∈ [a, b]
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñèñòåìà ôóíêöèé

φ0, φ1, φ2, . . . , φn

áûëà ÷åáûøåâñêîé íà îòðåçêå [a, b].



Äîêàçàòåëüñòâî êðèòåðèÿ ðàçðåøèìîñòè çàäà÷è
÷èñëåííîé èíòåðïîëÿöèè

Íåîáõîäèìîñòü. Îò ïðîòèâíîãî.

Ïóñòü îïðåäåëèòåëü ñèñòåìû (6.5) îòëè÷åí îò íóëÿ äëÿ ëþáîãî
íàáîðà óçëîâ èíòåðïîëÿöèè x0, x1, x2, . . . , xn ∈ [a, b], à ñèñòåìà
ôóíêöèé φ0, φ1, φ2, . . . , φn íå ÿâëÿåòñÿ ÷åáûøåâñêîé íà îòðåçêå
[a, b]. Ýòî îçíà÷àåò, ÷òî ñóùåñòâóåò òàêàÿ íåòðèâèàëüíàÿ ëèíåéíàÿ
êîìáèíàöèÿ

ā0φ0(x) + ā1φ1(x) + ā2φ2(x) + . . .+ ānφn(x)

ýòèõ ôóíêöèé, êîòîðàÿ íà îòðåçêå [a, b] èìååò, ïî êðàéíåé ìåðå,
n+ 1 íóëåé x̄0, x̄1, x̄2, . . . , x̄n ∈ [a, b]. Òîãäà ñèñòåìà (6.5) ñòàíîâèòñÿ
îäíîðîäíîé

ā0φ0(x̄i) + ā1φ1(x̄i) + ā2φ2(x̄i) + . . .+ ānφn(x̄i) = 0
i = 0, 1, 2, . . . , n,

(6.6)

êîòîðàÿ èìååò íåòðèâèàëüíîå ðåøåíèå (ā0, ā1, ā2, . . . , ān) ̸= 0.
Ñëåäîâàòåëüíî, îïðåäåëèòåëü ìàòðèöû ñèñòåìû (6.6) ðàâåí íóëþ.
Âîçíèêàåò ïðîòèâîðå÷èå.



Äîêàçàòåëüñòâî êðèòåðèÿ ðàçðåøèìîñòè çàäà÷è
÷èñëåííîé èíòåðïîëÿöèè

Äîñòàòî÷íîñòü. Îò ïðîòèâíîãî.

Ïóñòü ñèñòåìà ôóíêöèé φ0, φ1, φ2, . . . , φn ÿâëÿåòñÿ ÷åáûøåâñêîé
íà îòðåçêå [a, b], íî ñóùåñòâóåò íàáîð óçëîâ èíòåðïîëÿöèè
x̄0, x̄1, x̄2, . . . , x̄n ∈ [a, b], äëÿ êîòîðîãî îïðåäåëèòåëü ñèñòåìû (6.5)
ðàâåí íóëþ. Òîãäà äëÿ ýòîãî íàáîðà óçëîâ ñîîòâåòñòâóþùàÿ
ñèñòåìå (6.5) îäíîðîäíàÿ ñèñòåìà (6.6) èìååò íåòðèâèàëüíîå
ðåøåíèå (ā0, ā1, ā2, . . . , ān) ̸= 0. Ñëåäîâàòåëüíî, äëÿ
íåòðèâèàëüíîé ëèíåéíîé êîìáèíàöèè

ā0φ0(x) + ā1φ1(x) + ā2φ2(x) + . . .+ ānφn(x)

n+ 1 óçëîâ x̄0, x̄1, x̄2, . . . , x̄n ∈ [a, b] ÿâëÿþòñÿ íóëÿìè.
Ïîëó÷åíî ïðîòèâîðå÷èå ñ ÷åáûøåâîñòüþ ñèñòåìû ôóíêöèé
φ0, φ1, φ2, . . . , φn íà îòðåçêå [a, b].
□ Òåîðåìà äîêàçàíà.



Ðåøåíèå çàäà÷è ÷èñëåííîé èíòåðïîëÿöèè íà êëàññå
ìíîãî÷ëåíîâ ñòåïåíè íå áîëåå, ÷åì n

Φ = ⟨1, x, x2, . . . , xn⟩

φ(x) = a0 + a1x+ a2x
2 + . . .+ anx

n ∀φ ∈ Φ

Ñèñòåìà (6.5) èìååò âèä
a0 + a1x0 + a2x

2
0 + . . .+ anx

n
0 = y0

a0 + a1x1 + a2x
2
1 + . . .+ anx

n
1 = y1

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
a0 + a1xn + a2x

2
n + . . .+ anx

n
n = yn

(6.7)

Òàê êàê ñèñòåìà ôóíêöèé 1, x, x2, . . . , xn ÿâëÿåòñÿ ÷åáûøåâñêîé íà
ëþáîì îòðåçêå [a, b], òî äëÿ ëþáûõ x0, x1, x2, . . . , xn ∈ [a, b] ñèñòåìà
(6.7) èìååò åäèíñòâåííîå ðåøåíèå23.
Êðîìå òîãî, èçâåñòíî, ÷òî îïðåäåëèòåëü ñèñòåìû (6.7)24 îòëè÷åí
îò íóëÿ äëÿ ëþáîãî íàáîðà ðàçëè÷íûõ òî÷åê x0, x1, x2, . . . , xn.

23×åðåç ëþáûå n+ 1 òî÷åê ìîæíî ïðîâåñòè åäèíñòâåííûé ìíîãî÷ëåí n-îé
ñòåïåíè.

24Îïðåäåëèòåëü ñèñòåìû (6.7) íàçûâàåòñÿ îïðåäåëèòåëåì Âàíäåðìîíäà.



6.2. Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà
Ïîñòàíîâêà çàäà÷è

Ïóñòü çàäàí íàáîð äàííûõ (6.1). Òðåáóåòñÿ ïîñòðîèòü ìíîãî÷ëåí
ñòåïåíè n

Pn(x) = a0 + a1x+ a2x
2 + . . .+ anx

n :

Pn(xi) = yi ∀i = 0, 1, 2, . . . , n.
(6.8)

×àñòíàÿ çàäà÷à

lk(x) ∈ Φ = ⟨1, x, x2, . . . , xn⟩ :

lk(xi) = δik =

{
0, i ̸= k
1, i = k

∀i = 0, 1, 2, . . . , n

k = 0, 1, 2, . . . , n.

(6.9)

Ðåøåíèå ÷àñòíîé çàäà÷è (6.9)

lk(x) =
(x−x0)(x−x1)...(x−xk−1)(x−xk+1)...(x−xn)

(xk−x0)(xk−x1)...(xk−xk−1)(xk−xk+1)...(xk−xn)

k = 0, 1, 2, . . . , n.

(6.10)



Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà ...

Ðåøåíèå îáùåé çàäà÷è (6.8)

Ln(x) =

n∑
k=0

yklk(x) (6.11)

Êëàññè÷åñêàÿ ôîðìà èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà

Ïóñòü äëÿ íåêîòîðîé ôóíêöèè f èçâåñòíû åå çíà÷åíèÿ â n+ 1-îé
òî÷êå xi ∈ D[f ] (i = 0, 1, 2, . . . , n).

Ln(x) =

n∑
k=0

f(xk)Π
n
i=0,i̸=k

x− xi
xk − xi

(6.12)

Îñíîâíûì íåäîñòàòêîì ôîðìóëû (6.12) ïðè åå ïðàêòè÷åñêîì
èñïîëüçîâàíèè ÿâëÿåòñÿ íåîáõîäèìîñòü çàíîâî ïåðåñ÷èòûâàòü âñå
êîýôôèöèåíòû èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà ïðè
èçìåíåíèè íàáîðà äàííûõ (xi, yi) (i = 0, 1, 2, . . . , n).



6.3. Ïîãðåøíîñòü èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà
Ëàãðàíæà

Îïðåäåëåíèå 6.2.

Ïóñòü äëÿ íåêîòîðîé ôóíêöèè f èçâåñòíû åå çíà÷åíèÿ â n+ 1-îé
òî÷êå xi ∈ [a, b] ⊆ D[f ] (i = 0, 1, 2, . . . , n). Òîãäà ïîä ïîãðåøíîñòüþ
èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà (6.12), ïîñòðîåííîãî
äëÿ ôóíêöèè f , (ïîãðåøíîñòüþ ìåòîäà) ïîíèìàåòñÿ

Rn(x) = f(x)− Ln(x) x ∈ [a, b] (6.13)

Â ïðåäïîëîæåíèè, ÷òî f ∈ C(n+1) ([a, b]) òðåáóåòñÿ îïðåäåëèòü
ñòðóêòóðó ïîãðåøíîñòè (6.13). Ïðåäëàãàåòñÿ èñêàòü Rn(x) â
ñëåäóþùåì âèäå

Rn(x) = g(x)ωn(x) x ∈ [a, b], (6.14)

ãäå
ωn(x) = (x− x0)(x− x1)(x− x2) . . . (x− xn). (6.15)

Çäåñü g(x) � íåêîòîðàÿ ôóíêöèÿ, êîòîðóþ è ñëåäóåò îïðåäåëèòü.



Ñòðóêòóðà ïîãðåøíîñòè èíòåðïîëÿöèîííîãî
ìíîãî÷ëåíà Ëàãðàíæà

Âñïîìîãàòåëüíàÿ ôóíêöèÿ

F (x) = f(x)− Ln(x)− g(x̄)ωn(x) x ∈ [a, b], (6.16)

ãäå x̄ ∈ [a, b] � ïðîèçâîëüíî-âûáðàííàÿ è çàôèêñèðîâàííàÿ òî÷êà.

Ñâîéñòâà ôóíêöèè F :

1 F ∈ C(n+1) ([a, b]), òàê êàê f ∈ C(n+1) ([a, b]);

2 Ïî ïîñòðîåíèþ F : F (x̄) = 0, F (xi) = 0 (i = 0, 1, 2, . . . , n).

Òàêèì îáðàçîì, ôóíêöèÿ ãëàäêàÿ ôóíêöèÿ F îáðàùàåòñÿ â íîëü â
n+ 2 òî÷êàõ îòðåçêà [a, b]. Çäåñü áåç ïîòåðè îáùíîñòè ìîæíî
ñ÷èòàòü, ÷òî

a ≤ x0 < x1 < x2 < . . . < xn < x̄ ≤ b

Ïîñëåäîâàòåëüíîå ïðèìåíåíèå òåîðåìû Ðîëëÿ ïðèâîäèò ê
ñëåäóþùèì çàêëþ÷åíèÿì:



Ñòðóêòóðà ïîãðåøíîñòè èíòåðïîëÿöèîííîãî
ìíîãî÷ëåíà Ëàãðàíæà ...

1) F ′(x
(1)
i ) = 0 (i = 1, 2, . . . , n+ 1) :

x
(1)
j ∈ [xj−1, xj ] (j = 1, 2, . . . , n), x

(1)
n+1 ∈ [xn, x̄];

2) F ′′(x
(2)
i ) = 0 (i = 1, 2, . . . , n) :

x
(2)
j ∈ [x

(1)
j , x

(1)
j+1] (j = 1, 2, . . . , n);

3) F (3)(x
(3)
i ) = 0 (i = 1, 2, . . . , n− 1) :

x
(3)
j ∈ [x

(2)
j , x

(2)
j+1] (j = 1, 2, . . . , n− 1);

. . . . . . . . . . . . . . . . . . . . . . . .

n) F (n)(x
(n)
i ) = 0 (i = 1, 2) :

x
(n)
j ∈ [x

(n−1)
j , x

(n−1)
j+1 ] (j = 1, 2);

n+ 1) F (n+1)(ξ) = 0 :

ξ ∈ [x
(n)
1 , x

(n)
2 ].



Ñòðóêòóðà ïîãðåøíîñòè èíòåðïîëÿöèîííîãî
ìíîãî÷ëåíà Ëàãðàíæà ...

Ïîñêîëüêó ωn
(n+1)(x) ≡ (n+ 1)! è Ln

(n+1)(x) ≡ 0, òî èç (6.16)
ñëåäóåò, ÷òî

F (n+1)(x) = f (n+1)(x)− (n+ 1)!g(x̄).

Îòñþäà ñ ó÷åòîì òîãî, ÷òî F (n+1)(ξ) = 0 è ξ = ξ(x̄), ñëåäóåò, ÷òî

g(x̄) =
f (n+1)(ξ(x̄))

(n+ 1)!
.

Ïîñêîëüêó x̄ ∈ [a, b] � ïðîèçâîëüíî-âûáðàííàÿ òî÷êà, òî

g(x) =
f (n+1)(ξ(x))

(n+ 1)!
∀x ∈ [a, b]. (6.17)

Ôîðìóëû (6.15) è (6.17) ïðèâîäÿò ê âûðàæåíèþ



Ñòðóêòóðà ïîãðåøíîñòè èíòåðïîëÿöèîííîãî
ìíîãî÷ëåíà Ëàãðàíæà ...

Ïîãðåøíîñòü èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà

Ïóñòü f ∈ C(n+1) ([a, b]). Òîãäà

Rn(x) =
f (n+1)(ξ(x))

(n+ 1)!
ωn(x) ∀x ∈ [a, b]. (6.18)

Èç (6.18) ñëåäóåò

Îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà

Ïóñòü f ∈ C(n+1) ([a, b]). Òîãäà

|Rn(x)| ≤
Mn+1

(n+ 1)!
|ωn(x)| ∀x ∈ [a, b], (6.19)

ãäå Mn+1 = maxx∈[a,b] |f (n+1)(x)|.



Ìíîãî÷ëåí ωn
Ñëó÷àé ðàâíîîòñòîÿùèõ óçëîâ

xi ∈ [a, b] (i = 0, 1, 2, . . . , n): xi+1 = xi + h ∀i = 0, 1, 2, . . . , n− 1.
Âåëè÷èíû |ωn(x̄)| = |(x̄− x0)(x̄− x1)(x̄− x2) . . . (x̄− xn)| òåì
áîëüøå, ÷åì äàëüøå çíà÷åíèå x̄ îò ñåðåäèíû a+b

2 îòðåçêà [a, b].

Ðèñ. 10: Ãðàôèê ωn(x) x ∈ [a, b], [a, b] = [−1.6, 1.6], n = 8.



6.4. Çàäà÷à ìèíèìèçàöèè ïîãðåøíîñòè ÷èñëåííîé
èíòåðïîëÿöèè

ωn(x) = (x− x0)(x− x1)(x− x2) . . . (x− xn) =
= xn+1 + a1x

n + a2x
n−1 + . . .+ an−1x

2 + anx+ an+1,

ai ∈ R (i = 1, 2, . . . , n+ 1)

Òîãäà ωn ∈ Υ, ãäå Υ � ìíîæåñòâî ìíîãî÷ëåíîâ ñòåïåíè n+ 1,
ïðèâåäåííûõ íàä ïîëåì âåùåñòâåííûõ ÷èñåë.

Ïîñòàíîâêà çàäà÷è

p∗ = Arg{ min
p∈Υ

V (p) }, (6.20)

ãäå V (p) = maxx∈[a,b] |p(x)|, p ∈ Υ.

⊠



▲12 Ìíîãî÷ëåíû ×åáûøåâà

Îïðåäåëåíèå 6.3.

Ìíîãî÷ëåíîì ×åáûøåâà n-îé ñòåïåíè íàçûâàåòñÿ

Tn(x) = cos (n arccosx) x ∈ [−1, 1], n ∈ N ∪ {0} (6.21)

Èçâåñòíî, ÷òî

cos((n+ 1)y) + cos((n− 1)y) = 2 cos(y) cos(ny). (6.22)

Òîãäà ðàâåíñòâî (6.22) â îáîçíà÷åíèÿõ (6.21) (y = arccosx) ìîæåò
áûòü çàïèñàíî â âèäå

Tn+1(x) + Tn−1(x) = 2T 1(x)Tn(x) x ∈ [−1, 1], n ∈ N

Îòêóäà ñëåäóåò ðåêóððåíòíàÿ ôîðìóëà

Tn+1(x) = 2T 1(x)Tn(x)− Tn−1(x) x ∈ [−1, 1], n ∈ N (6.23)

Â ñèëó (6.21) è (6.23)

T 0(x) ≡ 1, T 1(x) = x,
T 2(x) = 2x2 − 1, T 3(x) = 2x

(
2x2 − 1

)
− x = 4x3 − 3x,

· · · · · · · · ·



Ýêñòðåìàëüíîå ñâîéñòâî ìíîãî÷ëåíîâ ×åáûøåâà
Òàêèì îáðàçîì, Tn(x) = 2n−1xn + . . . ∀n ∈ N. Ñëåäîâàòåëüíî,

p∗n+1(x) =
1

2n
Tn+1(x) ∈ Υ, x ∈ [−1, 1] (6.24)

Òåîðåìà 6.2.

Ìíîãî÷ëåí p∗n+1(x) (x ∈ [−1, 1]), çàäàâàåìûé ôîðìóëîé (6.24),
èìååò n+ 1 ðàçëè÷íûõ êîðíåé, ïðèíàäëåæàùèõ îòðåçêó [−1, 1].

Äîêàçàòåëüñòâî. p∗n+1(x) = 0 ⇔ Tn+1(x) = 0.

Tn+1(x) = cos((n+ 1) arccosx) = 0 ⇔
(n+ 1) arccosx = π

2 + πk, k ∈ Z ⇔ arccosx = (2k+1)π
2(n+1) , k ∈ Z ⇔

x̄k = cos
(2k + 1)π

2(n+ 1)
, k = 0, 1, 2, . . . , n (6.25)

Íåòðóäíî ïðîâåðèòü, ÷òî äëÿ ëþáîãî öåëîãî çíà÷åíèÿ èíäåêñà k:
k < 0 èëè k > n íàáîð, çàäàâàåìûé (6.25), óæå ñîäåðæèò
ñîîòâåòñòâóþùóþ òàêîìó çíà÷åíèþ èíäåêñà òî÷êó.
□ Òåîðåìà äîêàçàíà.



Ýêñòðåìàëüíîå ñâîéñòâî ìíîãî÷ëåíîâ ×åáûøåâà ...

Òåîðåìà 6.3.

Ìíîãî÷ëåí p∗n+1(x) (x ∈ [−1, 1]), çàäàâàåìûé ôîðìóëîé (6.24),
ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ýêñòðåìàëüíîé çàäà÷è (6.20) íà
îòðåçêå [−1, 1].

Îïòèìàëüíûå óçëû ÷èñëåííîé èíòåðïîëÿöèè íà îòðåçêå [−1, 1]

Ïðè ðåøåíèè çàäà÷è ÷èñëåííîé èíòåðïîëÿöèè (6.1) ïî n+ 1-îìó
óçëó íà îòðåçêå [−1, 1] ñ ïîìîùüþ èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà
Ëàãðàíæà (6.12) îïòèìàëüíûìèa óçëàìè ÷èñëåííîé èíòåðïîëÿöèè
ÿâëÿþòñÿ êîðíè x̄k (k = 0, 1, 2, . . . , n) ìíîãî÷ëåíà ×åáûøåâà,
îïðåäåëÿåìûå ôîðìóëàìè (6.25). Ïðè ýòîì ñïðàâåäëèâî
íåðàâåíñòâî

|ωn(x)|=|(x−x̄0)(x−x̄1)(x−x̄2) . . . (x−x̄n)|≤
1

2n
∀x∈[−1, 1] (6.26)

aÂ ñìûñëå ðåøåíèÿ ýêñòðåìàëüíîé çàäà÷è (6.20).



Îïòèìàëüíûå óçëû ÷èñëåííîé èíòåðïîëÿöèè íà
ïðîèçâîëüíîì îòðåçêå [a, b] ⊂ R

Ïóñòü çàäàíà íåêîòîðàÿ áèåêöèÿ ψ : [a, b] → [−1, 1]. Íàèáîëåå
ïðîñòîé ÿâëÿåòñÿ ëèíåéíàÿ ôóíêöèÿ

x =
2t− (b+ a)

b− a
t ∈ [a, b] (6.27)

Òîãäà ñ ïîìîùüþ áèåêöèè (6.27) ìíîãî÷ëåí ×åáûøåâà n+ 1-îé
ñòåïåíè ìîæíî îïðåäåëèòü íà îòðåçêå [a, b] ñëåäóþùèì îáðàçîì

Tn+1(x)=Tn+1

(
2t−(b+a)

b−a

)
= 2n

2n+1

(b−a)n+1
tn+1+ . . . t∈[a, b] (6.28)

Ìíîãî÷ëåí p∗n+1(t) (t ∈ [a, b]) � ðåøåíèå çàäà÷è (6.20) íà îòðåçêå
[a, b] èìååò âèä

p∗n+1(t) = ωn(t) =
Tn+1

(
2t−(b+a)

b−a

)
22n+1

(b−a)n+1

t∈[a, b] (6.29)



Îïòèìàëüíûå óçëû ÷èñëåííîé èíòåðïîëÿöèè íà
ïðîèçâîëüíîì îòðåçêå ...

Òàêèì îáðàçîì, åñëè â êà÷åñòâå óçëîâ èíòåðïîëÿöèè íà îòðåçêå
[a, b] âçÿòü òî÷êè

t̄k =
(b− a)x̄k + (b+ a)

2
k = 0, 1, 2, . . . , n, (6.30)

ãäå x̄k (k = 0, 1, 2, . . . , n) � êîðíè ìíîãî÷ëåíà ×åáûøåâà Tn+1(x),
îïðåäåëÿåìûå ôîðìóëàìè (6.25), òî îöåíêà ïîãðåøíîñòè
÷èñëåííîé èíòåðïîëÿöèè íà îòðåçêå [a, b] ñ ïîìîùüþ
èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà çàäàåòñÿ íåðàâåíñòâîì

|Rn(t)| ≤
(b−a)n+1

22n+1

Mn+1

(n+ 1)!
∀t ∈ [a, b], (6.31)

ãäå Mn+1 = maxt∈[a,b] |f (n+1)(t)|.

max
t∈[a,b]

|ωn(t)| =
(b−a)n+1

22n+1
. (6.32)



6.5. Ðàçäåëåííûå ðàçíîñòè

Îïðåäåëåíèå 6.4.

Ïóñòü xi, xi+1, xi+2, . . . , xi+k ∈ [a, b] ⊂ D[f ]: xi+j ̸= xi+s ∀j ̸= s.
Ðàçäåëåííîé ðàçíîñòüþ k-ãî ïîðÿäêà ôóíêöèè f , ïîñòðîåííîé ïî
íàáîðó óçëîâ xi, xi+1, xi+2, . . . , xi+k, íàçûâàåòñÿ ÷èñëî

f (xi, xi+1, . . . , xi+k−1, xi+k) =

=
f (xi,xi+1,...,xi+k−1)−f (xi+1,xi+2,...,xi+k)

xi−xi+k

(6.33)

Ïóñòü çàäàíû çíà÷åíèÿ ôóíêöèè f â óçëàõ èíòåðïîëÿöèè
x0, x1, x2, . . . , xn ∈ [a, b] ⊂ D[f ]: xj ̸= xs ∀j ̸= s. Òîãäà, â ñèëó (6.33),
ðàçäåëåííûìè ðàçíîñòÿìè 0-ãî ïîðÿäêà ôóíêöèè f ÿâëÿþòñÿ

f(x0), f(x1), f(x2), . . . , f(xn).

Ïðèìåðàìè ðàçäåëåííûõ ðàçíîñòåé 1-ãî ïîðÿäêà ôóíêöèè f ,
ïîñòðîåííûõ ïî óêàçàííîìó âûøå íàáîðó óçëîâ, ÿâëÿþòñÿ ÷èñëà

f(xi, xi+1) =
f(xi)− f(xi+1)

xi − xi+1
∀i = 0, 1, . . . , n− 1,



Ðàçäåëåííûå ðàçíîñòè ...
ðàçäåëåííûõ ðàçíîñòåé 2-ãî ïîðÿäêà �

f(xi, xi+1, xi+2) =
f(xi, xi+1)− f(xi+1, xi+2)

xi − xi+2
∀i = 0, 1, . . . , n− 2;

ðàçäåëåííûõ ðàçíîñòåé 3-ãî ïîðÿäêà �

f(xi, xi+1, xi+2, xi+3)=
f(xi, xi+1, xi+2)−f(xi+1, xi+2, xi+3)

xi−xi+3
∀i=0, 1, . . ., n−3

· · · · · · · · · · · · · · ·

Çäåñü ðàçäåëåííàÿ ðàçíîñòü íàèáîëüøåãî, n-ãî ïîðÿäêà, ôóíêöèè
f , ïîñòðîåííàÿ ïî íàáîðó óçëîâ x0, x1, x2, . . . , xn � ýòî ÷èñëî

f(x0, x1, . . . , xn−1, xn) =
f(x0, x1, . . . , xn−1)− f(x1, . . . , xn−1, xn)

x0 − xn
.

Âñå ïðèâåäåííûå âûøå ðàçäåëåííûå ðàçíîñòè ïîðÿäêîâ îò 0-ãî äî
n-ãî, ïîñòðîåííûå äëÿ ôóíêöèè f ïî íàáîðó óçëîâ
x0, x1, x2, . . . , xn, ôîðìèðóþò òðåóãîëüíèê Ïàñêàëÿ.



Ñâîéñòâà ðàçäåëåííûõ ðàçíîñòåé

Òåîðåìà 6.4.

Ðàçäåëåííàÿ ðàçíîñòü k-ãî ïîðÿäêà f (xi, xi+1, . . . , xi+k−1, xi+k)
ôóíêöèè f , ïîñòðîåííàÿ ïî íàáîðó óçëîâ xi, xi+1, xi+2, . . . , xi+k,
ïðåäñòàâèìà â âèäå

f (xi, xi+1, . . . , xi+k−1, xi+k) =

=
∑n

s=0
f (xi+s)

Πn
j=0,j ̸=s(xi+s−xi+j)

(6.34)

Óòâåðæäåíèå òåîðåìû ìîæíî äîêàçàòü ìåòîäîì ìàòåìàòè÷åñêîé
èíäóêöèè ïî ïîðÿäêó k ðàçäåëåííîé ðàçíîñòè25.

Èç ôîðìóëû (6.34) ñëåäóþò íåñêîëüêî ïîëåçíûõ ñâîéñòâ
ðàçäåëåííûõ ðàçíîñòåé.

25Äîêàçàòü ñàìîñòîÿòåëüíî.



Ñâîéñòâà ðàçäåëåííûõ ðàçíîñòåé

Ñâîéñòâî 1.

Ïðè ôèêñèðîâàííîì íàáîðå óçëîâ xi, xi+1, xi+2, . . . , xi+k

ðàçäåëåííàÿ ðàçíîñòü k-ãî ïîðÿäêà f (xi, xi+1, . . . , xi+k−1, xi+k)
ìîæåò áûòü ðàññìîòðåíà êàê îòîáðàæåíèå, äåéñòâóþùåå èç
íåêîòîðîãî ïðîñòðàíñòâà ôóíêöèé Φ â ìíîæåñòâî âåùåñòâåííûõ
÷èñåë R, òî åñòü êàê ôóíêöèîíàë.
Òîãäà òàêîé ôóíêöèîíàë ÿâëÿåòñÿ ëèíåéíûì è îäíîðîäíûì, òî
åñòü

∀f, g ∈ Φ ∀α, β ∈ R (αf + βg) (xi, xi+1, . . . , xi+k−1, xi+k) =
= αf (xi, xi+1, . . . , xi+k−1, xi+k)+
+βg (xi, xi+1, . . . , xi+k−1, xi+k)

(6.35)

Ñâîéñòâî 2.

Ðàçäåëåííàÿ ðàçíîñòü f (xi, xi+1, . . . , xi+k−1, xi+k) íå çàâèñèò îò
óïîðÿäî÷åíèÿ óçëîâ â íàáîðå, ïî êîòîðîìó îíà ïîñòðîåíà.



Ñâîéñòâà ðàçäåëåííûõ ðàçíîñòåé ...
Ñâîéñòâî 3.

Äëÿ ìíîãî÷ëåíà Pn(x) ñòåïåíè n ðàçäåëåííàÿ ðàçíîñòü n-ãî
ïîðÿäêà ÿâëÿåòñÿ êîíñòàíòîé, êîòîðàÿ íå çàâèñèò îò íàáîðà
óçëîâa.

aÑëåäñòâèå. Äëÿ ìíîãî÷ëåíà Pn(x) ñòåïåíè n ëþáàÿ ðàçäåëåííàÿ ðàçíîñòü
n+ 1-ãî ïîðÿäêà ðàâíà íóëþ.

Äîêàçàòåëüñòâî.
Ïóñòü x0, x1, . . . , xn−1, xn � ïðîèçâîëüíûé íàáîð óçëîâ. Òîãäà26

Pn(x) ≡ Ln(x) =

n∑
k=0

Pn(xk)Π
n
i=0,i̸=k

x− xi
xk − xi

= a0x
n + . . . ,

a0 = Pn(x0)
(x0−x1)(x0−x2)...(x0−xn)

+ Pn(x1)
(x1−x0)(x1−x2)...(x1−xn)

+ . . .+
Pn(xi)

(xi−x0)...(xi−xi−1)(xi−xi+1)...(xi−xn)
+ . . .+ Pn(xn)

(xn−x0)(xn−x1)...(xn−xn−1)
=

= Pn(x0, x1, . . . , xn−1, xn)

□ Ñâîéñòâî äîêàçàíî.

26×åðåç n+ 1-ó òî÷êó ìîæíî ïðîâåñòè åäèíñòâåííûé ìíîãî÷ëåí ñòåïåíè n.



(n+ 1)-øàãîâàÿ ïðîöåäóðà äëÿ ïðîèçâîëüíîé òî÷êè
x ∈ [a, b]

Ïóñòü x0, x1, . . . , xn−1, xn ∈ [a, b]: [a, b] ⊂ D[f ].

0) f(x, x0)=
f (x)−f (x0)

x−x0
⇒

f(x)=f(x0)+f(x, x0)(x−x0);
1) f(x, x0, x1)=

f (x,x0)−f (x0,x1)
x−x1

⇒
f(x, x0)=f(x0, x1)+f(x, x0, x1)(x−x1) ⇒
f(x)=f(x0)+f(x0, x1)(x−x0)+f(x, x0, x1)(x−x0)(x−x1);
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

n) f(x, x0, x1, . . ., xn−1, xn)=
f (x,x0,x1,...,xn−1)−f (x0,x1,...,xn−1,xn)

x−xn
⇒

f(x, x0, x1, . . ., xn−1)=f(x0, x1, . . ., xn−1, xn)+
+f(x, x0, x1, . . ., xn−1, xn)(x−xn) ⇒

f(x)=f(x0)+f(x0, x1)(x−x0)+f(x0, x1, x2)(x−x0)(x−x1)+. . .+
+f(x0, x1, . . ., xn−1, xn)(x−x0)(x−x1). . .(x−xn−1)+
+f(x, x0, x1, . . ., xn−1, xn)(x−x0)(x−x1). . .(x−xn−1)(x−xn)

(6.36)



Èç (6.36) ñëåäóåò, ÷òî

f(x) = Pn(x) +Rn(x),

ãäå

Pn(x)=f(x0)+
+f(x0, x1)(x−x0)+
+f(x0, x1, x2)(x−x0)(x−x1)+
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+f(x0, x1, . . ., xk−1, xk)(x−x0)(x−x1). . .(x−xk−1)+
+f(x0, x1, . . ., xk, xk+1)(x−x0)(x−x1). . .(x−xk)+
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+f(x0, x1, . . ., xn−1, xn)(x−x0)(x−x1). . .(x−xn−1),

(6.37)

Rn(x) = f(x, x0, x1, . . . , xn)(x− x0)(x− x1) . . . (x− xn). (6.38)

Íåñëîæíî óáåäèòüñÿ, ÷òî çàäàâàåìûé ôîðìóëîé (6.37) ìíîãî÷ëåí
n-îé ñòåïåíè ðåøàåò çàäà÷ó ÷èñëåííîé èíòåðïîëÿöèè, òî åñòü
Pn(xk) = f(xk) ∀k = 0, 1, 2, . . . , n.



Äåéñòâèòåëüíî, ïîäñòàíîâêà òî÷êè xk (k = 0, 1, 2, . . . , n) â îáå
÷àñòè âûðàæåíèÿ (6.37) ïðèâîäèò ê ðàâåíñòâó

Pn(xk)=f(x0)+
+f(x0, x1)(xk−x0)+
+f(x0, x1, x2)(xk−x0)(xk−x1)+
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+f(x0, x1, . . ., xk−1, xk)(xk−x0)(x−x1). . .(xk−xk−1).

Â ñèëó ñâîéñòâà 2 ðàçäåëåííûõ ðàçíîñòåé
f(x0, x1, . . ., xk−1, xk) = f(xk, x0, x1, . . ., xk−1). Òàêèì îáðàçîì,

Pn(xk)=f(x0)+
+f(x0, x1)(xk−x0)+
+f(x0, x1, x2)(xk−x0)(xk−x1)+
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+f(xk, x0, x1, . . ., xk−1)(xk−x0)(x−x1). . .(xk−xk−1).
(6.39)



Ñ äðóãîé ñòîðîíû, (k−2)-é è (k−1)-é øàãè â ïðîöåäóðå (6.36):

k − 2) f(x)=f(x0)+f(x0, x1)(x−x0)+. . .+
+f(x0, x1, . . ., xk−3, xk−2)(x−x0)(x−x1). . .(x−xk−3)+
+f(x, x0, x1, . . ., xk−2)(x−x0)(x−x1). . .(x−xk−2)

k − 1) f(x, x0, x1, . . ., xk−2, xk−1)=
f (x,x0,x1,...,xk−2)−f (x0,x1,...,xk−2,xk−1)

x−xk−1
⇒

f(x, x0, x1, . . ., xk−2)=f(x0, x1, . . ., xk−2, xk−1)+
+f(x, x0, x1, . . ., xk−2, xk−1)(x−xk−1) ⇒

f(x)=f(x0)+f(x0, x1)(x−x0)+f(x0, x1, x2)(x−x0)(x−x1)+. . .+
+f(x0, x1, . . ., xk−2, xk−1)(x−x0)(x−x1). . .(x−xk−2)+
+f(x, x0, x1, . . ., xk−1)(x−x0)(x−x1). . .(x−xk−1) ⇒

f(xk)=f(x0)+
+f(x0, x1)(xk−x0)+
+f(x0, x1, x2)(xk−x0)(xk−x1)+
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+f(xk, x0, x1, . . ., xk−1)(xk−x0)(x−x1). . .(xk−xk−1).

(6.40)

Èç (6.39) è (6.40) ñëåäóåò, ÷òî Pn(xk) = f(xk) (k = 0, 1, . . . , n).



Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà â ôîðìå
Íüþòîíà

Ïîñêîëüêó ÷åðåç (n+ 1)-ó òî÷êó ìîæíî ïðîâåñòè åäèíñòâåííûé
ìíîãî÷ëåí n-îé ñòåïåíè, òî Pn(x) ≡ Ln(x) x ∈ R.

Îïðåäåëåíèå 6.5.

Èíòåðïîëÿöèîííûì ìíîãî÷ëåíîì Ëàãðàíæà â ôîðìå Íüþòîíà,
ïîñòðîåííûì äëÿ ôóíêöèè f(x) (x∈[a, b] ⊂ D[f ]) ïî (n+1)-ó óçëó
x0, x1, . . ., xn∈[a, b]: xj ̸= xs ∀j ̸=s, íàçûâàåòñÿ ìíîãî÷ëåí ñòåïåíè n

Ln(x)=f(x0)+
+f(x0, x1)(x−x0)+
+f(x0, x1, x2)(x−x0)(x−x1)+
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+f(x0, x1, . . ., xk−1, xk)(x−x0)(x−x1). . .(x−xk−1)+
+f(x0, x1, . . ., xk, xk+1)(x−x0)(x−x1). . .(x−xk)+
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+f(x0, x1, . . ., xn−1, xn)(x−x0)(x−x1). . .(x−xn−1).

(6.41)



Ïîãðåøíîñòü èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà
Ëàãðàíæà â ôîðìå Íüþòîíà

Â ñèëó (6.38) ïîãðåøíîñòü èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà
Ëàãðàíæà â ôîðìå Íüþòîíà (6.41) ïðåäñòàâèìà â âèäå

Rn(x) = f(x, x0, x1, . . . , xn)ωn(x). (6.42)

Ïðè ýòîì ðàíåå óñòàíîâëåíî (ñì. (6.18)), ÷òî, åñëè ôóíêöèÿ

f ∈ C(n+1) ([a, b]), òî Rn(x) =
f (n+1)

(ξ(x))
(n+1)! ωn(x) (x ∈ [a, b]).

Ñëåäîâàòåëüíî, íà êëàññå (n+ 1) ðàç
íåïðåðûâíî-äèôôåðåíöèðóåìûõ íà îòðåçêå [a, b] ôóíêöèé

f ∈ C(n+1) ([a, b])

f(x, x0, x1, . . . , xn) =
f (n+1)(ξ(x))

(n+ 1)!
, (6.43)

ãäå ξ(x) ∈ [x, x0, x1, . . . , xn].



Ñâîéñòâî ðàçäåëåííûõ ðàçíîñòåé

Îáîáùåíèåì (6.43) ÿâëÿåòñÿ ñëåäóþùåå ñâîéñòâî ðàçäåëåííûõ
ðàçíîñòåé

Ñâîéñòâî 4

Ïóñòü f ∈ C(k) ([a, b]). Òîãäà äëÿ ëþáîãî íàáîðà óçëîâ
xi, xi+1, xi+2, . . . , xi+k ∈ [a, b] ⊂ D[f ]: xi+j ̸= xi+s ∀j ̸= s

f(xi, xi+1, xi+2, . . . , xi+k) =
f (k)(η)

k!
, (6.44)

ãäå η ∈ [xi, xi+1, xi+2, . . . , xi+k].

⊠



▲13 ÏÐÈÌÅÐ: f(1) = −2, f(2) = 3, f(4) = 1

Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà â êëàññè÷åñêîé ôîðìå

Â ñèëó ôîðìóëû (6.12)

L2(x)=f(1)
(x−2)(x−4)
(1−2)(1−4)+f(2)

(x−1)(x−4)
(2−1)(2−4)+f(4)

(x−1)(x−2)
(4−1)(4−2)=

=−2 (x−2)(x−4)
(−1)(−3) +3 (x−1)(x−4)

(1)(−2) +1 (x−1)(x−2)
(3)(2) =

=− 2
3 (x−2)(x−4)− 3

2 (x−1)(x−4)+ 1
6 (x−1)(x−2)=

=− 2
3 (x

2−6x+8)− 3
2 (x

2−5x+ 4)+ 1
6 (x

2−3x+ 2)=

=−2x2+11x−11

Ïðîâåðêà

Íåòðóäíî óáåäèòüñÿ, ÷òî L2(1) = −2, L2(2) = 3, L2(4) = 1.



ÏÐÈÌÅÐ: f(1) = −2, f(2) = 3, f(4) = 1
Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà â ôîðìå Íüþòîíà (6.41)

L2(x)=f(x0) + f(x0, x1)(x−x0)+f(x0, x1, x2)(x−x0)(x−x1), (6.45)

ãäå x0 = 1, x1 = 2, x2 = 4

Òàáëèöà ðàçäåëåííûõ ðàçíîñòåé (6.33)
x0=1 f(x0)=−2

f(x0, x1)= 5
x1=2 f(x1)= 3 f(x0, x1, x2)=−2

f(x1, x2)=−1
x2=4 f(x2)= 1

, (6.46)

ãäå

f(x0, x1)=
f (x0)−f (x1)

x0−x1
=−2−3

1−2 =5, f(x1, x2)=
f (x1)−f (x2)

x1−x2
= 3−1

2−4=−1,

f(x0, x1, x2)=
f (x0,x1)−f (x1,x2)

x0−x2
= 5−(−1)

1−4 =−2.

Ðåçóëüòàò ïîäñòàíîâêè (6.46) â (6.45)

L2(x)=−2 + 5(x−1)−2(x−1)(x−2)=−2x2+11x−11



ÏÐÈÌÅÐ: f(1) = −2, f(2) = 3, f(4) = 1
Îöåíêà ïîãðåøíîñòè

Ïóñòü f ∈ C(3) ([1, 4]) è M3 = maxx∈[1,4] |f (3)(x)|. Òîãäà â ñèëó
(6.19)

|R2(x)| ≤
M3

6
|(x− 1)(x− 2)(x− 4)| ∀x ∈ [1, 4]

Òàáëèöà ðàçäåëåííûõ ðàçíîñòåé (òðåóãîëüíèê Ïàñêàëÿ)

x0 f(x0)

f(x0, x1)

x1 f(x1) f(x0, x1, x2)

f(x1, x2) · · ·
x2 f(x2) f(x1, x2, x3)

f(x2, x3) f(x0, x1, . . ., xn)

· · · · · · · · · · · · · · ·
xn−1 f(xn−1) f(xn−2, xn−1, xn)

f(xn−1, xn)
xn f(xn)


(6.47)



Èñïîëüçîâàíèå òàáëèöû ðàçäåëåííûõ ðàçíîñòåé äëÿ
ïîñòðîåíèÿ èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà
â ôîðìå Íüþòîíà

Ln(x)=f(x0)+

+f(x0, x1)(x−x0)+
+f(x0, x1, x2)(x−x0)(x−x1)+
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

+f(x0, x1, . . ., xn−1, xn)(x−x0)(x−x1). . .(x−xn−1).

(6.48)

Ïðàêòè÷åñêîå èñïîëüçîâàíèå èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà
Ëàãðàíæà â ôîðìå Íüþòîíà (ñì. (6.48)) ïîçâîëÿåò â çíà÷èòåëüíîé
ñòåïåíè ïðåîäîëåòü îñíîâíîé àëãîðèòìè÷åñêèé íåäîñòàòîê åãî
êëàññè÷åñêîé ôîðìû (ñì. (6.12)). Íàïðèìåð, äîáàâëåíèå â íàáîð
äàííûõ (xi, f(xi)) (i = 0, 1, 2, . . . , n) î÷åðåäíîé òî÷êè
(xn+1, f(xn+1)) ïðèâîäèò òîëüêî ê âû÷èñëåíèþ â òàáëèöå (6.47)
äîïîëíèòåëüíûõ (n+ 1)-îé ðàçäåëåííîé ðàçíîñòè è ïîÿâëåíèþ â
ïðàâîé ÷àñòè ðàâåíñòâà (6.48) åùå îäíîãî ñëàãàåìîãî
f(x0, x1, . . ., xn−1, xn, xn+1)(x−x0)(x−x1). . .(x−xn−1)(x−xn).



6.6. Ðàçäåëåííûå ðàçíîñòè ñ êðàòíûìè óçëàìè

Îïðåäåëåíèå 6.6.

Ïóñòü çàäàí íàáîð óçëîâ xi, xi+1, xi+2, . . . , xi+k ∈ [a, b] ⊂ D[f ]:
ñðåäè xi+j (j = 0, 1, . . . , k) íå âñå óçëû ðàçëè÷íûå.
Ðàçäåëåííîé ðàçíîñòüþ k-ãî ïîðÿäêà ôóíêöèè f , ïîñòðîåííîé ïî
íàáîðó óçëîâ xi, xi+1, xi+2, . . . , xi+k, íàçûâàåòñÿ ÷èñëî

f (xi, xi+1, . . . , xi+k−1, xi+k) =

= limε→0 f
(
xεi , x

ε
i+1, . . . , x

ε
i+k−1, x

ε
i+k

)
,

(6.49)

ãäå ∀ε > 0 xεi , x
ε
i+1, . . . , x

ε
i+k−1, x

ε
i+k ∈ [a, b]:

xεi+j ̸= xεi+s ∀j ̸= s;
limε→0 x

ε
i+j = xi+j ∀j = 0, 1, . . . , k.

È ïðè ýòîì ïðåäåë â ïðàâîé ÷àñòè â (6.49) íå çàâèñèò îò ñïîñîáà
çàäàíèÿ óçëîâ xεi+j (j = 0, 1, . . . , k).



Ñâîéñòâà ðàçäåëåííûõ ðàçíîñòåé ñ êðàòíûìè óçëàìè

Ïóñòü f ∈ C(k) ([a, b]), [a, b] ⊂ D[f ].

Ñâîéñòâî 1

Äëÿ ëþáîãî íàáîðà óçëîâ xi, xi+1, xi+2, . . . , xi+k ∈ [a, b]

f(xi, xi+1, xi+2, . . . , xi+k) =
f (k)(η)

k!
, (6.50)

ãäå η ∈ [xi, xi+1, xi+2, . . . , xi+k].

Ñâîéñòâî 2

Ïðè ôèêñèðîâàííîì íàáîðå óçëîâ xi, xi+1, xi+2, . . . , xi+k

ðàçäåëåííàÿ ðàçíîñòü k-ãî ïîðÿäêà f (xi, xi+1, . . . , xi+k−1, xi+k)
ÿâëÿåòñÿ ëèíåéíûì è îäíîðîäíûì ôóíêöèîíàëîì.



Ñâîéñòâà ðàçäåëåííûõ ðàçíîñòåé ...

Ñâîéñòâî 3

Ðàçäåëåííàÿ ðàçíîñòü f (xi, xi+1, . . . , xi+k−1, xi+k) íå çàâèñèò îò
óïîðÿäî÷åíèÿ óçëîâ â íàáîðå, ïî êîòîðîìó îíà ïîñòðîåíà.

Ñâîéñòâî 4. Íåïðåðûâíîñòü.

Ðàçäåëåííàÿ ðàçíîñòü f (xi, xi+1, . . . , xi+k−1, xi+k) ÿâëÿåòñÿ
íåïðåðûâíîé ïî ñîâîêóïíîñòè ïåðåìåííûõ ôóíêöèåé k + 1-õ
ïåðåìåííûõ.

Ñâîéñòâî 5. Äèôôåðåíöèðóåìîñòü.

Ïóñòü f ∈ C(k+2) ([a, b]). Òîãäà

d
dxf(x, xi, xi+1, . . . , xi+k) =

= f(x, x, xi, xi+1, . . . , xi+k).
(6.51)



Ñâîéñòâà ðàçäåëåííûõ ðàçíîñòåé ...
Äîêàçàòåëüñòâî.

d
dxf(x, xi, xi+1, . . . , xi+k)=

= limx̃→x
f (x̃,xi,xi+1,...,xi+k)−f (x,xi,xi+1,...,xi+k)

x̃−x =|(ñâ.3)

= limx̃→x
f (x̃,xi,xi+1,...,xi+k)−f (xi,xi+1,...,xi+k,x)

x̃−x =|(ñâ.1,îïð.)

= limx̃→x f(x̃, xi, xi+1, . . . , xi+k, x)=|(ñâ.4)

=f(x, xi, xi+1, . . . , xi+k, x)=|(ñâ.3)

=f(x, x, xi, xi+1, . . . , xi+k)

□ Ñâîéñòâî äîêàçàíî.

Ñëåäñòâèå. Ïóñòü f ∈ C(k+3) ([a, b]). Òîãäà

d2

dx2 f(x, xi, xi+1, . . . , xi+k) =
= 2f(x, x, x, xi, xi+1, . . . , xi+k).

(6.52)



6.7. Èíòåðïîëÿöèÿ ñ êðàòíûìè óçëàìè

Ïîñòàíîâêà çàäà÷è

Ïóñòü f ∈ C(n+1) ([a, b]), [a, b] ⊂ D[f ] (n = m1 +m2 + . . .+ms − 1) è
x1, x2, . . . , xs ∈ [a, b]: xi ̸= xj ∀i ̸= j.

f(x1), f
′(x1), f

′′(x1), . . . , f
(m1−1)(x1);

f(x2), f
′(x2), f

′′(x2), . . . , f
(m2−1)(x2);

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
f(xs), f

′(xs), f
′′(xs), . . . , f

(ms−1)(xs).

(6.53)

Òðåáóåòñÿ ïîñòðîèòü ìíîãî÷ëåí Ln(x) ñòåïåíè n, êîòîðûé
óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

Ln(x1)=f(x1), Ln
′(x1)=f

′(x1), . . ., Ln
(m1−1)(x1)=f

(m1−1)(x1);

Ln(x2)=f(x2), Ln
′(x2)=f

′(x2), . . ., Ln
(m2−1)(x2)=f

(m2−1)(x2);
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Ln(xs)=f(xs), Ln

′(xs)=f
′(xs), . . ., Ls

(ms−1)(xs)=f
(ms−1)(xs).

(6.54)



Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è
÷èñëåííîé èíòåðïîëÿöèè ñ êðàòíûìè óçëàìè

Òåîðåìà 6.5.

Ñóùåñòâóåò åäèíñòâåííûé ìíîãî÷ëåí Ln(x) ñòåïåíè n, êîòîðûé
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (6.53),(6.54).

Äîêàçàòåëüñòâî.

Åäèíñòâåííîñòü

Îò ïðîòèâíîãî. Ïóñòü ñóùåñòâóåò äâà ðàçëè÷íûõ ìíîãî÷ëåíà
Pn(x) è Ln(x) (Pn(x) ̸= Ln(x)) ñòåïåíè n, êîòîðûå ÿâëÿþòñÿ
ðåøåíèÿìè çàäà÷è (6.54). Òîãäà ìîæíî ïîñòðîèòü
âñïîìîãàòåëüíûé ìíîãî÷ëåí Sn(x) = Pn(x)− Ln(x), äëÿ êîòîðîãî
óçëû x1, x2, . . . , xs ÿâëÿþòñÿ êîðíÿìè êðàòíîñòåé m1,m2, . . . ,ms

ñîîòâåòñòâåííî. Òàêèì îáðàçîì, ìíîãî÷ëåí Sn(x) ñòåïåíè n èìååò
n+ 1 êîðíåé ñ ó÷åòîì èõ êðàòíîñòåé (n+ 1 = m1 +m2 + . . .+ms).
Âîçíèêàåò ïðîòèâîðå÷èå.
Ñëåäîâàòåëüíî, Sn(x) ≡ 0, òî åñòü Pn(x) ≡ Ln(x).



Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è ...
Ñóùåñòâîâàíèå

Äëÿ ïîñòðîåíèÿ ìíîãî÷ëåíà Ln(x) ñòåïåíè n, êîòîðûé ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è (6.54), ïðåäëàãàåòñÿ ñëåäóþùàÿ ïðîöåäóðà.
Äëÿ êàæäîãî èç óçëîâ xi (i = 1, 2, . . . , s) ñòðîèòñÿ
îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî íàáîðîâ ðàçëè÷íûõ óçëîâ xεij
(j = 1, 2, . . . ,mi, ε ∈ R):

xεij=xi±ε(j − 1)
∀i = 1, 2, . . . , s ∀j = 1, 2, . . . ,mi

(6.55)

ãäå

0 < ε < ε̄, ε̄ =
1

2m̄
min

i,j=1,2,...,s:i ̸=j
|xi − xj |, m̄ = max

i=1,2,...,s
mi. (6.56)

Î÷åâèäíî, ÷òî â ñèëó (6.56)

xεij ∈ [a, b] ∀0 < ε < ε̄ ∀i = 1, 2, . . . , s ∀j = 1, 2, . . . ,mi

ïðè ïîäõîäÿùåì âûáîðå çíàêà â ïðàâîé ÷àñòè âûðàæåíèÿ (6.55) è

lim
ε→0

xεij = xi ∀i = 1, 2, . . . , s ∀j = 1, 2, . . . ,mi.



Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è ...
Ñ÷èòàÿ óçëû xεij (i = 1, 2, . . . , s j = 1, 2, . . . ,mi) îäíîêðàòíûìè, äëÿ
ôóíêöèè f äëÿ ëþáîãî 0 < ε < ε̄ ïî ôîðìóëå (6.41) ìîæíî
ïîñòðîèòü èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà Lε

n(x) ñòåïåíè
n = m1 +m2 + . . .+ms − 1:

Lε
n(x)=f(x

ε
11)+f(x

ε
11, x

ε
12)(x−xε11)+. . .+

+f(xε11, . . ., x
ε
1m1

)Πm1−1
j=1 (x−xε1j)+

+f(xε11, . . ., x
ε
1m1

, xε21)Π
m1
j=1(x−xε1j)+

+f(xε11, . . ., x
ε
1m1

, xε21, x
ε
22)
(
Πm1

j=1(x−xε1j)
)
(x−xε21)+. . .+

+f(xε11, . . ., x
ε
1m1

, xε21, . . ., x
ε
2m2

)Πm1
j=1(x−xε1j)Π

m2−1
j=1 (x−xε2j)+

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
+f(xε11, . . ., x

ε
21, . . ., x

ε
s1, . . ., x

ε
sms

)Πm1
j=1(x−xε1j). . .Π

ms−1
j=1 (x−xεsj).

(6.57)



Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è ...
Ïåðåõîä â îáåèõ ÷àñòÿõ ðàâåíñòâà (6.57) ê ïðåäåëó ïðè ε→ 0,
ó÷èòûâàÿ ñâîéñòâà ðàçäåëåííûõ ðàçíîñòåé ñ êðàòíûìè óçëàìè
äëÿ äîñòàòî÷íî ãëàäêîé ôóíêöèè f , ïðèâîäèò ê âûðàæåíèþ

Ln(x)=f(x1)+f(x1, x1)(x−x1)+. . .+f(x1, . . ., x1︸ ︷︷ ︸
m1

)(x−x1)m1−1+

+f(x1, . . ., x1︸ ︷︷ ︸
m1

, x2)(x−x1)m1+

+f(x1, . . ., x1︸ ︷︷ ︸
m1

, x2, x2)(x−x1)m1(x−x2)+. . .+

+f(x1, . . ., x1︸ ︷︷ ︸
m1

, x2, . . ., x2︸ ︷︷ ︸
m2

)(x−x1)m1(x−x2)m2−1+

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
+f(x1, . . ., x1︸ ︷︷ ︸

m1

, x2, . . ., x2︸ ︷︷ ︸
m2

, . . ., xs, . . ., xs︸ ︷︷ ︸
ms

)·

·(x−x1)m1 . . .(x−xs−1)
ms−1(x−xs)ms−1.

(6.58)



Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è ...
Ìíîãî÷ëåí Ln(x), çàäàâàåìûé âûðàæåíèåì (6.58), ðåøàåò çàäà÷ó
÷èñëåííîé èíòåðïîëÿöèè (6.53), (6.54). Äåéñòâèòåëüíî, ñ ó÷åòîì
ãëàäêîñòè ôóíêöèè f è ñâîéñòâà 1 ðàçäåëåííûõ ðàçíîñòåé ñ
êðàòíûìè óçëàìè, ïîäñòàíîâêà x1 â ïðàâóþ ÷àñòü âûðàæåíèÿ
(6.58) è åå ïðîèçâîäíûå äî (m1−1)-ãî ïîðÿäêà ïðèâîäèò ê

Ln(x1)=f(x1),
Ln

′(x1)=f(x1, x1)=f
′(x1),

Ln
′′(x1)=2!f(x1, x1, x1)=2!

f ′′
(x1)
2! =f ′′(x1),

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
Ln

(m1−1)(x1)=(m1−1)!f(x1, . . ., x1︸ ︷︷ ︸
m1

)=(m1−1)!
f (m1−1)

(x1)
(m1−1)! =f (m1−1)(x1).

(6.59)
Àíàëîãè÷íûå (6.59) ðàâåíñòâà ìîæíî ïîëó÷èòü è äëÿ ëþáîãî èç
óçëîâ xk (k = 2, 3, . . . , s) ñ ó÷åòîì èõ êðàòíîñòè. Äëÿ ýòîãî
äîñòàòî÷íî óçëû x1 è xk ïîìåíÿòü ìåñòàìè è ïîâòîðèòü
ïðèâåäåííûå âûøå ðàññóæäåíèÿ.
□ Òåîðåìà äîêàçàíà.



Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ýðìèòà

Îïðåäåëåíèå 6.7.

Ïóñòü f ∈ C(n+1) ([a, b]) (n = m1 +m2 + . . .+ms − 1).
Èíòåðïîëÿöèîííûì ìíîãî÷ëåíîì Ýðìèòà, ïîñòðîåííûì ïî íàáîðó
äàííûõ (6.53), íàçûâàåòñÿ

Ln(x)=f(x1)+f
′(x1)(x−x1)+ 1

2f
′′(x1)(x−x1)2+. . .+

+ 1
(m1−1)!f

(m1−1)(x1)(x−x1)m1−1+

+f(x1, . . ., x1︸ ︷︷ ︸
m1

, x2)(x−x1)m1+

+f(x1, . . ., x1︸ ︷︷ ︸
m1

, x2, x2)(x−x1)m1(x−x2)+. . .+

+f(x1, . . ., x1︸ ︷︷ ︸
m1

, x2, . . ., x2︸ ︷︷ ︸
m2

)(x−x1)m1(x−x2)m2−1+

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
+f(x1, . . ., x1︸ ︷︷ ︸

m1

, x2, . . ., x2︸ ︷︷ ︸
m2

, . . ., xs, . . ., xs︸ ︷︷ ︸
ms

)·

·(x−x1)m1 . . .(x−xs−1)
ms−1(x−xs)ms−1.

(6.60)



Ïîãðåøíîñòü èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ýðìèòà

Ïîãðåøíîñòü èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ýðìèòà

Rn(x) = f(x, x1, . . ., x1︸ ︷︷ ︸
m1

, x2, . . ., x2︸ ︷︷ ︸
m2

, . . ., xs, . . ., xs︸ ︷︷ ︸
ms

)ωn(x), (6.61)

ωn(x) = (x−x1)m1(x−x2)m2 . . .(x−xs)ms , (6.62)

ãäå n = m1 +m2 + . . .+ms − 1.

Îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ýðìèòà

Ïóñòü f ∈ C(n+1) ([a, b]). Òîãäà

Rn(x) =
f (n+1)(ξ(x))

(n+ 1)!
ωn(x), (6.63)

|Rn(x)| ≤
Mn+1

(n+ 1)!
|ωn(x)| ∀x ∈ [a, b], (6.64)

ãäå ξ(x) ∈ [x, x1, x2, . . . , xs], Mn+1 = maxx∈[a,b] |f (n+1)(x)|.



ÏÐÈÌÅÐ

Ïóñòü x1, x2 ∈ [a, b] ⊂ D[f ]: f(x1), f
′(x1), f

′′(x1); f(x2), f
′(x2).



x1 f(x1)

f(x1, x1)

x1 f(x1) f(x1, x1, x1)

f(x1, x1) f(x1, x1, x1, x2)

x1 f(x1) f(x1, x1, x2) f(x1, x1, x1, x2, x2)

f(x1, x2) f(x1, x1, x2, x2)
x2 f(x2) f(x1, x2, x2)

f(x2, x2)
x2 f(x2)


Çäåñü f(x1, x1)=f

′(x1), f(x1, x1, x1)=
f ′′

(x1)
2 , f(x2, x2)=f

′(x2).

L4(x)=f(x1)+f
′(x1)(x−x1)+f

′′
(x1)
2 (x−x1)2+

+f(x1, x1, x1, x2)(x−x1)3+f(x1, x1, x1, x2, x2)(x−x1)3(x−x2)



6.8. Ñõîäèìîñòü èíòåðïîëÿöèîííîãî ïðîöåññà
Îïðåäåëåíèå 6.8.

Ïîä èíòåðïîëÿöèîííûì ïðîöåññîì ïîíèìàþò áåñêîíå÷íóþ
ôóíêöèîíàëüíóþ ïîñëåäîâàòåëüíîñòü, ýëåìåíòàìè êîòîðîé
ÿâëÿþòñÿ èíòåðïîëÿöèîííûå ìíîãî÷ëåíû Ëàãðàíæà Ln(x),
êàæäûé èç êîòîðûõ ïîñòðîåí ïî ñâîåìó íàáîðó óçëîâ

x
(n)
0 , x

(n)
1 , . . . , x

(n)
n ∈ [a, b] ⊂ D[f ], ãäå n→ ∞.

Ïóñòü f ∈ C ([a, b]). Òîãäà ìîæíî çàäàòü òàêóþ ñèñòåìó óçëîâ

{x(n)0 , x
(n)
1 , . . . , x

(n)
n }∞n=0, ÷òî èíòåðïîëÿöèîííûé ïðîöåññ áóäåò

ðàâíîìåðíî íà îòðåçêå [a, b] ñõîäèòüñÿ ê ôóíêöèè fa.

aÍàïðèìåð, äëÿ ïîñòðîåíèÿ òàêîé ñèñòåìû óçëîâ ìîãóò èñïîëüçîâàòüñÿ
êîðíè ìíîãî÷ëåíîâ ×åáûøåâà ðàçëè÷íûõ ñòåïåíåé.

Äëÿ ëþáîé ñèñòåìû óçëîâ {x(n)0 , x
(n)
1 , . . . , x

(n)
n }∞n=0 ìîæíî íà

îòðåçêå [a, b] çàäàòü òàêóþ ôóíêöèþ f , ÷òî èíòåðïîëÿöèîííûé
ïðîöåññ ê ýòîé ôóíêöèè f ñõîäèòüñÿ íå áóäåò.

⊠



▲14 6.9. Ïðèáëèæåííîå ðåøåíèå íåëèíåéíîãî
óðàâíåíèÿ ñ ïîìîùüþ èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà
Ëàãðàíæà

Ïîñòàíîâêà çàäà÷è

f ∈ C (D[f ]) ,D[f ] ⊆ R
f(x) = 0 (6.65)

ξ ∈ D[f ] : f(ξ) = 0 (6.66)

Êîðåíü óðàâíåíèÿ (6.65) ξ ∈ [a, b] ⊆ D[f ].

Ïóñòü ôóíêöèÿ f îáðàòèìà íà îòðåçêå [a, b] è çàäàí íàáîð äàííûõ

x0, x1, x2, . . . , xn ∈ [a, b] : xi ̸= xj ∀i ̸= j
y0, y1, y2, . . . , yn : yi = f(xi) ∀i = 0, 1, . . . , n

(6.67)

Ïî íàáîðó äàííûõ (6.67) äëÿ ôóíêöèè f−1 ìîæíî ïîñòðîèòü
èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà Ln(y). Òîãäà

ξ ≈ Ln(0) (6.68)



ÒÅÌÀ 7. ×èñëåííîå äèôôåðåíöèðîâàíèå

7.1. Ïîñòàíîâêà çàäà÷è

f ∈ C(1) (D[f ]) ,D[f ] ⊆ R

x0, x1, x2, . . . , xn ∈ [a, b] ⊆ D[f ] : xi ̸= xj ∀i ̸= j
y0, y1, y2, . . . , yn : yi = f(xi) ∀i = 0, 1, . . . , n

(7.1)

Òðåáóåòñÿ, èñïîëüçóÿ íàáîð äàííûõ (7.1), îïðåäåëèòü
ïðèáëèæåííîå çíà÷åíèå ïðîèçâîäíîé ôóíêöèè f â çàäàííîé òî÷êå
èç îáëàñòè åå îïðåäåëåíèÿ.

7.2. Àëãîðèòì ðåøåíèÿ (îïåðàöèÿ ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ)

f(x) = Ln(x) +Rn(x),
f ′(x) = Ln

′(x) +Rn
′(x),

f ′(x) ≈ Ln
′(x)

(7.2)



×èñëåííîå äèôôåðåíöèðîâàíèå ...

7.3. Ïîãðåøíîñòü ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ

Rn
′(x) =

d

dx
(f(x, x0, x1, . . . , xn)ωn(x)) (7.3)

Èç òîãî, ÷òî çíà÷åíèå Rn(x) ìàëî íå ñëåäóåò, ÷òî çíà÷åíèå Rn
′(x)

òàêæå ìàëî.

ÏÐÈÌÅÐ

Ïóñòü

φ(x) =
1

N
sin(N2x),

ãäå N ≫ 1.

φ′(x) = N cos(N2x).

Ýòîò ïðèìåð ñâèäåòåëüñòâóåò î íåóñòîé÷èâîñòè îïåðàöèè
÷èñëåííîãî äèôôåðåíöèðîâàíèÿ.



7.4. Ïîñòðîåíèå ôîðìóë ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ

f(x) = Ln(x) + f(x, x0, x1, . . . , xn)ωn(x)

Ïóñòü f ∈ C(n+2) (D[f ]). Òîãäà

Rn
′(x) = d

dx (f(x, x0, x1, . . . , xn)ωn(x)) =

=
(

d
dxf(x, x0, x1, . . . , xn)

)
ωn(x)+

+f(x, x0, x1, . . . , xn)
d
dxωn(x) =

= f(x, x, x0, x1, . . . , xn)ωn(x)+
+f(x, x0, x1, . . . , xn)

d
dxωn(x) =

=
f (n+2)

(ξ1(x))
(n+2)! ωn(x) +

f (n+1)
(ξ2(x))

(n+1)!
d
dxωn(x),

(7.4)

ãäå ξ1(x), ξ2(x) ∈ [x, x0, x1, . . . , xn].



Ïîñòðîåíèå ôîðìóë ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ

Ïóñòü f ∈ C(n+3) (D[f ]). Òîãäà

Rn
′′(x) = d2

dx2 (f(x, x0, x1, . . . , xn)ωn(x)) =

= d
dx [
(

d
dxf(x, x0, x1, . . . , xn)

)
ωn(x)+

+f(x, x0, x1, . . . , xn)
d
dxωn(x)] =

= d
dx [f(x, x, x0, x1, . . . , xn)ωn(x)+

+f(x, x0, x1, . . . , xn)
d
dxωn(x)] =

= f(x, x, x, x0, x1, . . . , xn)ωn(x)+
+2f(x, x, x0, x1, . . . , xn)

d
dxωn(x)+

+f(x, x0, x1, . . . , xn)
d2

dx2ωn(x) =

=
f (n+3)

(η1(x))
(n+3)! ωn(x)+2

f (n+2)
(η2(x))

(n+2)!
d
dxωn(x)+

f (n+1)
(η3(x))

(n+1)!
d2

dx2ωn(x),

(7.5)
ãäå η1(x), η2(x), η3(x) ∈ [x, x0, x1, . . . , xn].



Îöåíêè ïîãðåøíîñòåé ôîðìóë ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ

Ïóñòü f ∈ C(n+2) (D[f ]). Òîãäà

|Rn
′(x)| ≤ Mn+2

(n+ 2)!
|ωn(x)|+

Mn+1

(n+ 1)!
| d
dx
ωn(x)|. (7.6)

Ïóñòü f ∈ C(n+3) (D[f ]). Òîãäà

|Rn
′′(x)| ≤ Mn+3

(n+3)!
|ωn(x)|+2

Mn+2

(n+2)!
| d
dx
ωn(x)|+

Mn+1

(n+1)!
| d

2

dx2
ωn(x)|.

(7.7)

Çäåñü

x ∈ [x0, x1, . . . , xn],

Mk = maxx∈[x0,x1,...,xn] |f
(k)(x)| (k = n+1, n+2, n+3)



Ôîðìóëà ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ ïî äâóì
óçëàì

Èñõîäíûå äàííûå

f ∈ C(3) ([a, b]) , [a, b] ⊆ D[f ]

x0, x1 ∈ [a, b] : x1 = x0 + h, h > 0
y0, y1 : yi = f(xi) ∀i = 0, 1

(7.8)

f(x) = f (x0) + f (x0, x1) (x− x0) + f(x, x0, x1)ω1(x)

Ôîðìóëà ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ

f ′(x) ≈ f (x0, x1) =
f(x0)− f(x1)

x0 − x1
(7.9)



Ïîãðåøíîñòü ôîðìóëû ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ ïî äâóì óçëàì

R1
′(x) = d

dx (f(x, x0, x1)ω1(x)) =

= f(x, x, x0, x1)ω1(x) + f(x, x0, x1)
d
dxω1(x) =

=
f (3)

(ξ1(x))
6 ω1(x) +

f (2)
(ξ2(x))
2

d
dxω1(x),

(7.10)

ãäå ξ1(x), ξ2(x) ∈ [x, x0, x1].

ω1(x) = (x− x0)(x− x1),

d
dxω1(x) = 2x− (x0 + x1)

maxx∈[x0,x1] |ω1(x)| = |ω1(
x0+x1

2 )| = h2

4 ,

maxx∈[x0,x1] | d
dxω1(x)| = | d

dxω1(xi)| = h, i = 0, 1.

(7.11)



×àñòíûå ñëó÷àè ïîãðåøíîñòè ôîðìóëû ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ ïî äâóì óçëàì

Ñëó÷àé I. Äèôôåðåíöèðîâàíèå íà ñåðåäèíó

Ïóñòü x = x0+x1

2 . Òîãäà, â ñèëó (7.10) è (7.11)

|R1
′(x)| = |f

(3)(ξ1(x))

6
||ω1(x)| ≤

M3

24
h2, (7.12)

ãäå M3 = maxx∈[x0,x1] |f
(3)(x)|.

Ñëó÷àé II. Äèôôåðåíöèðîâàíèå íà êðàé

Ïóñòü x = xi, i = 0, 1. Òîãäà, â ñèëó (7.10) è (7.11)

|R1
′(x)| = |f

(2)(ξ2(x))

2
|| d
dx
ω1(x)| ≤

M2

2
h, (7.13)

ãäå M2 = maxx∈[x0,x1] |f
(2)(x)|.



Íåóñòðàíèìàÿ ïîãðåøíîñòü ôîðìóëû ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ ïî äâóì óçëàì

Ïóñòü f(xi) ≈ f⋆i : Afi
⋆ = ε > 0 (i = 0, 1). Òîãäà

|f(x0, x1)−f⋆(x0, x1)|=|f (x0)−f (x1)
x0−x1

−f
⋆
0−f⋆1
x0−x1

|=

=|f (x0)−f⋆0
x0−x1

−f (x1)−f⋆1
x0−x1

|≤

≤ |f (x0)−f⋆0 |
h +

|f (x1)−f⋆1 |
h ≤

≤ ε
h+

ε
h=

2ε
h

Íåóñòðàíèìàÿ ïîãðåøíîñòü

Aí(h) =
2ε

h
(7.14)



Çàäà÷à îïðåäåëåíèÿ îïòèìàëüíîãî øàãà ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ ïî äâóì óçëàì

|f ′(x)−f⋆(x0, x1)|=|f ′(x)−f(x0, x1)+f(x0, x1)−f⋆(x0, x1)|≤

≤|f ′(x)−f(x0, x1)|+|f(x0, x1)−f⋆(x0, x1)|≤

≤Aì(h)+Aí(h)

Ïîëíàÿ ïîãðåøíîñòü

Aï(h) = Aì(h)+Aí(h) (7.15)

Ïîñòàíîâêà çàäà÷è

Aï(h) → min
h≥0

(7.16)



ÏÐÈÌÅÐ: Îïòèìàëüíûé øàã ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ íà ñåðåäèíó

Ïóñòü f ∈ C(3) ([x0, x1]): M3 = maxx∈[x0,x1] |f
(3)(x)| > 0, x = x0+x1

2 .

Çäåñü Aì(h) =
M3

24 h
2.

Ïîñòàíîâêà çàäà÷è

Aï(h) =
M3

24
h2 +

2ε

h
→ min

h≥0
(7.17)

Aï(h) � ñòðîãî-âûïóêëàÿ íà (0,+∞) ôóíêöèÿ.

A
′

ï(h
⋆) =

M3

12
h⋆ − 2ε

(h⋆)2
= 0

Îïòèìàëüíûé øàã

h⋆ =

(
24ε

M3

) 1
3

(7.18)

⊠



▲15. ÒÅÌÀ 8. ×èñëåííîå èíòåãðèðîâàíèå

8.1. Ïîñòàíîâêà çàäà÷è

Ïóñòü ôóíêöèÿ f îãðàíè÷åíà íà îòðåçêå [a, b] ⊆ D[f ].

x0, x1, x2, . . . , xn ∈ [a, b] : xi ̸= xj ∀i ̸= j
y0, y1, y2, . . . , yn : yi = f(xi) ∀i = 0, 1, . . . , n

I[f ] =
∫ b

a
f(x)dx

(8.1)

8.2. Àëãîðèòì ðåøåíèÿ (îïåðàöèÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ)

f(x) = Ln(x) +Rn(x),

I[f ] ≈
∫ b

a
Ln(x)dx

(8.2)

8.3. Ïîãðåøíîñòü ÷èñëåííîãî èíòåãðèðîâàíèÿ

Rn[f ] =

∫ b

a

Rn(x)dx =

∫ b

a

f(x, x0, x1, . . . , xn)ωn(x)dx, (8.3)

ãäå ωn(x) = (x− x0)(x− x1) . . . (x− xn).



8.4. Êâàäðàòóðíûå ôîðìóëû ÷èñëåííîãî
èíòåãðèðîâàíèÿ

∫ b

a
Ln(x)dx =

∫ b

a

∑n
k=0 f(xk)Π

n
i=0,i̸=k

x−xi

xk−xi
dx =

=
∑n

k=0 f(xk)
∫ b

a
Πn

i=0,i̸=k
x−xi

xk−xi
dx =

=
∑n

k=0Akf(xk)

Ak =

∫ b

a

Πn
i=0,i̸=k

x− xi
xk − xi

dx, k = 0, 1, 2, . . . , n (8.4)

Êâàäðàòóðíàÿ ñóììà

Sn[f ] =

n∑
k=0

Akf(xk), (8.5)

ãäå Ak ∈ R � êâàäðàòóðíûå êîýôôèöèåíòû, xk � êâàäðàòóðíûå
óçëû (k = 0, 1, 2, . . . , n).



Êâàäðàòóðíûå ôîðìóëû ...
Îïðåäåëåíèå 8.1.

Ôîðìóëà ÷èñëåííîãî èíòåãðèðîâàíèÿ

I[f ] ≈ Sn[f ] (8.6)

íàçûâàåòñÿ êâàäðàòóðíîé, åñëè åå êîýôôèöèåíòû Ak è óçëû xk
(k=0, 1, 2, . . ., n) íå çàâèñÿò îò ôóíêöèè f .

Îïðåäåëåíèå 8.2.

Êâàäðàòóðíàÿ ôîðìóëà (8.6) íàçûâàåòñÿ èíòåðïîëÿöèîííîé, åñëè
åå êîýôôèöèåíòû Ak (k=0, 1, 2, . . ., n) âû÷èñëÿþòñÿ ïî ôîðìóëå
(8.4).

ÏÐÈÌÅÐ. f ∈ C ([a, b]). Ôîðìóëà (ñì. Òåîðåìó î ñðåäíåì)∫ b

a

f(x)dx = (b− a)f(c), c ∈ [a, b]

íå ÿâëÿåòñÿ êâàäðàòóðíîé27.

27Ïîÿñíèòü ñàìîñòîÿòåëüíî.



Õàðàêòåðèñòè÷åñêîå ñâîéñòâî èíòåðïîëÿöèîííîé
êâàäðàòóðíîé ôîðìóëû

Òåîðåìà 8.1. Êðèòåðèé èíòåðïîëÿöèîííîñòè êâàäðàòóðíîé
ôîðìóëû

Äëÿ òîãî, ÷òîáû êâàäðàòóðíàÿ ôîðìóëà (8.6) áûëà
èíòåðïîëÿöèîííîé íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíà áûëà
òî÷íà äëÿ ëþáîãî ìíîãî÷ëåíà ñòåïåíè n è íèæå, òî åñòü

I[Pn] = Sn[Pn] ∀Pn(x). (8.7)

Äîêàçàòåëüñòâî.

Íåîáõîäèìîñòü

Ïóñòü êâàäðàòóðíàÿ ôîðìóëà (8.6) ÿâëÿåòñÿ èíòåðïîëÿöèîííîé.
Òðåáóåòñÿ äîêàçàòü, ÷òî îíà òî÷íà äëÿ ëþáîãî ìíîãî÷ëåíà Pn(x)
ñòåïåíè n.



Õàðàêòåðèñòè÷åñêîå ñâîéñòâî ...
Äåéñòâèòåëüíî,

Sn[Pn] =
∑n

k=0AkPn(xk) =

=
∑n

k=0 Pn(xk)
∫ b

a
Πn

i=0,i̸=k
x−xi

xk−xi
dx =

=
∫ b

a

∑n
k=0 Pn(xk)Π

n
i=0,i̸=k

x−xi

xk−xi
dx =

=
∫ b

a
Pn(x)dx = I[Pn],

òàê êàê
∑n

k=0 Pn(xk)Π
n
i=0,i̸=k

x−xi

xk−xi
= Pn(x).

Äîñòàòî÷íîñòü

Ïóñòü êâàäðàòóðíàÿ ôîðìóëà (8.6) òî÷íà äëÿ ëþáîãî ìíîãî÷ëåíà
Pn(x) ñòåïåíè n. Òðåáóåòñÿ äîêàçàòü, ÷òî åå êîýôôèöèåíòû Ak

(k=0, 1, 2, . . ., n) âû÷èñëÿþòñÿ ïî ôîðìóëå (8.4).



Õàðàêòåðèñòè÷åñêîå ñâîéñòâî ...

Â ÷àñòíîñòè, ôîðìóëà (8.6) òî÷íà äëÿ âñåõ ìíîãî÷ëåíîâ

Q
(j)
n (x) = Πn

i=0,i̸=j
x−xi

xj−xi
(j = 0, 1, 2, . . . , n). Ñëåäîâàòåëüíî,

∫ b

a

Q(j)
n (x)dx =

n∑
k=0

AkQ
(j)
n (xk) = Aj ,

ïîñêîëüêó

Q
(j)
n (xk) = δjk =

{
0, j ̸= k
1, j = k

∀j = 0, 1, 2, . . . , n.

Òàêèì îáðàçîì, êîýôôèöèåíòû Ak (k=0, 1, 2, . . ., n) êâàäðàòóðíîé
ôîðìóëû (8.6) âû÷èñëÿþòñÿ ïî ôîðìóëå (8.4), òî åñòü
êâàäðàòóðíàÿ ôîðìóëà (8.6) ÿâëÿåòñÿ èíòåðïîëÿöèîííîé.

□ Òåîðåìà äîêàçàíà.



Àëãåáðàè÷åñêàÿ ñòåïåíü òî÷íîñòè êâàäðàòóðíîé
ôîðìóëû

Îïðåäåëåíèå 8.3.

Àëãåáðàè÷åñêîé ñòåïåíüþ òî÷íîñòè êâàäðàòóðíîé ôîðìóëû (8.6)
íàçûâàåòñÿ íåîòðèöàòåëüíîå öåëîå ÷èñëî N òàêîå, ÷òî

1 Ôîðìóëà (8.6) òî÷íà äëÿ ëþáîãî ìíîãî÷ëåíà PN (x);

2 Ñóùåñòâóåò ìíîãî÷ëåí QN+1(x), äëÿ êîòîðîãî ôîðìóëà (8.6)
íå òî÷íà, òî åñòü I[QN+1] ̸= Sn[QN+1].

Èç õàðàêòåðèñòè÷åñêîãî ñâîéñòâà èíòåðïîëÿöèîííîé
êâàäðàòóðíîé ôîðìóëû (òåîðåìû 8.1) ñëåäóåò, ÷òî, åñëè
êâàäðàòóðíàÿ ôîðìóëà (8.6) ÿâëÿåòñÿ èíòåðïîëÿöèîííîé, òî åå
àëãåáðàè÷åñêàÿ ñòåïåíü òî÷íîñòè N ≥ n, ãäå n+ 1 � êîëè÷åñòâî
óçëîâ, ïî êîòîðûì ôîðìóëà (8.6) ïîñòðîåíà.



Ïðèìåðû èíòåðïîëÿöèîííûõ êâàäðàòóðíûõ ôîðìóë
Ñëó÷àé n = 0: x0 ∈ [a, b]. Ôîðìóëà ïðÿìîóãîëüíèêîâ.

I[f ] ≈ S0[f ] = (b− a)f(x0) (8.8)

Åñëè x0 = a, òî ôîðìóëà (8.8) íàçûâàåòñÿ ôîðìóëîé ëåâûõ
ïðÿìîóãîëüíèêîâ, äëÿ êîòîðîé N = 0 (ñì. ðèñ. 11(I));
Åñëè x0 = b, òî ôîðìóëà (8.8) íàçûâàåòñÿ ôîðìóëîé ïðàâûõ
ïðÿìîóãîëüíèêîâ, äëÿ êîòîðîé N = 0 (ñì. ðèñ. 11(II));

Ðèñ. 11: Ôîðìóëû ëåâûõ (I) è ïðàâûõ (II) ïðÿìîóãîëüíèêîâ.
Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ.



Ïðèìåðû èíòåðïîëÿöèîííûõ êâàäðàòóðíûõ ôîðìóë

Åñëè x0 = a+b
2 , òî ôîðìóëà (8.8) íàçûâàåòñÿ ôîðìóëîé

ñðåäíèõ ïðÿìîóãîëüíèêîâ, äëÿ êîòîðîé N = 1 (ñì. ðèñ. 12).

Ðèñ. 12: Ôîðìóëà ñðåäíèõ ïðÿìîóãîëüíèêîâ. Ãåîìåòðè÷åñêàÿ
èíòåðïðåòàöèÿ.



Ïðèìåðû èíòåðïîëÿöèîííûõ êâàäðàòóðíûõ ôîðìóë
Ñëó÷àé n = 1: x0 = a, x1 = b. Ôîðìóëà òðàïåöèé.

I[f ] ≈ S1[f ] =
b− a

2
(f(a) + f(b)) (8.9)

Àëãåáðàè÷åñêàÿ ñòåïåíü òî÷íîñòè N = 1 (ñì. ðèñ. 13)

Ðèñ. 13: Ôîðìóëà òðàïåöèé. Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ.



Ïðèìåðû èíòåðïîëÿöèîííûõ êâàäðàòóðíûõ ôîðìóë ...

Ñëó÷àé n = 2: x0 = a, x1 = a+b
2 , x2 = b. Ôîðìóëà Ñèìïñîíà.

I[f ] ≈ S2[f ] = A0f(a) +A1f(
a+ b

2
) +A2f(b) (8.10)

Ïðåäëàãàåòñÿ, èñïîëüçóÿ õàðàêòåðèñòè÷åñêîå ñâîéñòâî
èíòåðïîëÿöèîííîé êâàäðàòóðíîé ôîðìóëû (òåîðåìó 8.1),
îïðåäåëèòü â êâàäðàòóðíîé ôîðìóëå (8.10) çíà÷åíèÿ åå
êîýôôèöèåíòîâ A0, A1, A2 òàê, ÷òîáû ôîðìóëà (8.10) èìåëà
íàèáîëüøóþ àëãåáðàè÷åñêóþ ñòåïåíü òî÷íîñòè.
Èç òðåáîâàíèÿ òî÷íîñòè ôîðìóëû (8.10) äëÿ ìíîãî÷ëåíîâ
ñòåïåíåé 0, 1, 2: Q0(x) ≡ 1, Q1(x) = x− a, Q2(x) = (x− a)2

âîçíèêàåò ñëåäóþùàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé îòíîñèòåëüíî A0, A1, A2:

A0 + A1 + A2 = b− a
b−a
2 A1 + (b− a)A2 = (b−a)2

2

( b−a
2 )2A1 + (b− a)2A2 = (b−a)3

3

(8.11)



Ïðèìåðû èíòåðïîëÿöèîííûõ êâàäðàòóðíûõ ôîðìóë ...
Ðåøåíèåì ñèñòåìû (8.11) ÿâëÿåòñÿ:

A0 =
b− a

6
, A1 =

4(b− a)

6
, A2 =

b− a

6
.

Ïîñêîëüêó óêàçàííûå âûøå ìíîãî÷ëåíû Q0(x), Q1(x), Q2(x)
îáðàçóþò áàçèñ â ïðîñòðàíñòâå ìíîãî÷ëåíîâ ñòåïåíè íå âûøå
âòîðîé, à îïðåäåëåííûé èíòåãðàë I[f ] è êâàäðàòóðíàÿ ñóììà Sn[f ]
(ñì. (8.5)) îáëàäàþò ñâîéñòâàìè ëèíåéíîñòè è îäíîðîäíîñòè

∀α, β ∈ R, ∀f, g

I[αf + βg] = αI[f ] + βI[g], Sn[αf + βg] = αSn[f ] + βSn[g],

òî êâàäðàòóðíàÿ ôîðìóëà

I[f ] ≈ S2[f ] =
b− a

6
f(a) +

4(b− a)

6
f(
a+ b

2
) +

b− a

6
f(b) (8.12)

òî÷íà äëÿ ëþáîãî ìíîãî÷ëåíà âòîðîé ñòåïåíè. Ñëåäîâàòåëüíî, â
ñèëó òåîðåìû 8.1, ýòà ôîðìóëà ÿâëÿåòñÿ èíòåðïîëÿöèîííîé.



Ïðèìåðû èíòåðïîëÿöèîííûõ êâàäðàòóðíûõ ôîðìóë ...
Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè çíà÷åíèé îïðåäåëåííîãî
èíòåãðàëà è êâàäðàòóðíîé ñóììû â (8.12) íåñëîæíî óáåäèòüñÿ,
÷òî ôîðìóëà (8.12) òî÷íà äëÿ ìíîãî÷ëåíà Q3(x) = (x− a)3 è
íåòî÷íà, íàïðèìåð, äëÿ ìíîãî÷ëåíà Q4(x) = (x− a)4.
Ñëåäîâàòåëüíî, åå àëãåáðàè÷åñêàÿ ñòåïåíü òî÷íîñòè N = 3.28

Òàêèì îáðàçîì, èíòåðïîëÿöèîííàÿ êâàäðàòóðíàÿ ôîðìóëà
Ñèìïñîíà èìååò âèä

I[f ] ≈ S2[f ] =
b− a

6

(
f(a) + 4f(

a+ b

2
) + f(b)

)
(8.13)

Àëãåáðàè÷åñêàÿ ñòåïåíü òî÷íîñòè N = 3, ãäå N > n = 2.

28Áîëåå èçÿùíûì ñïîñîáîì ïîêàçàòü, ÷òî ôîðìóëà (8.12) íå òî÷íà äëÿ
ìíîãî÷ëåíîâ ÷åòâåðòîé ñòåïåíè, ÿâëÿåòñÿ ñëåäóþùèé. Ðàññìîòðèì

Q2(x) = (x− a+b
2

)2 è Q
(α)
4 (x) = α(x− a+b

2
)4, ãäå α ∈ R. Çäåñü ∀α

Q2(
a+b
2

) = Q
(α)
4 (a+b

2
) = 0 è Q2(a) = Q2(b), Q

(α)
4 (a) = Q

(α)
4 (b). Ïðè ýòîì

∃!α⋆ > 0: Q2(a) = Q
(α⋆)
4 (a) è Q2(b) = Q

(α⋆)
4 (b). Â ñèëó (8.12),

S2[Q2] = S2[Q
(α⋆)
4 ]. Îäíàêî, î÷åâèäíî (ñì. ðèñ. 14), ÷òî I[Q2] ̸= I[Q

(α⋆)
4 ].



Ïðèìåðû èíòåðïîëÿöèîííûõ êâàäðàòóðíûõ ôîðìóë ...

Ðèñ. 14: Ãðàôèêè ìíîãî÷ëåíîâ Q2(x) è Q
(α⋆)
4 (x), x ∈ [a, b].



Ôîðìóëû Íüþòîíà-Êîòåñà
Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ

×èñëåííàÿ ïðîöåäóðà ïîñòðîåíèÿ êâàäðàòóðíîé ôîðìóëû,
èìåþùóþ íàèáîëüøóþ àëãåáðàè÷åñêóþ ñòåïåíü òî÷íîñòè, â
îñíîâó êîòîðîé ïîëîæåíî õàðàêòåðèñòè÷åñêîå ñâîéñòâî
èíòåðïîëÿöèîííîé êâàäðàòóðíîé ôîðìóëû (òåîðåìà 8.1),
íàçûâàþò ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ.

Ñëó÷àé n = 3: x0 = a, x1 = a+ b−a
3 , x2 = a+ 2(b−a)

3 , x3 = b.

Ñîîòâåòñòâóþùàÿ ýòîìó ñëó÷àþ èíòåðïîëÿöèîííàÿ êâàäðàòóðíàÿ
ôîðìóëà íàçûâàåòñÿ ôîðìóëîé " 3

8 -ûõ"
a.

aÏîñòðîèòü ñàìîñòîÿòåëüíî, èñïîëüçóÿ ìåòîä íåîïðåäåëåííûõ
êîýôôèöèåíòîâ.

Îïðåäåëåíèå 8.4.

Èíòåðïîëÿöèîííûå êâàäðàòóðíûå ôîðìóëû, ïîñòðîåííûå äëÿ
íàáîðîâ ðàâíîîòñòîÿùèõ ñîñåäíèõ óçëîâ, íàçûâàþòñÿ ôîðìóëàìè
Íüþòîíà-Êîòåñà.



Ïîãðåøíîñòü èíòåðïîëÿöèîííîé êâàäðàòóðíîé
ôîðìóëû

Â ñèëó (8.2) è (8.3)

Rn[f ] =

∫ b

a

Rn(x)dx =

∫ b

a

f(x, x0, x1, . . . , xn)ωn(x)dx.

Îöåíêà ïîãðåøíîñòè

Ïóñòü f ∈ C(n+1) ([a, b]). Òîãäà

|Rn[f ]| ≤
∫ b

a
|Rn(x)|dx =

∫ b

a
|f(x, x0, x1, . . . , xn)||ωn(x)|dx =

=
∫ b

a
|f (n+1)

(ξ(x))|
(n+1)! |ωn(x)|dx ≤

≤ Mn+1

(n+1)!

∫ b

a
|ωn(x)|dx,

(8.14)

ãäå ξ(x) ∈ [x, x0, x1, . . . , xn], Mn+1 = maxx∈[a,b] |f (n+1)(x)|.



Îöåíêè ïîãðåøíîñòåé íåêîòîðûõ ôîðìóë
Íüþòîíà-Êîòåñà

Ôîðìóëà ñðåäíèõ ïðÿìîóãîëüíèêîâ

R0[f ] =

∫ b

a

f(x,
a+ b

2
)(x− a+ b

2
)dx (8.15)

∫ b

a

|x− a+b

2
|dx = 2

∫ b

a+b
2

(
x− a+b

2

)
dx =

2
(
x− a+b

2

)2
2

|ba+b
2

=
(b− a)2

4

Ïóñòü f ∈ C(1) ([a, b]). Òîãäà

|R0[f ]| ≤
M1

4
(b− a)2, (8.16)

ãäå M1 = maxx∈[a,b] |f ′(x)|.



Îöåíêè ïîãðåøíîñòåé ...
Ôîðìóëà òðàïåöèé

R1[f ] =

∫ b

a

f(x, a, b)(x− a)(x− b)dx (8.17)

∫ b

a
|(x− a)(x− b)|dx = −

∫ b

a
(x− a)(x− b)dx∫ b

a
(x− a)(x− b)dx = 1

2

∫ b

a
(x− a)((x− b)2)

′
dx =

= − 1
2

∫ b

a
(x− b)2dx = − (x−b)3

6 |ba = − (b−a)3

6

Ïóñòü f ∈ C(2) ([a, b]). Òîãäà

|R1[f ]| ≤
M2

12
(b− a)3, (8.18)

ãäå M2 = maxx∈[a,b] |f ′′(x)|.

⊠



▲16. 8.5. Îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîé
êâàäðàòóðíîé ôîðìóëû äëÿ ñëó÷àÿ N > n

Ïóñòü QN (x) � èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ýðìèòà,
ïîñòðîåííûé äëÿ ôóíêöèè f ïî íàáîðó êðàòíûõ óçëîâ
x0, x1, x2, . . . , xn ∈ [a, b].
Ïîñêîëüêó I[QN ] = Sn[QN ], òî

Rn[f ] = I[f ]− Sn[f ] = (I[f ]− I[QN ])− (Sn[f ]− Sn[QN ]) .

Îòêóäà, â ñèëó ñâîéñòâ ëèíåéíîñòè îïðåäåëåííîãî èíòåãðàëà è
êâàäðàòóðíîé ñóììû,

Rn[f ] = I[f −QN ]− Sn[f −QN ],

ãäå Sn[f −QN ] = 0, òàê êàê QN (xi) = f(xi) ∀i = 0, 1, . . . , n.

Rn[f ] = I[f −QN ] (8.19)

29

29Ôîðìóëà (8.19) ñïðàâåäëèâà äëÿ ëþáîãî èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà
Qm ñòåïåíè m ≤ N .



ÏÐÈÌÅÐ. Ôîðìóëà ñðåäíèõ ïðÿìîóãîëüíèêîâ

n = 0, x0 = a+b
2 , N = 1

Ïóñòü Q1(x) � èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ýðìèòà,
ïîñòðîåííûé ïî äâóêðàòíîìó óçëó x0 = a+b

2 , òî åñòü
Q1(x0) = f(x0), Q

′
1(x0) = f ′(x0).

Òîãäà, â ñèëó (8.19),

R0[f ] =
∫ b

a
f(x, a+b

2 , a+b
2 )(x− a+b

2 )2dx =

= f(η, a+b
2 , a+b

2 )
∫ b

a
(x− a+b

2 )2dx =
f ′′

(ξ)
2

(b−a)3

12 ,

ãäå f ∈ C(2) ([a, b]), η ∈ [a, b] (ñì. òåîðåìó î ñðåäíåì), ξ ∈ [a, b].

Îöåíêà ïîãðåøíîñòè

|R0[f ]| ≤
M2

24
(b− a)3, (8.20)

ãäå f ∈ C(2) ([a, b]), M2 = maxx∈[a,b] |f ′′(x)| a.

aÅñëè f ∈ C(1) ([a, b]), òî |R0[f ]| ≤ M1
4

(b− a)2, ãäå M1 = maxx∈[a,b] |f ′(x)|
(ñì. (8.16)).



Îöåíêà ïîãðåøíîñòè ôîðìóëû Ñèìïñîíà

n = 2, x0 = a, x1 = a+b
2 , x2 = b, N = 3

Ïóñòü Q3(x) � èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ýðìèòà,
ïîñòðîåííûé ïî íàáîðó óçëîâ x0, x1, x2, ãäå x1 = a+b

2 �
äâóêðàòíûé óçåë, òî åñòü Q3(x1) = f(x1), Q

′
3(x1) = f ′(x1).

Òîãäà, â ñèëó (8.19),

R2[f ] =
∫ b

a
(f(x)−Q3(x))dx =

=
∫ b

a
f(x, a, a+b

2 , a+b
2 , b)(x− a)(x− a+b

2 )2(x− b)dx =

= f(η, a, a+b
2 , a+b

2 , b)
∫ b

a
(x− a)(x− a+b

2 )2(x− b)dx =

= −f
(4)

(ξ)
4!

1
120 (b− a)5 = −f

(4)
(ξ)

2880 (b− a)5,

(8.21)

ãäå f ∈ C(4) ([a, b]), η ∈ [a, b] (ñì. òåîðåìó î ñðåäíåì), ξ ∈ [a, b].



Îöåíêà ïîãðåøíîñòè ôîðìóëû Ñèìïñîíà ...∫ b

a
(x− a)(x− a+b

2 )2(x− b)dx = 1
3

∫ b

a
(x− a)(x− b)d(x− a+b

2 )3 =

= − 1
3

∫ b

a
(2x− a− b)(x− a+b

2 )3dx = − 2
3

∫ b

a
(x− a+b

2 )4dx =

= − 2
3

(x− a+b
2 )

5

5 |ba = − 4
3·5
(
b−a
2

)5
= − 1

120 (b− a)
5

Èç (8.21) ñëåäóåò

Îöåíêà ïîãðåøíîñòè ôîðìóëû Ñèìïñîíà

Ïóñòü f ∈ C(4) ([a, b]). Òîãäà

|R2[f ]| ≤
M4

2880
(b− a)5, (8.22)

ãäå M4 = maxx∈[a,b] |f (4)(x)|.

30

30Åñëè f ∈ C(3) ([a, b]), òî

R2[f ] =
∫ b
a f(x, a, a+b

2
, b)(x− a)(x− a+b

2
)(x− b)dx = D(b− a)4.



8.6. Êâàäðàòóðíûé ïðîöåññ

Ñîçäàåòñÿ âïå÷àòëåíèå, ÷òî äëÿ òîãî, ÷òîáû óâåëè÷èòü òî÷íîñòü
êâàäðàòóðíîé ôîðìóëû íóæíî â íåé óâåëè÷èâàòü êîëè÷åñòâî
óçëîâ.

Îïðåäåëåíèå 8.5.

Ïóñòü çàäàíà ñèñòåìà óçëîâ x
(n)
0 , x

(n)
1 , . . . , x

(n)
n ∈ [a, b]. Ïîä

êâàäðàòóðíûì ïðîöåññîì äëÿ íåêîòîðîé ôóíêöèè f(x)
([a, b] ⊆ D[f ]) ïîíèìàþò ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü {Sn[f ]}∞n=0:

I[f ] ≈ Sn[f ] =
∑n

k=0A
(n)
k f(x

(n)
k ) ∀n ≥ 0.

Îïðåäåëåíèå 8.6.

Êâàäðàòóðíûé ïðîöåññ {Sn[f ]}∞n=0 äëÿ ôóíêöèè f íàçûâàåòñÿ
ñõîäÿùèìñÿ, åñëè

∃ lim
n→∞

Sn[f ] = I[f ].



Ñõîäèìîñòü êâàäðàòóðíîãî ïðîöåññà

Òåîðåìà 8.2. Êðèòåðèé ñõîäèìîñòè èíòåðïîëÿöèîííîãî
êâàäðàòóðíîãî ïðîöåññà

Äëÿ ñõîäèìîñòè èíòåðïîëÿöèîííîãî êâàäðàòóðíîãî ïðîöåññà äëÿ
ëþáîé íåïðåðûâíîé ôóíêöèè f íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

∃M > 0 : ∀n ≥ 0 ⇒
n∑

k=0

|A(n)
k | ≤M. (8.23)

Äîêàçàòåëüñòâî.

Íåîáõîäèìîñòüa.

aÁåðåçèí È.Ñ., Æèäêîâ Í.Ï. Ìåòîäû âû÷èñëåíèé. 1962.

Äîñòàòî÷íîñòü

Ïóñòü âûïîëíåíî óñëîâèå (8.23).
Çàôèêñèðóåì ôóíêöèþ f ∈ C ([a, b]).



Êðèòåðèé ñõîäèìîñòè èíòåðïîëÿöèîííîãî
êâàäðàòóðíîãî ïðîöåññà ...

Ïîñêîëüêó ïðîñòðàíñòâî ìíîãî÷ëåíîâ ïëîòíî â ïðîñòðàíñòâå
íåïðåðûâíûõ ôóíêöèé, òî

∀ε > 0 ∃Qm(ε) : max
x∈[a,b]

|f(x)−Qm(ε)(x)| < ε (8.24)

Òàê êàê ôîðìóëà I[f ] ≈ Sn[f ] ÿâëÿåòñÿ èíòåðïîëÿöèîííîé äëÿ
âñåõ n ≥ 0, òî, â ñèëó (8.7) (ñì. êðèòåðèé èíòåðïîëÿöèîííîñòè
êâàäðàòóðíîé ôîðìóëû), ýòà ôîðìóëà áóäåò òî÷íà äëÿ
ìíîãî÷ëåíà Qm(ε) äëÿ ëþáîãî n ≥ m(ε), òî åñòü

I[Qm(ε)] = Sn[Qm(ε)] ∀n ≥ m(ε) (8.25)

Ñëåäîâàòåëüíî, ó÷èòûâàÿ ëèíåéíîñòü îïðåäåëåííîãî èíòåãðàëà è
êâàäðàòóðíîé ñóììû, ∀n ≥ m(ε) ñïðàâåäëèâî ðàâåíñòâî

I[f ]− Sn[f ] =
(
I[f ]− I[Qm(ε)]

)
−
(
Sn[f ]− Sn[Qm(ε)]

)
=

= I[f −Qm(ε)]− Sn[f −Qm(ε)]
(8.26)



Êðèòåðèé ñõîäèìîñòè èíòåðïîëÿöèîííîãî
êâàäðàòóðíîãî ïðîöåññà ...

Òàêèì îáðàçîì, èç (8.24), (8.25), (8.26) ñëåäóåò, ÷òî ∀n ≥ m(ε)
ñïðàâåäëèâà îöåíêà

|I[f ]− Sn[f ]| ≤ |I[f −Qm(ε)]|+ |Sn[f −Qm(ε)]| =

= |
∫ b

a

(
f(x)−Qm(ε)(x)

)
dx|+

+|
∑n

k=0A
(n)
k

(
f(x

(n)
k )−Qm(ε)(x

(n)
k )
)
| ≤

≤
∫ b

a
|f(x)−Qm(ε)(x)|dx+

+
∑n

k=0 |A
(n)
k | · |f(x(n)k )−Qm(ε)(x

(n)
k )| ≤

≤ ε
∫ b

a
1dx+ ε

∑n
k=0 |A

(n)
k | ≤ ε ((b− a) +M) .

□ Òåîðåìà äîêàçàíà.



Êðèòåðèé ñõîäèìîñòè èíòåðïîëÿöèîííîãî
êâàäðàòóðíîãî ïðîöåññà ...

Ñëåäñòâèå

Åñëè A
(n)
k ≥ 0 ∀n ≥ 0 è ∀k = 0, 1, . . . , n, òî èíòåðïîëÿöèîííûé

êâàäðàòóðíûé ïðîöåññ äëÿ ëþáîé f ∈ C ([a, b]) ñõîäèòñÿ.

Äîêàçàòåëüñòâî. Ïîñêîëüêó èíòåðïîëÿöèîííàÿ êâàäðàòóðíàÿ
ôîðìóëà òî÷íà äëÿ Q0(x) ≡ 1, òî

n∑
k=0

|A(n)
k | =

n∑
k=0

A
(n)
k · 1 =

∫ b

a

1dx = b− a =M.

□ Ñëåäñòâèå äîêàçàíî.

Ïîñêîëüêó â ôîðìóëàõ Íüþòîíà-Êîòåñà, íà÷èíàÿ ñ n = 8, ñðåäè

êîýôôèöèåíòîâ A
(n)
k ïîÿâëÿþòñÿ îòðèöàòåëüíûå ÷èñëà è, áîëåå

òîãî, äëÿ ýòèõ ôîðìóë ïîñëåäîâàòåëüíîñòü {
∑n

k=0 |A
(n)
k |}∞n=0

ðàñõîäèòñÿ, òî ñ ïîìîùüþ ôîðìóë Íüþòîíà-Êîòåñà íåâîçìîæíî
âû÷èñëèòü I[f ] ñ çàðàíåå çàäàííîé òî÷íîñòüþ.



8.7. Ñîñòàâíûå êâàäðàòóðíûå ôîðìóëû

Ïóñòü x0, x1, . . . , xm � ðàçáèåíèå îòðåçêà èíòåãðèðîâàíèÿ [a, b] íà
m ýëåìåíòàðíûõ îòðåçêîâ [xi, xi+1] (i = 0, 1, . . . ,m− 1):

xi+1 = xi + h i = 0, 1, . . . ,m− 1 : x0 = a, h =
b− a

m
.

Ñîñòàâíàÿ êâàäðàòóðíàÿ ôîðìóëà

I[f ] =

∫ b

a

f(x)dx =

m−1∑
i=0

∫ xi+1

xi

f(x)dx ≈
m−1∑
i=0

Sn[f |xi, xi+1], (8.27)

ãäå Sn[f |xi, xi+1] � êâàäðàòóðíàÿ ñóììà äëÿ ôóíêöèè f , êîòîðàÿ
ïîñòðîåíà ïî n+ 1-îìó óçëó, ïðèíàäëåæàùèì îòðåçêó
ýëåìåíòàðíîìó [xi, xi+1] (i = 0, 1, . . . ,m− 1).



Ïðèìåðû ñîñòàâíûõ êâàäðàòóðíûõ ôîðìóë

Ðèñ. 15: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ñîñòàâíîé ôîðìóëû ñðåäíèõ
ïðÿìîóãîëüíèêîâ.



Ïðèìåðû ñîñòàâíûõ êâàäðàòóðíûõ ôîðìóë

Ñîñòàâíàÿ ôîðìóëà ñðåäíèõ ïðÿìîóãîëüíèêîâ

I[f ] ≈
m−1∑
i=0

hf(xi+ 1
2
) =

b− a

m

(
f(x 1

2
) + f(x 3

2
) + . . .+ f(x 2m−1

2
)
)
,

(8.28)
ãäå xi+ 1

2
= xi +

h
2 (i = 0, 1, . . . ,m− 1).

Ïóñòü f ∈ C(1) ([a, b]) è M1 = maxx∈[a,b] |f ′(x)|. Òîãäà (ñì. (8.16))

|Rm[f ]| ≤
∑m−1

i=0 |R0[f |xi, xi+1]| ≤
∑m−1

i=0
M1

4 h
2 =

= M1

4 h
∑m−1

i=0 h = M1

4 · b−a
m · (b− a) = M1(b−a)2

4m

Ïîãðåøíîñòü ñîñòàâíîé ôîðìóëû ñðåäíèõ ïðÿìîóãîëüíèêîâ

|Rm[f ]| ≤ M1

4
· (b− a)2

m
(8.29)



Ïðèìåðû ñîñòàâíûõ êâàäðàòóðíûõ ôîðìóë ...

Ïóñòü f ∈ C(2) ([a, b]) è M2 = maxx∈[a,b] |f ′′(x)|. Òîãäà (ñì. (8.20))

|Rm[f ]| ≤
∑m−1

i=0 |R0[f |xi, xi+1]| ≤

≤
∑m−1

i=0
M2

24 h
3 =

= M2

24 h
2
∑m−1

i=0 h = M2

24 · (b−a)2

m2 · (b− a) =

= M2

24 · (b−a)3

m2

Ïîãðåøíîñòü ñîñòàâíîé ôîðìóëû ñðåäíèõ ïðÿìîóãîëüíèêîâ

Åñëè f ∈ C(2) ([a, b]) è M2 = maxx∈[a,b] |f ′′(x)|, òî

|Rm[f ]| ≤ M2

24
· (b− a)3

m2
(8.30)



Ïðèìåðû ñîñòàâíûõ êâàäðàòóðíûõ ôîðìóë ...

Ñîñòàâíàÿ ôîðìóëà òðàïåöèé

I[f ] ≈
∑m−1

i=0
h
2 (f(xi) + f(xi+1)) =

= b−a
2m (f(x0) + 2f(x1) + . . .+ 2f(xm−1) + f(xm))

(8.31)

Èñïîëüçóÿ îöåíêó (8.18), àíàëîãè÷íî (8.29), (8.30) íåòðóäíî
ïîêàçàòü, ÷òî

Ïîãðåøíîñòü ñîñòàâíîé ôîðìóëû òðàïåöèé

Ïóñòü f ∈ C(2) ([a, b]) è M2 = maxx∈[a,b] |f ′′(x)|. Òîãäà

|Rm[f ]| ≤ M2

12
· (b− a)3

m2
(8.32)



Ïðèìåðû ñîñòàâíûõ êâàäðàòóðíûõ ôîðìóë ...

Ñîñòàâíàÿ ôîðìóëà Ñèìïñîíà

I[f ] ≈
∑m−1

i=0
h
6

(
f(xi) + 4f(xi+ 1

2
) + f(xi+1)

)
=

= b−a
6m [f(x0) + 4f(x 1

2
) + 2f(x1) + 4f(x 3

2
) + 2f(x2)+

+ . . .+ 2f(xm−1) + 4f(xm− 1
2
) + f(xm)],

(8.33)

Èñïîëüçóÿ îöåíêó (8.22), àíàëîãè÷íî (8.29), (8.30) íåòðóäíî
ïîêàçàòü, ÷òî

Ïîãðåøíîñòü ñîñòàâíîé ôîðìóëû Ñèìïñîíà

Ïóñòü f ∈ C(4) ([a, b]) è M4 = maxx∈[a,b] |f (4)(x)|. Òîãäà

|Rm[f ]| ≤ M4

2880
· (b− a)5

m4
(8.34)



Ñõîäèìîñòü êâàäðàòóðíîãî ïðîöåññà äëÿ ñîñòàâíûõ
êâàäðàòóðíûõ ôîðìóë

Â ñèëó (8.29), (8.30), ïðè m→ ∞

|Rm[f ]| ≤ M1

4 · (b−a)2

m → 0,

|Rm[f ]| ≤ M2

24 · (b−a)3

m2 → 0.

Âûâîä

Ñëåäîâàòåëüíî, êâàäðàòóðíûé ïðîöåññ äëÿ ñîñòàâíîé
êâàäðàòóðíîé ôîðìóëû ñðåäíèõ ïðÿìîóãîëüíèêîâ ñõîäèòñÿ.
Ó÷èòûâàÿ ñòðóêòóðó ïðàâûõ ÷àñòåé íåðàâåíñòâ (8.29) è (8.30),
ïîãðåøíîñòü ñîñòàâíîé êâàäðàòóðíîé ôîðìóëû ñðåäíèõ
ïðÿìîóãîëüíèêîâ ìîíîòîííî óìåíüøàåòñÿ ïðè óâåëè÷åíèè
êîëè÷åñòâà óçëîâ â ðàçáèåíèè îòðåçêà èíòåãðèðîâàíèÿ [a, b].

Àíàëîãè÷íûé âûâîä ìîæíî ñäåëàòü è äëÿ ñîñòàâíûõ
êâàäðàòóðíûõ ôîðìóë òðàïåöèé è Ñèìïñîíà íà îñíîâå
ñîîòâåòñòâóþùèõ îöåíîê (8.32) è (8.34) ýòèõ ôîðìóë.
⊠



▲17. 8.8. Ìåòîä Ðóíãå ïðàêòè÷åñêîé îöåíêè
ïîãðåøíîñòè ñîñòàâíîé êâàäðàòóðíîé ôîðìóëû

Ñîñòàâíàÿ ôîðìóëà Ñèìïñîíà

Åñëè f ∈ C(4) ([a, b]), òî ñ ó÷åòîì (8.21)

Rm[f ] =
∑m−1

i=0 R2[f |xi, xi+1] =

= −
∑m−1

i=0
f (4)

(ξi)
2880 h5 = − h4

2880

∑m−1
i=0 f (4)(ξi)h,

(8.35)

ãäå ξi ∈ [xi, xi+1] (i = 0, 1, . . . ,m− 1).

I[f (4)] =

∫ b

a

f (4)(x)dx =

m−1∑
i=0

f (4)(ξi)h+ εm(h), (8.36)

ãäå εm(h) → 0 ïðè m→ ∞ (h→ 0).

Ïóñòü c = − 1
2880

∫ b

a
f (4)(x)dx.



Ìåòîä Ðóíãå ïðàêòè÷åñêîé îöåíêè ïîãðåøíîñòè
ñîñòàâíîé ôîðìóëû Ñèìïñîíà ...

Òîãäà â ñèëó (8.35) è (8.36) ïîãðåøíîñòü ñîñòàâíîé ôîðìóëû
Ñèìïñîíà ìîæåò áûòü çàïèñàíà â âèäå

Rm[f ] = c · h4 + o(h4) (8.37)

Èç (8.37) ñëåäóåò, ÷òî

R2m[f ] = c ·
(
h

2

)4

+ o

((
h

2

)4
)

=

(
1

2

)4

· c · h4 + o(h4).

Ñëåäîâàòåëüíî, ñ òî÷íîñòüþ äî o(h4) ñïðàâåäëèâî

R2m[f ] ≈
(
1

2

)4

Rm[f ]. (8.38)
Îòêóäà

I[f ] = Sm[f ] +Rm[f ],
I[f ] = S2m[f ] +R2m[f ] ≈ S2m[f ] + 1

16Rm[f ],
(8.39)

ãäå Sk[f ] � êâàäðàòóðíàÿ ñóììà â ïðàâîé ÷àñòè ðàâåíñòâà (8.33),
êîòîðîå îïðåäåëÿåò ñîñòàâíóþ ôîðìóëó Ñèìïñîíà äëÿ k
ýëåìåíòàðíûõ îòðåçêîâ â ðàçáèåíèè îòðåçêà [a, b].



Ìåòîä Ðóíãå ïðàêòè÷åñêîé îöåíêè ïîãðåøíîñòè
ñîñòàâíîé ôîðìóëû Ñèìïñîíà ...

Èç (8.39) ñëåäóåò

Rm[f ] ≈ 16

15
(S2m[f ]− Sm[f ]) , (8.40)

Ó÷èòûâàÿ (8.38),

Ôîðìóëà Ðóíãå äëÿ ñîñòàâíîé ôîðìóëû Ñèìïñîíà

R2m[f ] ≈ 1

15
(S2m[f ]− Sm[f ]) . (8.41)



Ìåòîä Ðóíãå ïðàêòè÷åñêîé îöåíêè ïîãðåøíîñòè
ñîñòàâíîé ôîðìóëû Ñèìïñîíà ...

Èç (8.38) è (8.41) ìîæíî ïîëó÷èòü ïðèáëèæåííîå óñëîâèå
ñòàáèëèçàöèè âåëè÷èíû ïîãðåøíîñòè ñîñòàâíîé ôîðìóëû
Ñèìïñîíà

S4m[f ]− S2m[f ]

S2m[f ]− Sm[f ]
≈ R4m[f ]

R2m[f ]
≈ 1

16
. (8.42)

Åñëè óñëîâèå (8.42) äîñòàòî÷íî òî÷íî âûïîëíÿåòñÿ, òî
îòáðîøåííàÿ â ðàâåíñòâàõ (8.37) âåëè÷èíà o(h4) óæå íå èìååò
ïðèíöèïèàëüíîãî çíà÷åíèÿ â ñðàâíåíèè ñ ïîãðåøíîñòüþ R4m[f ].

Åñëè æå ïðè óâåëè÷åíèè m ñòàáèëèçàöèÿ íå ïðîèñõîäèò (óñëîâèå
(8.42) íå âûïîëíÿåòñÿ), òî èíòåãðèðóåìàÿ ôóíêöèÿ f íå ÿâëÿåòñÿ
äîñòàòî÷íî ãëàäêîé.



Ôîðìóëà Ðóíãå äëÿ ñîñòàâíîé ôîðìóëû òðàïåöèé

Â ñèëó (8.17), (8.18)

Rm[f ] =
∑m−1

i=0 R1[f |xi, xi+1] = −
∑m−1

i=0
f ′′

(ξi)
12 h3 =

= − 1
12h

2
∑m−1

i=0 f ′′(ξi)h = c · h2 + o(h2),

(8.43)

ãäå ξi ∈ [xi, xi+1] (i = 0, 1, . . . ,m− 1), c = − 1
12

∫ b

a
f ′′(x)dx.

Àíàëîãè÷íî (8.40) è (8.41), äëÿ ñîñòàâíîé ôîðìóëû òðàïåöèé

R2m[f ] ≈
(
1

2

)2

Rm[f ]. (8.44)

Ôîðìóëà Ðóíãå äëÿ ñîñòàâíîé ôîðìóëû òðàïåöèé

R2m[f ] ≈ 1

3
(S2m[f ]− Sm[f ]) . (8.45)



Ôîðìóëà Ðóíãå äëÿ ñîñòàâíîé êâàäðàòóðíîé ôîðìóëû.
Îáùèé ñëó÷àé.

Ïóñòü k � ïîðÿäîê òî÷íîñòè ñîñòàâíîé êâàäðàòóðíîé ôîðìóëû íà
îäíîì øàãå (ñòåïåíü äëèíû h îòðåçêà èíòåãðèðîâàíèÿ â
âûðàæåíèè äëÿ ïîãðåøíîñòè íà ýëåìåíòàðíîì îòðåçêå
èíòåãðèðîâàíèÿ [xi, xi+1] (ñì. (8.35),(8.43))

31. Òîãäà

Rm[f ] = c · hk−1 + o(hk−1), R2m[f ] ≈
(
1

2

)k−1

Rm[f ];

I[f ] = Sm[f ]+Rm[f ], I[f ] = S2m[f ]+R2m[f ] ≈ S2m[f ]+
1

2k−1
Rm[f ].

Îòêóäà Rm[f ] ≈ 1
1− 1

2k−1
(S2m[f ]− Sm[f ]) è

Ôîðìóëà Ðóíãå äëÿ ñîñòàâíîé êâàäðàòóðíîé ôîðìóëû k-ãî
ïîðÿäêà òî÷íîñòè íà îäíîì øàãå

R2m[f ] ≈ S2m[f ]− Sm[f ]

2k−1 − 1
. (8.46)

31Äëÿ ñîñòàâíîé ôîðìóëû Ñèìïñîíà k = 5, äëÿ ñîñòàâíîé ôîðìóëû
òðàïåöèé k = 3.



Íåóñòðàíèìàÿ ïîãðåøíîñòü êâàäðàòóðíûõ ôîðìóë

Ïóñòü

1 A
(n)
k ≥ 0 ∀n ≥ 0, ∀k = 0, 1, . . . , n32;

2 f ∈ C ([a, b]): ∀x ∈ [a, b] |f(x)− f̃(x)| ≤ ε.

Òîãäà

Îöåíêà íåóñòðàíèìîé ïîãðåøíîñòè êâàäðàòóðíîé
èíòåðïîëÿöèîííîé ôîðìóëû

|Sn[f ]− Sn[f̃ ]| = |
∑n

k=0A
(n)
k

(
f(x

(n)
k )− f̃(x

(n)
k )
)
| ≤

≤ ε ·
∑n

k=0 |A
(n)
k | = ε ·

∑n
k=0A

(n)
k = ε(b− a)

Âûâîä

Ñ ðîñòîì n íåóñòðàíèìàÿ ïîãðåøíîñòü êâàäðàòóðíîé
èíòåðïîëÿöèîííîé ôîðìóëû íå óâåëè÷èâàåòñÿ.

32Èíòåðïîëÿöèîííûé êâàäðàòóðíûé ïðîöåññ ñõîäèòñÿ.



8.9. Âû÷èñëåíèå îïðåäåëåííûõ èíòåãðàëîâ ñ âåñîì

Ïîñòàíîâêà çàäà÷è

Ïóñòü ôóíêöèè f è p îãðàíè÷åíû íà îòðåçêå [a, b] ⊆ D[f ] ∩D[p]:∫ b

a
p(x)xmdx âû÷èñëÿþòñÿ àíàëèòè÷åñêè (m = 0, 1, 2, . . .).

x0, x1, x2, . . . , xn ∈ [a, b] : xi ̸= xj ∀i ̸= j
y0, y1, y2, . . . , yn : yi = f(xi) ∀i = 0, 1, . . . , n

I[f ] =
∫ b

a
p(x)f(x)dx

(8.47)

Àëãîðèòì ðåøåíèÿ

f(x) = Ln(x) +Rn(x),

I[f ] =
∫ b

a
p(x)Ln(x)dx+

∫ b

a
p(x)Rn(x)dx

I[f ] ≈
∫ b

a
p(x)Ln(x)dx = Sn[f ]

(8.48)



Êâàäðàòóðíûå ôîðìóëû íàèâûñøåé àëãåáðàè÷åñêîé
ñòåïåíè òî÷íîñòè. Ôîðìóëà Ãàóññà.

Êâàäðàòóðíàÿ èíòåðïîëÿöèîííàÿ ôîðìóëà

Sn[f ] =

∫ b

a

p(x)

n∑
k=0

f(xk)Π
n
i=0,i̸=k

x− xi
xk − xi

dx =

n∑
k=0

Akf(xk),

Ak =

∫ b

a

p(x)Πn
i=0,i̸=k

x− xi
xk − xi

dx, k = 0, 1, 2, . . . , n (8.49)

Ïîñòàíîâêà çàäà÷è

Ïóñòü êâàäðàòóðíàÿ ôîðìóëà

I[f ] =

∫ b

a

p(x)f(x)dx ≈
n∑

k=0

Akf(xk), (8.50)

ñòðîèòñÿ ïî n+ 1-ìó ðàçëè÷íîìó óçëó x0, x1, x2, . . . , xn ∈ [a, b].
Êàêèì îáðàçîì ñëåäóåò âûáèðàòü åå óçëû xk è âû÷èñëÿòü
êîýôôèöèåíòû Ak (k = 0, 1, 2, . . . , n), ÷òîáû ôîðìóëà (8.50) èìåëà
íàèâûñøóþ àëãåáðàè÷åñêóþ ñòåïåíü òî÷íîñòè?



Êâàäðàòóðíûå ôîðìóëû íàèâûñøåé àëãåáðàè÷åñêîé
ñòåïåíè òî÷íîñòè ...

Òåîðåìà 8.3.

Äëÿ òîãî, ÷òîáû êâàäðàòóðíàÿ ôîðìóëà (8.50) áûëà òî÷íà äëÿ
âñåõ ìíîãî÷ëåíîâ ñòåïåíè 2n+ 1 è íèæå íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû:
a) ôîðìóëà (8.50) áûëà èíòåðïîëÿöèîííîé, ò.å. åå êîýôôèöèåíòû
Ak (k = 0, 1, 2, . . . , n) áûëè âû÷èñëåíû ïî ôîðìóëàì (8.49);
b) óçëû x0, x1, x2, . . . , xn ∈ [a, b] áûëè òàêîâûìè, ÷òîáû ìíîãî÷ëåí
ωn(x) = (x− x0)(x− x1) . . . (x− xn) áûë îðòîãîíàëåí ñ âåñîì p
ëþáîìó ìíîãî÷ëåíó Qm(x) (m ≤ n), òî åñòü∫ b

a

p(x)Qn(x)ωn(x)dx = 0 ∀ Qn(x) (8.51)



Äîêàçàòåëüñòâî

Íåîáõîäèìîñòü

Ïóñòü êâàäðàòóðíàÿ ôîðìóëà (8.50) òî÷íà äëÿ âñåõ ìíîãî÷ëåíîâ
ñòåïåíè 2n+ 1 è íèæå.
Ñïðàâåäëèâîñòü óñëîâèÿ (a) ñëåäóåò èç êðèòåðèÿ
èíòåðïîëÿöèîíîñòè êâàäðàòóðíîé ôîðìóëû (ñì. Òåîðåìó 8.1).
Äëÿ ëþáîãî ìíîãî÷ëåíà Qn(x) ñïðàâåäëèâî∫ b

a
p(x)Qn(x)ωn(x)dx =

∫ b

a
p(x)P2n+1(x)dx =

∑n
k=0AkP2n+1(xk) =

=
∑n

k=0AkQn(xk)ωn(xk) = 0,

ãäå P2n+1(x) = Qn(x)ωn(x). Òàêèì îáðàçîì, âûïîëíÿåòñÿ è
óñëîâèå (b).

Äîñòàòî÷íîñòü

Ïóñòü äëÿ êâàäðàòóðíîé ôîðìóëû (8.50) âûïîëíåíû óñëîâèÿ (a) è
(b).
Ïðîèçâîëüíûé ìíîãî÷ëåí Q2n+1(x) ìîæíî ïðåäñòàâèòü â âèäå



Äîêàçàòåëüñòâî ...
Q2n+1(x) = Gn(x)ωn(x) +Hm(x) (m ≤ n).

Òîãäà∫ b

a
p(x)Q2n+1(x)dx =

∫ b

a
p(x) (Gn(x)ωn(x) +Hm(x))dx =

=
∫ b

a
p(x)Gn(x)ωn(x)dx+

∫ b

a
p(x)Hm(x)dx = |(b)

=
∫ b

a
p(x)Hm(x)dx = |(a)

∑n
k=0AkHm(xk) =

=
∑n

k=0AkHm(xk) +
∑n

k=0AkGn(xk)ωn(xk)︸ ︷︷ ︸
0

=

=
∑n

k=0Ak (Hm(xk) +Gn(xk)ωn(xk)) =

=
∑n

k=0AkQ2n+1(xk) = Sn[Q],

òî åñòü ôîðìóëà (8.50) òî÷íà äëÿ ëþáîãî ìíîãî÷ëåíà ñòåïåíè
2n+ 1 è íèæå.
□ Òåîðåìà äîêàçàíà.



Î ñóùåñòâîâàíèè êâàäðàòóðíîé ôîðìóëû
àëãåáðàè÷åñêîé ñòåïåíè òî÷íîñòè N ≥ 2n+ 1

Óçëû x0, x1, x2, . . . , xn ÿâëÿþòñÿ êîðíÿìè ìíîãî÷ëåíà
ωn(x) = (x− x0)(x− x1) . . . (x− xn), êîòîðûé â îáùåì âèäå ìîæåò
áûòü çàïèñàí ñëåäóþùèì îáðàçîì

Gn+1(x) = xn+1+a1x
n+a2x

n−1+ . . .+an−1x
2+anx+an+1, (8.52)

ãäå ai ∈ R (i = 1, 2, . . . , n+ 1).

Çàäà÷à

Òðåáóåòñÿ ïîñòðîèòü ìíîãî÷ëåí Gn+1(x) âèäà (8.52), êîòîðûé áû
áûë îðòîãîíàëåí ñ âåñîì p ëþáîìó ìíîãî÷ëåíó Qm(x) (m ≤ n)

Äëÿ òîãî, ÷òîáû ìíîãî÷ëåí Gn+1(x) âèäà (8.52) áûë îðòîãîíàëåí ñ
âåñîì p ëþáîìó ìíîãî÷ëåíó Qm(x) (m ≤ n) íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû∫ b

a

p(x)Gn+1(x)x
mdx = 0 ∀m = 0, 1, 2, . . . , n. (8.53)



Î ñóùåñòâîâàíèè êâàäðàòóðíîé ôîðìóëû
àëãåáðàè÷åñêîé ñòåïåíè òî÷íîñòè N ≥ 2n+ 1 ...

Ðàâåíñòâà (8.53) îáðàçóþò íåîäíîðîäíóþ ñèñòåìó, ñîäåðæàùóþ
(n+ 1)-î ëèíåéíîå àëãåáðàè÷åñêîå óðàâíåíèå îòíîñèòåëüíî
íåèçâåñòíûõ ai ∈ R (i = 1, 2, . . . , n+ 1)∫ b

a
p(x)

(
a1x

n+a2x
n−1+ . . .+an−1x

2+anx+an+1

)
xmdx=

=−
∫ b

a
p(x)xn+m+1dx

∀m = 0, 1, 2, . . . , n.

(8.54)

Íåîäíîðîäíàÿ ñèñòåìà (8.54) èìååò åäèíñòâåííîå ðåøåíèå òîãäà è
òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùàÿ åé îäíîðîäíàÿ ñèñòåìà
(8.55) èìååò ëèøü òðèâèàëüíîå ðåøåíèå.∫ b

a
p(x)

(
a1x

n+a2x
n−1+ . . .+an−1x

2+anx+an+1

)
xmdx=0

∀m = 0, 1, 2, . . . , n.

(8.55)



Î ñóùåñòâîâàíèè êâàäðàòóðíîé ôîðìóëû
àëãåáðàè÷åñêîé ñòåïåíè òî÷íîñòè N ≥ 2n+ 1 ...

Äîñòàòî÷íûìè óñëîâèÿìè òîãî, ÷òî îäíîðîäíàÿ ñèñòåìà (8.55)
èìååò ëèøü òðèâèàëüíîå ðåøåíèå ÿâëÿþòñÿ ñëåäóþùèå:

a) p(x) ≥ 0 ∀x ∈ [a, b],

b)
∫ b

a
p(x)dx > 0.

(8.56)

Ñïðàâåäëèâîñòü ýòîãî ìîæåò áûòü äîêàçàíà ìåòîäîì îò
ïðîòèâíîãî.
Åñëè ïðåäïîëîæèòü, ÷òî îäíîðîäíàÿ ñèñòåìà (8.55) èìååò
íåòðèâèàëüíîå ðåøåíèå (ā1, ā2, . . . , ān+1) ̸= 0, òî ñóììèðîâàíèå
ðàâåíñòâ

ān−m+1

∫ b

a
p(x)

(
ā1x

n+ā2x
n−1+ . . .+ān−1x

2+ānx+ān+1

)
xmdx=0

∀m = 0, 1, 2, . . . , n.

ïðèâîäèò ê âûðàæåíèþ∫ b

a

p(x)
(
ā1x

n+ā2x
n−1+ . . .+ān−1x

2+ānx+ān+1

)2
dx=0,

êîòîðîå ïðîòèâîðå÷èò óñëîâèÿì (8.56).



Î ñóùåñòâîâàíèè êâàäðàòóðíîé ôîðìóëû
àëãåáðàè÷åñêîé ñòåïåíè òî÷íîñòè N ≥ 2n+ 1 ...

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà

Òåîðåìà 8.4.

Ïóñòü âåñîâàÿ ôóíêöèÿ p(x) (x ∈ [a, b]) óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèÿì:

a) p(x) ≥ 0 ∀x ∈ [a, b],

b)
∫ b

a
p(x)dx > 0,

c) ∃
∫ b

a
p(x)xkdx ∀k = 0, 1, 2, . . . , 2n+ 1.

(8.57)

Òîãäà ñóùåñòâóåò åäèíñòâåííûé ìíîãî÷ëåí

Gn+1(x)=x
n+1+a1x

n+a2x
n−1+ . . .+an−1x

2+anx+an+1,

êîòîðûé îðòîãîíàëåí ñ âåñîì p ëþáîìó ìíîãî÷ëåíó Qn(x).



Î ñóùåñòâîâàíèè êâàäðàòóðíîé ôîðìóëû
àëãåáðàè÷åñêîé ñòåïåíè òî÷íîñòè N ≥ 2n+ 1 ...

Òåîðåìà 8.5.

Ïóñòü âûïîëíåíû óñëîâèÿ (8.57). Òîãäà ìíîãî÷ëåí

Gn+1(x)=x
n+1+a1x

n+a2x
n−1+ . . .+an−1x

2+anx+an+1,

êîòîðûé îðòîãîíàëåí ñ âåñîì p ëþáîìó ìíîãî÷ëåíó Qm(x)
(m ≤ n), èìååò íà îòðåçêå [a, b] n+ 1 ðàçëè÷íûõ êîðíåé.

Äîêàçàòåëüñòâî.

Ïðèíàäëåæíîñòü êîðíåé ìíîãî÷ëåíà Gn+1(x) îòðåçêó [a, b]

Îò ïðîòèâíîãî. Ïóñòü îòðåçêó [a, b] ïðèíàäëåæàò s+ 1 êîðíåé
x0, x1, x2, . . . , xs (s < n) êîðíåé ìíîãî÷ëåíà Gn+1(x). Ýòîò
ìíîãî÷ëåí ìîæíî ïðåäñòàâèòü â âèäå

Gn+1(x)=Ds+1(x)Rn−s(x),

ãäå Ds+1(x) = (x− x0)(x− x1) . . . (x− xs).



Äîêàçàòåëüñòâî...
Ïîñêîëüêó ìíîãî÷ëåí Gn+1(x) îðòîãîíàëåí ñ âåñîì p ëþáîìó
ìíîãî÷ëåíó Qn(x), a (s+ 1) ≤ n, òî, ñ îäíîé ñòîðîíû,∫ b

a

p(x)Gn+1(x)Ds+1(x)dx = 0.

Ñ äðóãîé ñòîðîíû,∫ b

a

p(x)Gn+1(x)Ds+1(x)dx =

∫ b

a

p(x) (Ds+1(x))
2
Rn−s(x)dx > 0,

ïîñêîëüêó
a) p(x) ≥ 0 ∀x ∈ [a, b];

b)
∫ b

a
p(x)dx > 0;

c) (Ds+1(x))
2 ≥ 0 ∀x ∈ [a, b];

d) ìíîãî÷ëåí Rn−s(x) íà îòðåçêå [a, b] êîðíåé íå èìååò è,
ñëåäîâàòåëüíî, äëÿ îïðåäåëåííîñòè Rn−s(x) > 0 ∀x ∈ [a, b].

Âîçíèêàåò ïðîòèâîðå÷èå.



Äîêàçàòåëüñòâî...

Âñå êîðíè ìíîãî÷ëåíà Gn+1(x) ïðîñòûå

Îò ïðîòèâíîãî. Ïóñòü ó ìíîãî÷ëåíà Gn+1(x) ñóùåñòâóåò êðàòíûé
êîðåíü xs (0 ≤ s ≤ n). Òîãäà Gn+1(x) ìîæíî ïðåäñòàâèòü â âèäå

Gn+1(x)= (x− xs)
2
Rn−1(x).

Àíàëîãè÷íî, òàê êàê ìíîãî÷ëåí Gn+1(x) îðòîãîíàëåí ñ âåñîì p
ëþáîìó ìíîãî÷ëåíó Qn(x), òî, ñ îäíîé ñòîðîíû,∫ b

a

p(x)Gn+1(x)Rn−1(x)dx = 0.

Ñ äðóãîé ñòîðîíû,∫ b

a
p(x)Gn+1(x)Rn−1(x)dx =

∫ b

a
p(x) (x− xs)

2
Rn−1(x)Rn−1(x)dx =

=
∫ b

a
p(x) (x− xs)

2
(Rn−1(x))

2
dx > 0

â ñèëó óêàçàííûõ âûøå ñâîéñòâ (8.56) âåñîâîé ôóíêöèè p(x).
Âîçíèêàåò ïðîòèâîðå÷èå.
□ Òåîðåìà äîêàçàíà.
⊠



▲18. Àëãîðèòì ïîñòðîåíèÿ êâàäðàòóðíîé ôîðìóëû
àëãåáðàè÷åñêîé ñòåïåíè òî÷íîñòè N ≥ 2n+ 1

Ïóñòü âûïîëíåíû óñëîâèÿ (8.57) (ñì. òåîðåìó 8.4). Òðåáóåòñÿ ïî
n+ 1-ó óçëó ïîñòðîèòü êâàäðàòóðíóþ ôîðìóëó (8.50)
àëãåáðàè÷åñêîé ñòåïåíè òî÷íîñòè N ≥ 2n+ 1.

×èñëåííàÿ ïðîöåäóðà

Ñòðîèòñÿ íåîäíîðîäíàÿ ñèñòåìà (8.54) ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
êîýôôèöèåíòîâ ai (i = 1, 2, . . . , n+ 1) ìíîãî÷ëåíà ωn(x):∫ b

a
p(x)

(
a1x

n+a2x
n−1+ . . .+an−1x

2+anx+an+1

)
xmdx=

=−
∫ b

a
p(x)xn+m+1dx ∀m = 0, 1, 2, . . . , n

Íàõîäèòñÿ ðåøåíèå ā1, ā2, . . . , ān+1 ñèñòåìû (8.54) è
îïðåäåëÿåòñÿ ìíîãî÷ëåí

ωn(x) = xn+1 + ā1x
n + ā2x

n−1 + . . .+ ān−1x
2 + ānx+ ān+1;



×èñëåííàÿ ïðîöåäóðà...
Âû÷èñëÿþòñÿ êîðíè x̄i (i = 0, 1, 2, . . . , n) ìíîãî÷ëåíà ωn(x);

Â ñèëó èíòåðïîëÿöèîííîñòè èñêîìîé êâàäðàòóðíîé ôîðìóðû
(ñì. òåîðåìó 8.3) ïî ôîðìóëàì (8.49) âû÷èñëÿþòñÿ åå
êîýôôèöèåíòû Āk (k = 0, 1, 2, . . . , n):

Āk =

∫ b

a

p(x)Πn
i=0,i̸=k

x− x̄i
x̄k − x̄i

dx, k = 0, 1, 2, . . . , n;

Ñòðîèòñÿ êâàäðàòóðíàÿ èíòåðïîëÿöèîííàÿ ôîðìóëà (8.50)
àëãåáðàè÷åñêîé ñòåïåíè òî÷íîñòè N ≥ 2n+ 1:

I[f ] =

∫ b

a

p(x)f(x)dx ≈
n∑

k=0

Ākf(x̄k).

Îïðåäåëåíèå 8.7.

Êâàäðàòóðíàÿ èíòåðïîëÿöèîííàÿ ôîðìóëà (8.50) àëãåáðàè÷åñêîé
ñòåïåíè òî÷íîñòè N ≥ 2n+ 1, ïîñòðîåííàÿ ïî n+ 1-ó óçëó ñ
ïîìîùüþ îïèñàííîé âûøå ÷èñëåííîé ïðîöåäóðû, íàçûâàåòñÿ
êâàäðàòóðíîé ôîðìóëîé Ãàóññà.



ÏÐÈÌÅÐ
Ïîñòàíîâêà çàäà÷è

Ïóñòü p(x) ≡ 1 x ∈ [−1, 1], n = 1.
Òðåáóåòñÿ ïî 2-ì óçëàì ïîñòðîèòü êâàäðàòóðíóþ ôîðìóëó
àëãåáðàè÷åñêîé ñòåïåíè òî÷íîñòè N ≥ 3.

1 Ìíîãî÷ëåí ω1(x) = (x− x0)(x− x1) = x2 + a1x+ a2;
Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî
êîýôôèöèåíòîâ a1 è a2:∫ 1

−1

(a1x+ a2)x
mdx = −

∫ 1

−1

xm+2dx m = 0, 1

èëè {
2a2 = − 2

3
2
3a1 = 0

; (8.58)

2 Ðåøåíèå ñèñòåìû (8.58): a1 = 0, a2 = − 1
3 ;

3 Ìíîãî÷ëåí ω1(x) = x2 − 1
3 , êîðíè êîòîðîãî x0 = −

√
3
3 , x1 =

√
3
3 ;

4 Â ñèëó ôîðìóë (8.49) A0 = A1 = 1;
5 Èíòåðïîëÿöèîííàÿ êâàäðàòóðíàÿ ôîðìóëà:∫ 1

−1
1 · f(x)dx ≈ f(−

√
3
3 ) + f(

√
3
3 ), N = 3.



Ñâîéñòâà êâàäðàòóðíîé ôîðìóëû Ãàóññà

Òåîðåìà 8.6.

Êâàäðàòóðíàÿ ôîðìóëà Ãàóññà, ïîñòðîåííàÿ ïî n+ 1 óçëàì, èìååò
àëãåáðàè÷åñêóþ ñòåïåíü òî÷íîñòè N = 2n+ 1.

Äîêàçàòåëüñòâî.
Ïóñòü Q2n+2(x) = (ωn(x))

2
. Ïîñêîëüêó âåñîâàÿ ôóíêöèÿ p

óäîâëåòâîðÿåò óñëîâèÿì (8.57), òî

I[Q2n+2] =

∫ b

a

p(x) (ωn(x))
2
dx > 0.

Ïðè ýòîì

Sn[Q2n+2] =

n∑
k=0

Ak (ωn(xk))
2
= 0.

Òàêèì îáðàçîì,
I[Q2n+2] ̸= Sn[Q2n+2].

□ Òåîðåìà äîêàçàíà.



Ñâîéñòâà êâàäðàòóðíîé ôîðìóëû Ãàóññà ...
Òåîðåìà 8.7.

Íàèâûñøàÿ àëãåáðàè÷åñêàÿ ñòåïåíü òî÷íîñòè êâàäðàòóðíîé
ôîðìóëû, ïîñòðîåííîé ïî n+ 1 óçëàì, ðàâíà 2n+ 1.

Äîêàçàòåëüñòâî. Ïóñòü ñóùåñòâóåò òàêàÿ êâàäðàòóðíàÿ ôîðìóëà,
ó êîòîðîé N > 2n+ 1. Òîãäà, â ñèëó òåîðåìû 8.3, ìíîãî÷ëåí ωn(x)
äîëæåí óäîâëåòâîðÿòü óñëîâèþ îðòîãîíàëüíîñòè ñ âåñîì p ëþáîìó
ìíîãî÷ëåíó Qn(x). Ñîãëàñíî òåîðåìå 8.4, óêàçàííîìó óñëîâèþ
óäîâëåòâîðÿåò åäèíñòâåííûé ìíîãî÷ëåí

Gn+1(x)=x
n+1+a1x

n+a2x
n−1+ . . .+an−1x

2+anx+an+1.

Ýòîò ìíîãî÷ëåí èìååò åäèíñòâåííûé íàáîð êîðíåé

x0, x1, x2, . . . , xn ∈ [a, b] : xi ̸= xj ∀i ̸= j,

êîòîðûå ÿâëÿþòñÿ óçëàìè êâàäðàòóðíîé ôîðìóëû. Åå
êîýôôèöèåíòû Ak (k = 0, 1, 2, . . . , n) âû÷èñëÿþòñÿ ïî ôîðìóëàì
(8.49) åäèíñòâåííûì îáðàçîì. Ïîýòîìó òàêàÿ êâàäðàòóðíàÿ
ôîðìóëà ñîâïàäàåò ñ êâàäðàòóðíîé ôîðìóëîé Ãàóññà, ó êîòîðîé,
ñîãëàñíî òåîðåìå 8.6, N = 2n+ 1.
□ Òåîðåìà äîêàçàíà.



Ñâîéñòâà êâàäðàòóðíîé ôîðìóëû Ãàóññà ...

Òåîðåìà 8.8.

Êîýôôèöèåíòû Ak (k = 0, 1, 2, . . . , n) êâàäðàòóðíîé ôîðìóëû
Ãàóññà ïîëîæèòåëüíû.

Äîêàçàòåëüñòâî.

Ïóñòü Q
(k)
2n (x) =

(
Πn

i=0,i̸=k
x−xi

xk−xi

)2
, k = 0, 1, 2, . . . , n.

Î÷åâèäíî, ïî ïîñòðîåíèþ, ∀x ∈ [a, b] Q
(k)
2n (x) ≥ 0 è

Q
(k)
2n (xj) = δjk =

{
0, j ̸= k
1, j = k

∀j = 0, 1, 2, . . . , n

Ïðè ýòîì, ïîñêîëüêó âåñîâàÿ ôóíêöèÿ p óäîâëåòâîðÿåò óñëîâèÿì
(8.57), òî

I[Q
(k)
2n ] =

∫ b

a

p(x)Q
(k)
2n (x)dx > 0.



Ñâîéñòâà êâàäðàòóðíîé ôîðìóëû Ãàóññà ...
Äëÿ âñåõ ìíîãî÷ëåíîâ Q

(k)
2n (x) (k = 0, 1, 2, . . . , n) êâàäðàòóðíàÿ

ôîðìóëà Ãàóññà òî÷íà. Ñëåäîâàòåëüíî, ∀k = 0, 1, 2, . . . , n

I[Q
(k)
2n ] =

∫ b

a

p(x)Q
(k)
2n (x)dx =

n∑
j=0

AjQ
(k)
2n (xj) = Ak > 0.

□ Òåîðåìà äîêàçàíà.

Òåîðåìà 8.9.

Êâàäðàòóðíûé ïðîöåññ Ãàóññà ñõîäèòñÿ.

Äîêàçàòåëüñòâî.
Ïîñêîëüêó ó êâàäðàòóðíîé ôîðìóëû Ãàóññà Ak > 0
(k = 0, 1, 2, . . . , n) (ñì. òåîðåìó 8.8) è ýòà ôîðìóëà ÿâëÿåòñÿ
èíòåðïîëÿöèîííîé (ñì. òåîðåìó 8.3), òî ñïðàâåäëèâîñòü
óòâåðæäåíèÿ òåîðåìû ñëåäóåò èç ñëåäñòâèÿ èç òåîðåìû 8.2
(êðèòåðèé ñõîäèìîñòè èíòåðïîëÿöèîííîãî êâàäðàòóðíîãî
ïðîöåññà).
□ Òåîðåìà äîêàçàíà.



Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû Ãàóññà

Òåîðåìà 8.10.

Ïóñòü f ∈ C(2n+2) ([a, b]). Òîãäà

Rn[f ] =
f (2n+2)(ξ)

(2n+ 2)!

∫ b

a

p(x) (ωn(x))
2
dx (8.59)

è ñïðàâåäëèâà îöåíêà

|Rn[f ]| ≤
M2n+2

(2n+ 2)!

∫ b

a

p(x) (ωn(x))
2
dx, (8.60)

ãäå ξ ∈ [a, b], M2n+2 = maxx∈[a,b] |f (2n+2)(x)|.

Äîêàçàòåëüñòâî.
Ïóñòü L2n+1(x) � èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ýðìèòà,
ïîñòðîåííûé äëÿ ôóíêöèè f ïî íàáîðó äâóêðàòíûõ óçëîâ
xi ∈ [a, b] (i = 0, 1, . . . , n).



Äîêàçàòåëüñòâî...

Òîãäà

f(x) = L2n+1(x) + f(x, x0, x0, . . . , xn, xn) (ωn(x))
2
.

Ñëåäîâàòåëüíî,

Rn[f ] =
∫ b

a
p(x)f(x, x0, x0, . . . , xn, xn) (ωn(x))

2
dx =

= f(η, x0, x0, . . . , xn, xn)
∫ b

a
p(x) (ωn(x))

2
dx =

=
f (2n+2)

(ξ)
(2n+2)!

∫ b

a
p(x) (ωn(x))

2
dx,

ãäå η ∈ [a, b] (ïî òåîðåìå î ñðåäíåì), ξ ∈ [a, b] (â ñèëó ñâîéñòâ
ðàçäåëåííûõ ðàçíîñòåé ñ êðàòíûìè óçëàìè äëÿ ãëàäêèõ
ôóíêöèé).

□ Òåîðåìà äîêàçàíà.



Âû÷èñëåíèå îïðåäåëåííûõ èíòåãðàëîâ ñ
îñîáåííîñòÿìè

Ïîä îñîáåííîñòüþ ïîíèìàåòñÿ ñèòóàöèÿ, â êîòîðîé ñòàíäàðòíûå
ïðèåìû ÷èñëåííîãî èíòåãðèðîâàíèÿ ïðèâîäÿò ê
íåóäîâëåòâîðèòåëüíîìó ðåçóëüòàòóa.

aÂ ÷àñòíîñòè, ïðè âû÷èñëåíèè íåñîáñòâåííûõ èíòåãðàëîâ.

Ìåòîäû óñòðàíåíèÿ îñîáåííîñòåé

1 Àíàëèòè÷åñêèé;

2 Óñå÷åíèÿ;

3 Ìóëüòèïëèêàòèâíûé;

4 Àääèòèâíûé.



I. Àíàëèòè÷åñêèé ìåòîä óñòðàíåíèÿ îñîáåííîñòè
Ïðèìåð ∫ π

2

0

ln(sin(x))dx

Çäåñü limx→0 ln(sin(x)) = −∞.

∫ π
2

0

ln(sin(x))dx =

∫ π
2

0

ln(
sin(x)

x
)dx+

∫ π
2

0

ln(x)dx,

ãäå
∫ π

2

0
ln( sin(x)x )dx � èíòåãðàë áåç îñîáåííîñòåé, à èíòåãðàë∫ π

2

0
ln(x)dx ìîæåò áûòü âû÷èñëåí àíàëèòè÷åñêè:∫ π

2

0
ln(x)dx =

∫ π
2

0
x′ ln(x)dx = x ln(x)|

π
2
0 −

∫ π
2

0
x · 1

xdx =

= π
2 ln(π2 )− limx→0 x ln(x)− x|

π
2
0 = π

2

(
ln(π2 )− 1

)
,

ãäå limx→0 x ln(x) = limx→0
ln(x)

1
x

= limx→0

1
x

− 1
x2

= 0.



II. Ìåòîä óñå÷åíèÿ
Ïðèìåð

Òðåáóåòñÿ âû÷èñëèòü íåñîáñòâåííûé èíòåãðàë∫ ∞

0

1

1 + x3
arctan(x)dx

ñ çàäàííîé òî÷íîñòüþ ε > 0.∫ ∞

0

arctan(x)

1 + x3
dx =

∫ A

0

arctan(x)

1 + x3
dx+

∫ ∞

A

arctan(x)

1 + x3
dx.

∫ ∞

0

1

1 + x3
arctan(x)dx ≈

∫ A

0

1

1 + x3
arctan(x)dx

A > 0 : |
∫ ∞

A

1

1 + x3
arctan(x)dx| ≤ ε1,

Çäåñü ε = ε1 + ε2, ãäå ε1 > 0 � ïîãðåøíîñòü ìåòîäà óñå÷åíèÿ,

ε2 > 0 � ïîãðåøíîñòü âû÷èñëåíèÿ èíòåãðàëà
∫ A

0
1

1+x3 arctan(x)dx.



Ìåòîä óñå÷åíèÿ. Ïðèìåð...

Ïîñêîëüêó äëÿ ëþáîé êîíñòàíòû A > 0 ñïðàâåäëèâî

1

1 + x3
arctan(x) > 0, arctan(x) <

π

2
∀x ∈ [A,∞),

òî
|
∫∞
A

1
1+x3 arctan(x)dx| =

∫∞
A

1
1+x3 arctan(x)dx ≤

≤ π
2

∫∞
A

1
1+x3 dx ≤

≤ π
2

∫∞
A

1
x3 dx =

= π
2

(
− 1

2x2

)
|∞A = π

4A2 ≤ ε1.

Îòêóäà

A ≥
√

π

4ε1
> 0



III. Ìóëüòèïëèêàòèâíûé ìåòîä óñòðàíåíèÿ
îñîáåííîñòè ∫ b

a

p(x)f(x)dx,

ãäå ôóíêöèÿ f(x) áåç îñîáåííîñòåé íà [a, b], à ôóíêöèÿ p(x)
îáëàäàåò îñîáåííîñòüþ íà [a, b].

Ïðè ýòîì ó ôóíêöèè p(x) ñóùåñòâóåò àíàëèòè÷åñêàÿ
ïåðâîîáðàçíàÿ s(x) (x ∈ [a, b]), êîòîðàÿ îáðàòèìà íà [a, b].

s(x) =

∫ x

a

p(t)dt x ∈ [a, b] : ∃r = s−1 : x = r(s) s ∈ [s(a), s(b)].

Çàìåíà s = s(x): x = r(s), ds = s′(x)dx = p(x)dx∫ b

a

p(x)f(x)dx =

∫ s(b)
s(a)

f(r(s))ds −

èíòåãðàë áåç îñîáåííîñòåé.



Ìóëüòèïëèêàòèâíûé ìåòîä óñòðàíåíèÿ îñîáåííîñòè
Ïðèìåð ∫ 1

−1

1√
1− x4

dx

∫ 1

−1

1√
1− x4

dx =

∫ 1

−1

1√
1− x2

1√
1 + x2

dx

Çäåñü f(x) = 1√
1+x2

, p(x) = 1√
1−x2

x ∈ [−1, 1]:

s(x) =

∫ x

0

p(t)dt =

∫ x

0

1√
1− t2

dt = arcsin(x) x ∈ [−1, 1]

Çàìåíà s = arcsin(x): x = sin(s), ds = s′(x)dx = 1√
1−x2

dx∫ 1

−1

1√
1− x4

dx =

∫ π
2

−π
2

1√
1 + sin2(s)

ds −

èíòåãðàë áåç îñîáåííîñòåé.



IV. Àääèòèâíûé ìåòîä óñòðàíåíèÿ îñîáåííîñòè

∫ b

a

f(x)dx,

ãäå ïðîèçâîäíûå f (k)(x) íå îãðàíè÷åíû íà [a, b] äëÿ âñåõ k ≥ K.

Îñîáåííîñòü

Ïóñòü äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ èíòåãðàëà òðåáóåòñÿ
èñïîëüçîâàòü ìåòîä, äëÿ îöåíêè ïîãðåøíîñòè êîòîðîãî òðåáóåòñÿ
îãðàíè÷åííîñòü ïðîèçâîäíîé K-ãî ïîðÿäêà ó ïîäèíòåãðàëüíîé
ôóíêöèè.

f(x) = φ(x) + ψ(x),

ãäå ôóíêöèÿ ψ áåç îñîáåííîñòè, à ôóíêöèÿ φ ñ îñîáåííîñòüþ, íî
I[φ] âû÷èñëÿåòñÿ àíàëèòè÷åñêè.



Àääèòèâíûé ìåòîä óñòðàíåíèÿ îñîáåííîñòè...
ÏÐÈÌÅÐ

f(x) = (x− c)αg(x),

ãäå c ∈ [a, b], −1 < α < Ka, ôóíêöèÿ g íåïðåðûâíî-
äèôôåðåíöèðóåìà íà [a, b] äîñòàòî÷íîå ÷èñëî ðàç.

aÄîñòàòî÷íîå óñëîâèå ñõîäèìîñòè èíòåãðàëà I[f ]

g(x) = g(c) + g′(c)(x− c) + . . .+
g(K)(c)

K! (x− c)K+

+
(
g(x)− g(c)− g′(c)(x− c)− . . .− g(K)(c)

K! (x− c)K
)
,

f(x) = (x− c)α
(
g(c) + g′(c)(x− c) + . . .+

g(K)(c)
K! (x− c)K

)
+

+(x− c)α
(
g(x)− g(c)− g′(c)(x− c)− . . .− g(K)(c)

K! (x− c)K
)
=

= φ(x) + ψ(x),

ãäå



Àääèòèâíûé ìåòîä óñòðàíåíèÿ îñîáåííîñòè...

φ(x) = (x− c)α
(
g(c) + g′(c)(x− c) + . . .+

g(K)(c)
K! (x− c)K

)
ψ(x) = (x− c)α

(
g(x)− g(c)− g′(c)(x− c)− . . .− g(K)(c)

K! (x− c)K
)

Çäåñü I[φ] âû÷èñëÿåòñÿ àíàëèòè÷åñêè, ôóíêöèþ ψ ìîæíî
ïðåäñòàâèòü â âèäå

ψ(x)=(x−c)αg(x, c, c, . . . , c︸ ︷︷ ︸
K+1

)(x−c)K+1=(x−c)α+K+1g(x, c, c, . . . , c︸ ︷︷ ︸
K+1

) :

ψ ∈ C(K) ([a, b]) .

Â ðåçóëüòàòå îñîáåííîñòü ñäâèíóòà â ïðîèçâîäíóþ K + 1-ãî
ïîðÿäêà.

I[f ] ≈ I[φ] + Sn[ψ],

ãäå ôóíêöèÿ ψ èìååò îãðàíè÷åííóþ íà îòðåçêå [a, b] ïðîèçâîäíóþ
K-ãî ïîðÿäêà

⊠



▲19.ÒÅÌÀ 9. ×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷è
Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ïåðâîãî ïîðÿäêà

Ïîñòàíîâêà çàäà÷è Êîøè

y′ = f(x, y), x ∈ [x0, x0 +X], (9.1)

y(x0) = y0, (9.2)

ãäå ôóíêöèÿ f íåïðåðûâíà ïî êàæäîìó ñâîåìó àðãóìåíòó è èìååò
íåïðåðûâíóþ ÷àñòíóþ ïðîèçâîäíóþ f ′y

a.

aÄîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî
ðåøåíèÿ y = y(x|x0, y0) çàäà÷è Êîøè (9.1),(9.2), êîòîðîå ÿâëÿåòñÿ
íåïðåðûâíî- äèôôåðåíöèðóåìîé íà îòðåçêå [x0, x0 +X] ôóíêöèåé.

Ïðèáëèæåííîå ðåøåíèå çàäà÷è Êîøè (9.1),(9.2)

x0, x1, x2, . . . , xn ∈ [x0, x0 +X] : xi+1=xi+hi ∀i = 0, 1, . . . , n−1
y0, y1, y2, . . . , yn : yi ≈ y(xi) ∀i = 1, . . . , n

(9.3)



9.1. Ìåòîäû, îñíîâàííûå íà ðàçëîæåíèè ðåøåíèÿ
çàäà÷è Êîøè â ðÿä Òåéëîðà

Ïóñòü ôóíêöèÿ f òàêîâà, ÷òî ó ðåøåíèÿ y = y(x|x0, y0) çàäà÷è
Êîøè (9.1), (9.2) ñóùåñòâóþò ïðîèçâîäíûå äî äîñòàòî÷íî
áîëüøîãî ïîðÿäêà è
xi ∈ [x0, x0 +X] : xi+1 = xi + h ∀i = 0, 1, . . . , n− 1, h = X

n .
Ðàçëîæåíèå ôóíêöèè y(x|x0, y0) â ðÿä Òåéëîðà â îêðåñòíîñòè óçëà
x0 èìååò âèä

y(x0+h)=y(x0)+y
′(x0)h+

1

2
y′′(x0)h

2+ . . .+
1

k!
y(k)(x0)h

k+O(hk+1).

(9.4)
Ðàâåíñòâî (9.4) äëÿ k = 2 ìîæíî çàïèñàòü â âèäå

y(x0+h) = y(x0) + f(x0, y(x0))h+ h2

2 [f ′x(x0, y(x0))+
+f ′y(x0, y(x0))f(x0, y(x0))] +O(h3),

(9.5)

ãäå, â ñèëó äèôôåðåíöèàëüíîãî óðàâíåíèÿ (9.1),

y′(x0) = f(x0, y(x0)),
y′′(x0) = f ′x(x0, y(x0)) + f ′y(x0, y(x0))y

′(x0) =
= f ′x(x0, y(x0)) + f ′y(x0, y(x0))f(x0, y(x0)).



Ìåòîäû, îñíîâàííûå íà ðàçëîæåíèè ðåøåíèÿ çàäà÷è
Êîøè â ðÿä Òåéëîðà ...

Îòáðàñûâàíèå èç ïðàâîé ÷àñòè ðàâåíñòâà (9.5) ñëàãàåìîãî O(h3)
ïðèâîäèò ê ïðèáëèæåííîìó ðàâåíñòâó

y(x1) ≈ y(x0) + f(x0, y(x0))h+

+h2

2

(
f ′x(x0, y(x0)) + f ′y(x0, y(x0))f(x0, y(x0))

)
,

(9.6)

êîòîðîå ñâÿçûâàåò òî÷íûå çíà÷åíèÿ y(x0) è y(x1) èñêîìîãî
ðåøåíèÿ çàäà÷è Êîøè â ñîîòâåòñòâóþùèõ óçëàõ.
Òðåáîâàíèå òî÷íîñòè ýòîãî ðàâåíñòâà äëÿ ïðèáëèæåííûõ
çíà÷åíèé yi è yi+1 â ïðîèçâîëüíûõ äâóõ ñîñåäíèõ óçëàõ xi è xi+1

(0 ≤ i < n) ïðèâîäèò ê ðåêêóðåíòíîé ôîðìóëå

yi+1 = yi + f(xi, yi)h+ h2

2

(
f ′x(xi, yi) + f ′y(xi, yi)f(xi, yi)

)
∀i = 0, 1, . . . , n− 1,

(9.7)

êîòîðàÿ çàäàåò èòåðàöèîííûé ìåòîä 3-ãî33 ïîðÿäêà òî÷íîñòè íà
îäíîì øàãå (èòåðàöèè), òàê êàê |y(x1)− y1|(9.7) = O(h3) ïðè i = 0.

33Îïðåäåëÿåòñÿ ñòåïåíüþ h â ñëàãàåìîì O(h3).



9.2. Ìåòîä ëîìàííûõ Ýéëåðà
Äëÿ ñëó÷àÿ k = 1 â ðàâåíñòâå (9.4) àíàëîãè÷íî (9.5)-(9.7) ìîæíî
ïîñòðîèòü ìåòîä, èìåþùèé âòîðîé34 ïîðÿäîê òî÷íîñòè íà îäíîì
øàãå

ßâíûé ìåòîä Ýéëåðà

yi+1 = yi + f(xi, yi)h ∀i = 0, 1, . . . , n− 1 (9.8)

Ðèñ. 16: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ÿâíîãî ìåòîäà Ýéëåðà (9.8).

34Ïîñêîëüêó |y(x1)− y1|(9.8) = O(h2)



ßâíûé ìåòîä Ýéëåðà...
Òåîðåìà 9.1.

Ïóñòü ôóíêöèÿ f íåïðåðûâíî-äèôôåðåíöèðóåìà ïî êàæäîìó
ñâîåìó àðãóìåíòó. Òîãäà ïîãðåøíîñòü ÿâíîãî ìåòîäà Ýéëåðà (9.8)
íà âñåì ïðîìåæóòêå [x0, x0 +X] ÿâëÿåòñÿ âåëè÷èíîé ïåðâîãî
ïîðÿäêà ïî h, òî åñòü

∃C > 0 : |y(xi)− yi|(9.8) ≤ Ch ∀i = 0, 1, 2, . . . , n. (9.9)

Äîêàçàòåëüñòâî.
Äëÿ òî÷íûõ çíà÷åíèé y(xi) (i = 0, 1, . . . , n− 1) ðåøåíèÿ çàäà÷è
Êîøè (9.1),(9.2) ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî

y(xi+1) = y(xi) +

∫ xi+1

xi

f(x, y(x))dx ∀i = 0, 1, . . . , n− 1. (9.10)

Ðàçíîñòü ñîîòâåòñòâóþùèõ ÷àñòåé ðàâåíñòâ (9.10) è (9.8) ñ ó÷åòîì

h =

∫ xi+1

xi

1dx

ïðèâîäèò ê âûðàæåíèþ



Äîêàçàòåëüñòâî ...

y(xi+1)− yi+1 = y(xi)− yi +
∫ xi+1

xi
(f(x, y(x))− f(xi, yi))dx =

= y(xi)− yi +
∫ xi+1

xi
(f(x, y(x))− f(xi, y(xi)))dx+

+
∫ xi+1

xi
(f(xi, y(xi))− f(xi, yi))dx.

Îòêóäà

|y(xi+1)− yi+1| ≤ |y(xi)− yi|+
∫ xi+1

xi
|f(x, y(x))− f(xi, y(xi))|dx+

+
∫ xi+1

xi
|f(xi, y(xi))− f(xi, yi)|dx.

(9.11)
Èñïîëüçóÿ ñâîéñòâà ôóíêöèè f(x, y), ìîæíî îöåíèòü êàæäûé èç
îïðåäåëåííûõ èíòåãðàëîâ â ïðàâîé ÷àñòè íåðàâåíñòâà (9.11):

I) Ïóñòü F (x)=f(x, y(x)) x ∈ [x0, x0 +X]. Ïîñêîëüêó ôóíêöèÿ
f(x, y) íåïðåðûâíî-äèôôåðåíöèðóåìà ïî âñåì ñâîèì àðãóìåíòàì,
òî ôóíêöèÿ F (x) ÿâëÿåòñÿ íåïðåðûâíî-äèôôåðåíöèðóåìîé íà
îòðåçêå [x0, x0 +X].



Äîêàçàòåëüñòâî ...
Ñëåäîâàòåëüíî,

∃K > 0 : |F ′(x)| ≤ K ∀x ∈ [x0, x0 +X],

ãäå F ′(x) = f ′x(x, y(x)) + f ′y(x, y(x))f(x, y(x))
35. Òîãäà∫ xi+1

xi
|f(x, y(x))− f(xi, y(xi))|dx =

∫ xi+1

xi
|F (x)− F (xi)|dx =

=
∫ xi+1

xi
|F ′(ξ(x))| · |x− xi|dx ≤

≤ K
∫ xi+1

xi
(x− xi)dx = K h2

2 ,

(9.12)
ãäå ξ(x) ∈ [xi, x], x ∈ [xi, xi+1].

II) Â ñèëó íåïðåðûâíîñòè ôóíêöèè f ′y(x, y)

∃L > 0 : |f ′y(x, y)| ≤ L ∀(x, y) ∈ [x0, x0 +X]×H[yh],

35Ïðè K = 0 çàäà÷à Êîøè (9.1),(9.2) èìååò î÷åâèäíîå àíàëèòè÷åñêîå
ðåøåíèå y(x) ≡ y0 (x ∈ [x0, x0 +X]). Ýòîò ñëó÷àé çäåñü íå ðàññìàòðèâàåòñÿ.



Äîêàçàòåëüñòâî ...
ãäå H[yh] � îãðàíè÷åííîå çàìêíóòîå ìíîæåñòâî äîïóñòèìûõ
çíà÷åíèé y(x) è yi(h) (x ∈ [x0, x0 +X], h ∈ [0, X]). Ñëåäîâàòåëüíî,∫ xi+1

xi
|f(xi, y(xi))− f(xi, yi)|dx =

∫ xi+1

xi
|f ′y(xi, ηi)| · |y(xi)− yi|dx ≤

≤ L
∫ xi+1

xi
|y(xi)− yi|dx =

= Lh|y(xi)− yi|,
(9.13)

ãäå ηi ∈ [yi, y(xi)].

Ïóñòü εi = |y(xi)− yi|, i = 0, 1, 2, . . . , n− 1.

Èç (9.11), (9.12), (9.13) ñëåäóåò

εi+1 ≤ εi +K
h2

2
+ Lhεi = A(h)εi +B(h), (9.14)

ãäå A(h) = 1 + Lh > 0, B(h) = K h2

2 ≥ 0 ∀h ∈ [0, X].



Äîêàçàòåëüñòâî ...
Òàê êàê y(x0) = y0 (ñì. íà÷àëüíîå óñëîâèå (9.2)), òî ε0 = 0.
Òîãäà, â ñèëó (9.14),

ε1 ≤ A(h)ε0 +B(h) = B(h),

ε2 ≤ A(h)ε1 +B(h) ≤ A(h)B(h) +B(h) = (A(h) + 1)B(h),

ε3 ≤ A(h)ε2 +B(h) ≤ A(h) (A(h) + 1)B(h) +B(h) =
=
(
A2(h) +A(h) + 1

)
B(h),

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

εi+1 ≤ A(h)εi +B(h) =
(
Ai(h) +Ai−1(h) + . . .+A(h) + 1

)
B(h) =

= B(h) · Ai+1(h)−1
A(h)−1 ≤

≤ B(h) · An(h)−1
A(h)−1

∀i ≤ n− 1.
(9.15)



Äîêàçàòåëüñòâî ...

B(h) · An(h)−1
A(h)−1 = Kh2

2 · (1+Lh)n−1
Lh =

= Kh
2L ·

((
1 + LX

n

)n − 1
)
=

= K
2L ·

(((
1 + LX

n

) n
LX

)LX

− 1

)
h ≤

≤ K
2L ·

(
eLX − 1

)
h = Ch,

(9.16)

ãäå C = K
2L ·

(
eLX − 1

)
.

Òàêèì îáðàçîì, èç (9.15) è (9.16) ñëåäóåò, ÷òî

εi = |y(xi)− yi|(9.8) ≤ Ch ∀i = 0, 1, 2, . . . , n.

□ Òåîðåìà äîêàçàíà.

Ïîðÿäîê òî÷íîñòè ÿâíîãî ìåòîäà Ýéëåðà (9.8) íà âñåì
ïðîìåæóòêå [x0, x0 +X] íà åäèíèöó ìåíüøå åãî ïîðÿäêà òî÷íîñòè
íà îäíîì øàãå.



ßâíûé ìåòîä Ýéëåðà...

Ñõîäèìîñòü ÿâíîãî ìåòîäà Ýéëåðà (9.8)

Èç (9.9) ñëåäóåò, ÷òî ïðè h→ 0 ôóíêöèîíàëüíàÿ
ïîñëåäîâàòåëüíîñòü ñåòî÷íûõ ôóíêöèé {yi(h)}ni=1, ïîñòðîåííûõ â
ñèëó ôîðìóëû (9.8) äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà
0 < h ≤ X, ðàâíîìåðíî íà îòðåçêå [x0, x0 +X] ñõîäèòñÿ ê òî÷íîìó
ðåøåíèþ y = y(x|x0, y0) çàäà÷è Êîøè (9.1),(9.2).

Ïðàêòè÷åñêîå ïðåèìóùåñòâî ÿâíîãî ìåòîäà Ýéëåðà (9.8) ïåðåä
äðóãèìè ÷èñëåííûìè ïðîöåäóðàìè òèïà (9.7), ïîñòðîåííûìè íà
îñíîâå ðàçëîæåíèÿ ðåøåíèÿ çàäà÷è Êîøè â ðÿä Òåéëîðà,
çàêëþ÷àåòñÿ â ñëåäóþùåì.

Ïðè ÷èñëåííîé ðåàëèçàöèè ýòîãî ìåòîäà íå òðåáóåòñÿ âû÷èñëÿòü
çíà÷åíèÿ ÷àñòíûõ ïðîèçâîäíûõ ðàçëè÷íûõ ïîðÿäêîâ ôóíêöèè
f(x, y) � ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ (9.1).



Çàìå÷àíèå

Äëÿ âñåõ èòåðàöèîííûõ ÷èñëåííûõ ìåòîäîâ ïðèáëèæåííîãî
ðåøåíèÿ çàäà÷è Êîøè (9.1),(9.2), â ðåçóëüòàòå ðåàëèçàöèè
êîòîðûõ ôîðìèðóåòñÿ ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {yi(h)}ni=1,
îïðåäåëÿþùàÿ ïðèáëèæåííîå ðåøåíèå óêàçàííîé çàäà÷è,
ñïðàâåäëèâà ñëåäóþùàÿ çàêîíîìåðíîñòü.

Åñëè ïîãðåøíîñòü òàêîãî ìåòîäà íà îäíîì øàãå ÿâëÿåòñÿ
âåëè÷èíîé O(hk+1), òî åãî ïîãðåøíîñòü íà âñåì ïðîìåæóòêå
[x0, x0 +X] áóäåò âåëè÷èíîé O(hk).



9.3. Ìåòîäû, îñíîâàííûå íà èíòåãðàëüíîì
ïðåäñòàâëåíèè ðåøåíèÿ çàäà÷è Êîøè

Ðåøåíèå çàäà÷è Êîøè (9.1),(9.2) ìîæåò áûòü ïðåäñòàâëåíî â âèäå

y(x) = y(x0) +

∫ x

x0

f(τ, y(τ))dτ ∀x ∈ [x0, x0 +X] (9.17)

Èç (9.17) ñëåäóåò, ÷òî äëÿ ëþáîãî óçëà xk (k = 0, 1, 2, . . . , n− 1)
ñïðàâåäëèâî ðàâåíñòâî

y(xk+1) = y(xk) +

∫ xk+1

xk

F (x)dx, (9.18)

ãäå F (x) = f(x, y(x)) x ∈ [x0, x0 +X].
Äëÿ âû÷èñëåíèÿ ïðèáëèæåííîãî çíà÷åíèÿ èíòåãðàëà
I[F |[xk, xk+1]] â ïðàâîé ÷àñòè ðàâåíñòâà (9.18) ìîæåò áûòü
èñïîëüçîâàíà ëþáàÿ ôîðìóëà ÷èñëåííîãî èíòåãðèðîâàíèÿ. Òîãäà
çàìåíà â (9.18) ýòîãî èíòåãðàëà êâàäðàòóðíîé ñóììîé
Sm[F |[xk, xk+1]] ïðèâîäèò ê ïðèáëèæåííîìó ðàâåíñòâó



Ìåòîäû, îñíîâàííûå íà èíòåãðàëüíîì ïðåäñòàâëåíèè
ðåøåíèÿ çàäà÷è Êîøè ...

y(xk+1) ≈ y(xk) + Sm[F |[xk, xk+1]]

èëè
y(xk+1) ≈ y(xk) +

m∑
i=0

Āif(x̄i, y(x̄i)),

ãäå x̄i ∈ [xk, xk+1] (i = 0, 1, . . . ,m). Òðåáîâàíèå òî÷íîñòè ýòîãî
ðàâåíñòâà äëÿ ïðèáëèæåííûõ çíà÷åíèé ôóíêöèè y â
ñîîòâåòñòâóþùèõ óçëàõ ïðèâîäèò ê ñëåäóþùåé ÷èñëåííîé
ïðîöåäóðå

yk+1 = yk +
∑m

i=0 Āif(x̄i, ȳi)

k = 0, 1, 2, . . . , n− 1
(9.19)

Â ÷àñòíîñòè, ôîðìóëà (9.8) ÿâíîãî ìåòîä Ýéëåðà ìîæåò áûòü
ïîëó÷åíà ñ ïîìîùüþ ýòîé ìåòîäèêè, åñëè äëÿ âû÷èñëåíèÿ
ïðèáëèæåííîãî çíà÷åíèÿ èíòåãðàëà I[F |[xk, xk+1]] â (9.18)
âîñïîëüçîâàòüñÿ ôîðìóëîé ëåâûõ ïðÿìîóãîëüíèêîâ (8.8).



9.4. Ìåòîä Ýéëåðà ñ ïåðåñ÷åòîì
Â ñëó÷àå, åñëè äëÿ âû÷èñëåíèÿ ïðèáëèæåííîãî çíà÷åíèÿ
èíòåãðàëà I[F |[xk, xk+1]] â (9.18) èñïîëüçóåòñÿ ôîðìóëà òðàïåöèé
(8.9), òî ÷èñëåííàÿ ïðîöåäóðà (9.19) çàäàåòñÿ ñëåäóþùåé íåÿâíîé
ôîðìóëîé

yk+1 = yk + h
2 [f(xk, yk) + f(xk+1, yk+1)]

k = 0, 1, 2, . . . , n− 1
(9.20)

Íà ïðàêòèêå äëÿ ïðåîäîëåíèÿ âû÷èñëèòåëüíûõ òðóäíîñòåé,
îáóñëîâëåííûõ íàëè÷èåì èñêîìîé âåëè÷èíû yk+1 â ïðàâîé ÷àñòè
ðàâåíñòâà (9.20) â êà÷åñòâå àðãóìåíòà ôóíêöèè f , ïðåäëàãàåòñÿ
èñïîëüçîâàòü ñëåäóþùóþ ÷èñëåííóþ ñõåìó

×èñëåííàÿ ïðîöåäóðà ìåòîäà Ýéëåðà ñ ïåðåñ÷åòîì

ȳk+1 = yk + hf(xk, yk)

yk+1 = yk + h
2 [f(xk, yk) + f(xk+1, ȳk+1)]

k = 0, 1, 2, . . . , n− 1

(9.21)



Ïîãðåøíîñòü ìåòîäà Ýéëåðà ñ ïåðåñ÷åòîì
Äëÿ îïðåäåëåíèÿ ïîðÿäêà òî÷íîñòè ìåòîäà Ýéëåðà ñ ïåðåñ÷åòîì
(9.21) íà îäíîì øàãå èñïîëüçóåòñÿ ñëåäóþùåå ðàçëîæåíèå
ôóíêöèè y(x|x0, y0) â ðÿä Òåéëîðà â îêðåñòíîñòè óçëà x0

y(x1) = y(x0) + f(xi, y(x0))h+

+h2

2

(
f ′x(x0, y(x0)) + f ′y(x0, y(x0))f(x0, y(x0))

)
+

+O(h3),

(9.22)

Â ñèëó (9.21), ñïðàâåäëèâî

y1 = y0 +
h
2 [f(x0, y0) + f(x1, ȳ1)] =

= y0 +
h
2 [f(x0, y0) + f(x0 + h, y0 + hf(x0, y0))] =

= y0 +
h
2 f(x0, y0)+

+h
2 [f(x0, y0) + f ′x(x0, y0)h+ f ′y(x0, y0)hf(x0, y0) + Ō(h2)]

= y0 + hf(x0, y0)+
+h

2 [f
′
x(x0, y0)h+ f ′y(x0, y0)hf(x0, y0)] + Ō(h3).

(9.23)



Ïîãðåøíîñòü ìåòîäà Ýéëåðà ñ ïåðåñ÷åòîì ...

Íåòðóäíî óáåäèòüñÿ, ÷òî ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ (9.1)
(y(x0) = y0) ðàçíîñòü ñîîòâåòñòâóþùèõ ëåâûõ è ïðàâûõ ÷àñòåé
âûðàæåíèé (9.22) è (9.23) ïðèâîäèò ê ðàâåíñòâó

y(x1)− y1 = O(h3)− Ō(h3) = Õ(h3) (9.24)

Âûâîä

Èç (9.24) ñëåäóåò, ÷òî ïîãðåøíîñòü ìåòîäà Ýéëåðà ñ ïåðåñ÷åòîì
(9.21) íà îäíîì øàãå ÿâëÿåòñÿ âåëè÷èíîé O(h3), òî åñòü ýòîò ìåòîä
èìååò òðåòèé ïîðÿäîê òî÷íîñòü íà îäíîì øàãå. Â ñèëó âûøå
ñäåëàííîãî Çàìå÷àíèÿ, ïîãðåøíîñòü ìåòîäà Ýéëåðà ñ ïåðåñ÷åòîì
(9.21) íà âñåì ïðîìåæóòêå [x0, x0 +X] áóäåò âåëè÷èíîé O(h2).

36

36Ñàìîñòîÿòåëüíî ïðåäñòàâèòü ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ ìåòîäà
Ýéëåðà ñ ïåðåñ÷åòîì (9.21).



9.5. Ìåòîä Êîøè
Åñëè äëÿ âû÷èñëåíèÿ ïðèáëèæåííîãî çíà÷åíèÿ èíòåãðàëà
I[F |[xk, xk+1]] â (9.18) ïðèìåíÿåòñÿ ôîðìóëà ñðåäíèõ
ïðÿìîóãîëüíèêîâ (8.8), òî ÷èñëåííàÿ ïðîöåäóðà (9.19) çàäàåòñÿ
ôîðìóëîé

yk+1 = yk + hf(xk+ 1
2
, yk+ 1

2
) k = 0, 1, 2, . . . , n− 1, (9.25)

ãäå xk+ 1
2
= xk + h

2 , yk+ 1
2
≈ y(xk + h

2 )

×èñëåííàÿ ïðîöåäóðà ìåòîäà Êîøè

ȳk+ 1
2
= yk + h

2 f(xk, yk)

yk+1 = yk + hf(xk+ 1
2
, ȳk+ 1

2
)

k = 0, 1, 2, . . . , n− 1

(9.26)

a

aÑàìîñòîÿòåëüíî äîêàçàòü, ÷òî ìåòîä Êîøè (9.26) èìååò òðåòèé ïîðÿäîê
òî÷íîñòè íà îäíîì øàãå è ïðåäñòàâèòü åãî ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ.

⊠



▲20. 9.6. Ñåìåéñòâî ÿâíûõ ìåòîäîâ Ðóíãå-Êóòòû
âòîðîãî ïîðÿäêà òî÷íîñòè íà âñåì ïðîìåæóòêå

Ïðåäëàãàåòñÿ ïîñòðîèòü ñåìåéñòâî ìåòîäîâ, â êîòîðûõ íà êàæäîì
øàãå òðåáóåòñÿ ïîñëåäîâàòåëüíî âû÷èñëÿòü äâà çíà÷åíèÿ ïðàâîé
÷àñòè f(x, y) äèôôåðåíöèàëüíîãî óðàâíåíèÿ (9.1).

yi+1 = yi + p1K1 + p2K2,

K1 = hf(xi, yi),
K2 = hf(xi + αh, yi + βK1),

i = 0, 1, 2, . . . , n− 1,

(9.27)

ãäå p1, p2, α, β ∈ R.

Ñåìåéñòâî (9.27) ñîäåðæèò ÷åòûðå ïàðàìåòðà: p1, p2, α, β. Â
÷àñòíîñòè, äëÿ ÿâíîãî ìåòîäà Ýéëåðà (9.8) p1 = 1, p2 = 0, äëÿ
ìåòîäà Ýéëåðà ñ ïåðåñ÷åòîì (9.21) p1 = 1

2 , p2 = 1
2 , α = 1, β = 1, äëÿ

ìåòîäà Êîøè (9.26) p1 = 0, p2 = 1, α = 1
2 , β = 1

2 .



Ñåìåéñòâî ÿâíûõ ìåòîäîâ Ðóíãå-Êóòòû âòîðîãî
ïîðÿäêà òî÷íîñòè íà âñåì ïðîìåæóòêå ...

Â (9.27) òðåáóåòñÿ îïðåäåëèòü çíà÷åíèÿ ïàðàìåòðîâ p1, p2, α, β
òàê, ÷òîáû ëþáîé ìåòîä èç ñåìåéñòâà (9.27) èìåë âòîðîé ïîðÿäîê
òî÷íîñòè íà âñåì ïðîìåæóòêå [x0, x0 +X]. Äëÿ ýòîãî èñêîìûå
çíà÷åíèÿ óêàçàííûõ ïàðàìåòðîâ äîëæíû îáåñïå÷èâàòü òðåòèé
ïîðÿäîê òî÷íîñòè ýòèõ ìåòîäîâ íà îäíîì øàãå.

Êàê áûëî ðàíåå ïîêàçàíî (ñì. (9.5), ðàçëîæåíèå òî÷íîãî ðåøåíèÿ
y(x|x0, y0) çàäà÷è Êîøè (9.1), (9.2) â ðÿä Òåéëîðà â îêðåñòíîñòè
óçëà x0 ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì

y(x0+h) = y(x0) + f(x0, y(x0))h+ h2

2 [f ′x(x0, y(x0))+
+f ′y(x0, y(x0))f(x0, y(x0))] +O(h3),

(9.28)

Â ñèëó (9.27), ñïðàâåäëèâî ðàâåíñòâî

y1 = y0 + p1hf(x0, y0) + p2hf (x0 + αh, y0 + βhf(x0, y0)) . (9.29)

Òðåáóåìîå ðàçëîæåíèå ôóíêöèè f(x, y) â ðÿä Òåéëîðà â
îêðåñòíîñòè òî÷êè (x0, y0) èìååò âèä



Ñåìåéñòâî ÿâíûõ ìåòîäîâ Ðóíãå-Êóòòû âòîðîãî
ïîðÿäêà òî÷íîñòè íà âñåì ïðîìåæóòêå ...

f (x0 + αh, y0 + βhf(x0, y0)) = f(x0, y0) + f ′x(x0, y0)αh+
+f ′y(x0, y0)βhf(x0, y0) +O(h2)

(9.30)
Ïîäñòàíîâêà ïðàâîé ÷àñòè ðàâåíñòâà (9.30) â (9.29) ïðèâîäèò ê
âûðàæåíèþ

y1 = y0 + p1hf(x0, y0) + p2hf (x0 + αh, y0 + βhf(x0, y0)) =

= y0 + p1hf(x0, y0) + p2h[f(x0, y0) + f ′x(x0, y0)αh+
+f ′y(x0, y0)f(x0, y0)βh+O(h2)] =

= y0 + (p1 + p2)hf(x0, y0) + p2αh
2f ′x(x0, y0)+

+p2βh
2f ′y(x0, y0)f(x0, y0) + Õ(h3).

(9.31)

Òîãäà ðàâåíñòâî ðàçíîñòåé ñîîòâåòñòâóþùèõ ÷àñòåé âûðàæåíèé
(9.28) è (9.31) ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ (9.2) (y(x0) = y0)
èìååò âèä



Ñåìåéñòâî ÿâíûõ ìåòîäîâ Ðóíãå-Êóòòû âòîðîãî
ïîðÿäêà òî÷íîñòè íà âñåì ïðîìåæóòêå ...

y(x1)−y1=(1−p1−p2)hf(x0, y0)+
(
1
2−p2α

)
h2f ′x(x0, y0)+

+
(
1
2−p2β

)
h2f ′y(x0, y0)f(x0, y0)+O(h3).

(9.32)

Èç (9.32) ñëåäóåò, ÷òî äëÿ òîãî ÷òîáû y(x1)− y1 = O(h3) çíà÷åíèÿ
ïàðàìåòðîâ p1, p2, α, β äîëæíû óäîâëåòâîðÿòü ñèñòåìå óðàâíåíèé p1 + p2 = 1

p2α = 1
2

p2β = 1
2

(9.33)

Î÷åâèäíî, ÷òî ñèñòåìà (9.33) ñîâìåñòíà è èìååò îäíî-
ïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé.

Òàêèì îáðàçîì, (9.27), (9.33) çàäàþò îäíîïàðàìåòðè÷åñêîå
ñåìåéñòâî ÿâíûõ ìåòîäîâ Ðóíãå-Êóòòû âòîðîãî ïîðÿäêà òî÷íîñòè
íà âñåì ïðîìåæóòêå [x0, x0 +X].



9.7. Ñåìåéñòâî ÿâíûõ ìåòîäîâ Ðóíãå-Êóòòû
÷åòâåðòîãî ïîðÿäêà òî÷íîñòè íà âñåì ïðîìåæóòêå

yi+1 = yi + p1K1 + p2K2 + p3K3 + p4K4,

K1 = hf(xi, yi),
K2 = hf(xi + α1h, yi + β1K1),
K3 = hf(xi + α2h, yi + β2K1 + β3K2),
K4 = hf(xi + α3h, yi + β4K1 + β5K2 + β6K3),

i = 0, 1, 2, . . . , n− 1,

(9.34)

ãäå pi, αj , βs ∈ R (i = 1, 2, 3, 4; j = 1, 2, 3; s = 1, 2, 3, 4, 5, 6).

Ñåìåéñòâî ìåòîäîâ (9.34) ñîäåðæèò òðèíàäöàòü ïàðàìåòðîâ:
pi, αj , βs ∈ R (i = 1, 2, 3, 4; j = 1, 2, 3; s = 1, 2, 3, 4, 5, 6).

Òðåáîâàíèå òîãî, ÷òîáû ìåòîäû (9.34) îáëàäàëè ïÿòûì ïîðÿäêîì
òî÷íîñòè íà îäíîì øàãå ïðèâîäèò ê ñîâìåñòíîé ñèñòåìå èç
îäèííàäöàòè óðàâíåíèé, êîòîðàÿ èìååò äâóïàðàìåòðè÷åñêîå
ñåìåéñòâî ðåøåíèé.



Ñåìåéñòâî ÿâíûõ ìåòîäîâ Ðóíãå-Êóòòû ÷åòâåðòîãî
ïîðÿäêà òî÷íîñòè íà âñåì ïðîìåæóòêå...

Ìåòîä Ðóíãå-Êóòòû ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè íà âñåì
ïðîìåæóòêå

yi+1 = yi +
1
6 (K1 + 2K2 + 2K3 +K4) ,

K1 = hf(xi, yi),

K2 = hf(xi +
h
2 , yi +

K1

2 ),

K3 = hf(xi +
h
2 , yi +

K2

2 ),

K4 = hf(xi + h, yi +K3),

i = 0, 1, 2, . . . , n− 1.

(9.35)



Ìåòîäû Ðóíãå-Êóòòû. Çàêëþ÷èòåëüíûå çàìå÷àíèÿ.

Ìåòîä Ðóíãå-Êóòòû (9.35) íà êàæäîì øàãå òðåáóåò ÷åòûðåõ
âû÷èñëåíèé çíà÷åíèé ïðàâîé ÷àñòè f(x, y) äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (9.1), íî òàê êàê îí ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè íà
âñåì ïðîìåæóòêå [x0, x0 +X], òî òàì, ãäå ÿâíûé ìåòîä Ýéëåðà
(9.8) äëÿ äîñòèæåíèÿ îïðåäåëåííîé òî÷íîñòè òðåáóåò 10000
âû÷èñëåíèé çíà÷åíèé ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî
óðàâíåíèÿ, ìåòîä Ðóíãå-Êóòòû (9.35) � òîëüêî 40, ÷òî âåäåò ê
óìåíüøåíèþ âû÷èñëèòåëüíîé ïîãðåøíîñòè.

Áàðüåð Áóò÷åðà

Ïðè ïÿòè âû÷èñëåíèÿõ ïðàâîé ÷àñòè f(x, y) äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (9.1) íå ñóùåñòâóåò ÿâíîãî ìåòîäà Ðóíãå-Êóòòû ïÿòîãî
ïîðÿäêà òî÷íîñòè íà âñåì ïðîìåæóòêå [x0, x0 +X], ýòîò ôàêò
íàçûâàåòñÿ áàðüåðîì Áóò÷åðà. Äëÿ ïîñòðîåíèÿ òàêîãî ìåòîäà
íóæíî êàê ìèíèìóì øåñòü âû÷èñëåíèé çíà÷åíèé ïðàâîé ÷àñòè.



9.8. Ìåòîäû Àäàìñà

Îáùàÿ èäåÿ

Íà êàæäîì (m+1-îì) øàãå ìåòîäà Àäàìñà èñïîëüçóþòñÿ çíà÷åíèÿ
ïðàâîé ÷àñòè f(x, y) äèôôåðåíöèàëüíîãî óðàâíåíèÿ (9.1) â
òåêóùåì è ïðåäûäóùèõ óçëàõ xm−j (j = 0, 1, . . . , k − 1). Åãî
÷èñëåííàÿ ïðîöåäóðà ñòðîèòñÿ íà îñíîâå èíòåãðàëüíîãî
ïðåäñòàâëåíèÿ òî÷íîãî ðåøåíèÿ çàäà÷è Êîøè (9.1),(9.2)

y(xm+1) = y(xm) +

∫ xm+1

xm

F (x)dx, (9.36)

ãäå F (x) = f(x, y(x)) x ∈ [x0, x0 +X].

Äëÿ ôóíêöèè F íà îñíîâå äàííûõ (xm−j , y(xm−j))
j = 0, 1, . . . , k − 1 ñòðîèòñÿ èíòåðïîëÿöèîííûé ìíîãî÷ëåí
Ëàãðàíæà Lk−1(x). Çàòåì â îïðåäåëåííîì èíòåãðàëå â (9.36)
ôóíêöèÿ F çàìåíÿåòñÿ ýòèì ìíîãî÷ëåíîì. Ïîëó÷åííîå
ïðèáëèæåííîå ðàâåíñòâî çàìåíÿåòñÿ íà òî÷íîå äëÿ ïðèáëèæåííûõ
çíà÷åíèé ym+1 ≈ y(xm+1), ym−j ≈ y(xm−j) (j = 0, 1, . . . , k − 1)
ðåøåíèÿ çàäà÷è Êîøè â ñîîòâåòñòâóþùèõ óçëàõ.



ßâíûå (ýêñòðàïîëÿöèîííûå) ìåòîäû Àäàìñà
Ïóñòü fm−j = f(xm−j , ym−j) (j = 0, 1, . . . , k − 1). Ïî ýòèì äàííûì
ñòðîèòñÿ èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà Lk−1(x)
ñòåïåíè k − 1.

Îïðåäåëåíèå 9.1.

ßâíûì ìåòîäîì Àäàìñà k-ãî ïîðÿäêà íàçûâàåòñÿ ìåòîä

ym+1 = ym +
∫ xm+1

xm
Lk−1(x)dx,

m = k − 1, k, . . . , n− 1.
(9.37)

Ïîðÿäîê òî÷íîñòè ÿâíîãî ìåòîäà Àäàìñà k-ãî ïîðÿäêà íà îäíîì
øàãå: ym−j = y(xm−j) (j = 0, 1, . . . , k − 1)

O(hk+1) ∼ F (k)(ξm)

k!

∫ xm+1

xm

(x− xm)(x− xm−1) . . . (x− xm−k+1)dx,

(9.38)
ãäå ξm ∈ [xm−k+1, xm+1]



Ïðèìåðû ÿâíûõ ìåòîäîâ Àäàìñà

k = 1. ßâíûé ìåòîä Ýéëåðà. O(h2)

L0(x) = F (xm) = fm,

ym+1 = ym +
∫ xm+1

xm
L0(x)dx = ym + fmh,

m = 0, 1, . . . , n− 1

k = 2. O(h3)

L1(x) = F (xm) + F (xm, xm−1)(x− xm) = fm +
fm−fm−1

h (x− xm),

ym+1 = ym +
∫ xm+1

xm
L1(x)dx = ym + h

2

(
3fm − fm−1

)
,

m = 1, 2, . . . , n− 1



Ïðèìåðû ÿâíûõ ìåòîäîâ Àäàìñà ...

k = 3. Ìåòîä Àäàìñà-Áýøôîðòà. O(h4)

L2(x) = F (xm) + F (xm, xm−1)(x− xm)+
+F (xm, xm−1, xm−2)(x− xm)(x− xm−1) =

= fm +
fm−fm−1

h (x− xm)+

+
fm−2fm−1+fm−2

2h2 (x− xm)(x− xm−1),

ym+1 = ym +
∫ xm+1

xm
L2(x)dx =

= ym + h
12

(
23fm − 16fm−1 + 5fm−2

)
,

m = 2, 3, . . . , n− 1



Íåÿâíûå (èíòåðïîëÿöèîííûå) ìåòîäû Àäàìñà
Ôîðìàëüíî ñòðîèòñÿ èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà
Lk(x) ñòåïåíè k. Äëÿ ýòîãî èñïîëüçóþòñÿ äàííûå:
fm+1 = f(xm+1, ym+1) è fm−j = f(xm−j , ym−j) (j = 0, 1, . . . , k − 1).

Îïðåäåëåíèå 9.2.

Íåÿâíûì ìåòîäîì Àäàìñà k-ãî ïîðÿäêà íàçûâàåòñÿ ìåòîä

ym+1 = ym +
∫ xm+1

xm
Lk(x)dx,

m = {k − 1}k, . . . , n− 1.
(9.39)

Ïîðÿäîê òî÷íîñòè íåÿâíîãî ìåòîäà Àäàìñà k-ãî ïîðÿäêà íà îäíîì
øàãå: ym−j = y(xm−j) (j = 0, 1, . . . , k − 1)

O(hk+2) ∼ F (k+1)(ξm)

(k + 1)!

∫ xm+1

xm

(x− xm+1)(x− xm) . . . (x− xm−k+1)dx,

(9.40)
ãäå ξm ∈ [xm−k+1, xm+1]



Ïðèìåðû íåÿâíûõ ìåòîäîâ Àäàìñà

k = 0. Íåÿâíûé ìåòîä Ýéëåðà. O(h2)

L0(x) = F (xm+1) = fm+1,

ym+1 = ym +
∫ xm+1

xm
L0(x)dx = ym + fm+1h,

m = 0, 1, . . . , n− 1

k = 1. O(h3)

L1(x) = F (xm+1) + F (xm+1, xm)(x− xm+1) =

= fm+1 +
fm+1−fm

h (x− xm+1),

ym+1 = ym +
∫ xm+1

xm
L1(x)dx = ym + h

2

(
fm+1 + fm

)
,

m = 0, 1, 2, . . . , n− 1



Ïðèìåðû íåÿâíûõ ìåòîäîâ Àäàìñà ...

k = 2. Ìåòîä Àäàìñà-Ìóëòîíà. O(h4)

L2(x) = F (xm+1) + F (xm+1, xm)(x− xm+1)+
+F (xm+1, xm, xm−1)(x− xm+1)(x− xm) =

= fm+1 +
fm+1−fm

h (x− xm+1)+

+
fm+1−2fm+fm−1

2h2 (x− xm+1)(x− xm),

ym+1 = ym +
∫ xm+1

xm
L2(x)dx =

= ym + h
12

(
5fm+1 + 8fm − fm−1

)
,

m = 1, 2, . . . , n− 1



Ìåòîäû Àäàìñà. Çàêëþ÷èòåëüíûå çàìå÷àíèÿ.
Ðàçãîí

Äëÿ âñåõ ìåòîäîâ Àäàìñà, íà÷èíàÿ ñ äâóõøàãîâûõ, êðîìå
íà÷àëüíîãî çíà÷åíèÿ y0 òðåáóåòñÿ çíàíèå ñòàðòîâûõ çíà÷åíèé
y1, . . . , yk−1. Ïðîöåäóðà âû÷èñëåíèÿ ñòàðòîâûõ çíà÷åíèé
íàçûâàåòñÿ ðàçãîíîì. Ðåêîìåíäóåòñÿ äåëàòü ðàçãîí ìåòîäàìè
(íàïðèìåð, Ðóíãå-Êóòòû) íå ìåíüøåãî ïîðÿäêà òî÷íîñòè íà îäíîì
øàãå, à ëó÷øå íà åäèíèöó áîëüøåãî.

Ñðàâíèâàÿ ÿâíûå è íåÿâíûå ìåòîäû Àäàìñà, ñëåäóåò îòìåòèòü:

1 Íåäîñòàòîê íåÿâíûõ ìåòîäîâ ñîñòîèò â íåîáõîäèìîñòè íà
êàæäîì øàãå ðåøàòü óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé
âåëè÷èíû ym+1.

2 Íåêîòîðîå ïðåèìóùåñòâî íåÿâíûõ ìåòîäîâ ñîñòîèò â
òî÷íîñòè: ïðè îäíîì è òîì æå ïîðÿäêå k íåÿâíûå ìåòîäû
èìåþò ïîðÿäîê òî÷íîñòè íà îäíîì øàãå k + 2, â îòëè÷èå îò
ÿâíûõ, ó êîòîðûõ ïîðÿäîê òî÷íîñòè íà îäíîì øàãå k + 1.

3 Ãëàâíîå ïðåèìóùåñòâî íåÿâíûõ ìåòîäîâ ñîñòîèò â
âîçìîæíîñòè ðåøàòü æåñòêèå ñèñòåìû.



9.9. Îáùèé êëàññ ìíîãîøàãîâûõ ìåòîäîâ
Îïðåäåëåíèå 9.3.

k-øàãîâûì ðàçíîñòíûì ìåòîäîì íàçûâàåòñÿ

ym =
∑k

i=1 αiym−i + h
∑k

j=0 βjfm−j ,

m = k, . . . , n− 1,

(9.41)

ãäå αi ∈ R (i = 0, 1, . . . , k); βj ∈ R, fm−j = f(xm−j , ym−j)
(j = 0, 1, . . . , k).

Åñëè β0 = 0, òî ìåòîä (9.41) íàçûâàåòñÿ ÿâíûì.
Åñëè β0 ̸= 0, òî ìåòîä (9.41) íàçûâàåòñÿ íåÿâíûì.

Îïðåäåëåíèå 9.4.

Íåâÿçêîé ìåòîäà (9.41) íà îäíîì øàãå íàçûâàåòñÿ âåëè÷èíà

zm = y(xm)−
k∑

i=1

αiy(xm−i)− h

k∑
j=0

βjf(xm−j , y(xm−j)) (9.42)



k-øàãîâûå ðàçíîñòíûå ìåòîäû

Îïðåäåëåíèå 9.5.

Ïóñòü ym−i = y(xm−i) (j = 1, . . . , k). Ïîãðåøíîñòüþ ìåòîäà (9.41)
íà îäíîì øàãå (ëîêàëüíîé ïîãðåøíîñòüþ) íàçûâàåòñÿ âåëè÷èíà

rm = y(xm)− ym|(9.41) = y(xm)−
k∑

i=1

αiym−i − h

k∑
j=0

βjfm−j (9.43)

Òåîðåìà 9.2.

Íåâÿçêà zm è ïîãðåøíîñòü rm íà îäíîì øàãå ìåòîäà (9.41) �
âåëè÷èíû îäíîãî ïîðÿäêà ïî h.

Äîêàçàòåëüñòâî.
Åñëè β0 = 0, òî zm = rm.
Ïóñòü β0 ̸= 0 è ôóíêöèÿ f(x, y) íåïðåðûâíî-äèôôåðåíöèðóåìà ïî
âòîðîìó àðãóìåíòó.



Äîêàçàòåëüñòâî ...
Ïîñêîëüêó

y(xm) = zm +
∑k

i=1 αiy(xm−i) + hβ0f(xm, y(xm))+

+h
∑k

j=1 βjf(xm−j , y(xm−j)),

ym =
∑k

i=1 αiy(xm−i) + hβ0f(xm, ym)+

+h
∑k

j=1 βjf(xm−j , y(xm−j)),

òî

rm = zm + hβ0 (f(xm, y(xm))− f(xm, ym)) = zm + hβ0f
′
y(xm, ξm)rm,

ãäå ξm ∈ [ym, y(xm)]. Îòêóäà

zm =
(
1− hβ0f

′
y(xm, ξm)

)
rm. (9.44)

Òàê êàê 0 ≤ h ≤ X è ∃D ≥ 0 : |f ′y(x, y)| ≤ D, òî èç (9.44) ñëåäóåò,
÷òî

∃0 < C1 ≤ C2 : C1|rm| ≤ |zm| ≤ C2|rm|.

□ Òåîðåìà äîêàçàíà.



k-øàãîâûå ðàçíîñòíûå ìåòîäû ...

Îïðåäåëåíèå 9.6.

Íåîòðèöàòåëüíîå öåëîå ÷èñëî N íàçûâàåòñÿ àëãåáðàè÷åñêîé
ñòåïåíüþ òî÷íîñòè ôîðìóëû (9.41), åñëè:
1) ôîðìóëà (9.41) òî÷íà äëÿ âñåõ ìíîãî÷ëåíîâ ñòåïåíè N è íèæå;
2) ñðåäè ìíîãî÷ëåíîâ ñòåïåíè N + 1 íàéäåòñÿ õîòÿ áû îäèí, äëÿ
êîòîðîãî ôîðìóëà (9.41) íåòî÷íà.

Òåîðåìà 9.3.

Ïóñòü N ≥ 0 � àëãåáðàè÷åñêàÿ ñòåïåíü òî÷íîñòè ôîðìóëû (9.41).
Òîãäà íåâÿçêà ìåòîäà (9.41) íà îäíîì øàãå zm = O(hN+1).

Êëàññ ÿâíûõ k-øàãîâûõ ìåòîäîâ èìååò 2k ïàðàìåòðîâ, à êëàññ
íåÿâíûõ k-øàãîâûõ ìåòîäîâ èìååò 2k + 1 ïàðàìåòðîâ. Ïîýòîìó çà
ñ÷åò âûáîðà ýòèõ ïàðàìåòðîâ ìîæíî ïîëó÷èòü ëîêàëüíóþ
ïîãðåøíîñòü íàèáîëüøåãî ïîðÿäêà ìàëîñòè.
Ïîäáîð ïàðàìåòðîâ ñëåäóåò ïðîâîäèòü òàê, ÷òîáû îáåñïå÷èòü
ôîðìóëå ìåòîäà (9.41) íàèáîëüøóþ àëãåáðàè÷åñêóþ ñòåïåíü
òî÷íîñòè.
⊠



▲21. Ïðèìåð k-øàãîâûõ ðàçíîñòíûõ ìåòîäîâ
Êëàññ ÿâíûõ äâóõøàãîâûõ ìåòîäîâ

ym = α1ym−1 + α2ym−2 + h
(
β1fm−1 + β2fm−2

)
(9.45)

Òðåáóåòñÿ íà êëàññå ìåòîäîâ (9.45) ïîñòðîèòü ìåòîä ñ íàèâûñøåé
àëãåáðàè÷åñêîé ñòåïåíüþ òî÷íîñòè.

Ïîñëåäîâàòåëüíàÿ ïîäñòàíîâêà â (9.45) âìåñòî ôóíêöèè y
ìíîãî÷ëåíîâ37

Q0(x) ≡ 1, Q1(x) = x−xm−1, Q2(x) = (x−xm−1)
2, Q3(x) = (x−xm−1)

3,

òî åñòü òðåáîâàíèå òî÷íîñòè ôîðìóëû (9.45) äëÿ óêàçàííûõ
ìíîãî÷ëåíîâ, ïðèâîäèò ê ñèñòåìå óðàâíåíèé

1 = α1 + α2

h = −α2h+ h(β1 + β2)
h2 = α2h

2 + h(−2hβ2)
h3 = −α2h

3 + h(3h2β2)

37Çäåñü ñëåäóåò ó÷èòûâàòü, ÷òî fm−i = f(xm−i, ym−i) = y′m−i.



Ïðèìåð...
Ðåøåíèåì ýòîé ñèñòåìû ÿâëÿåòñÿ

α1 = −4
α2 = 5
β1 = 4
β2 = 2

ïîäñòàíîâêà êîòîðîãî â (9.45) ïðèâîäèò ê ìåòîäó

ym = −4ym−1 + 5ym−2 + h
(
4fm−1 + 2fm−2

)
, (9.46)

êîòîðûé èìååò àëãåáðàè÷åñêóþ ñòåïåíü òî÷íîñòè N = 3 (êàê
íåòðóäíî ïðîâåðèòü, äëÿ ìíîãî÷ëåíà Q4(x) = (x− xm−1)

4

ôîðìóëà (9.46) íåòî÷íà).

Ñîãëàñíî òåîðåìàì 9.2 è 9.3, ìåòîä (9.46) èìååò íåâÿçêó
(ëîêàëüíóþ ïîãðåøíîñòü) O(h4), êîòîðàÿ íà ïîðÿäîê âûøå ÿâíîãî
äâóõøàãîâîãî ìåòîäà Àäàìñà èç òîãî æå êëàññà ìåòîäîâ.

Îäíàêî ìåòîä (9.46), íåñìîòðÿ íà åãî äîñòàòî÷íî âûñîêèé ïîðÿäîê
òî÷íîñòè, ðàñõîäèòñÿ. Â ýòîì ìîæíî óáåäèòüñÿ íà òåñòîâîì
ïðèìåðå.



Ïðèìåð...

Òåñòîâàÿ çàäà÷à Êîøè

y′ = 0, x ∈ [0, X], (9.47)

y(0) = y0 = 0. (9.48)

Çàäà÷à (9.47), (9.48) èìååò òðèâèàëüíîå ðåøåíèå

y(x) ≡ 0 x ∈ [0, X].

Ìåòîä (9.46) äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (9.47) èìååò âèä

ym = −4ym−1 + 5ym−2. (9.49)

×òîáû âîñïîëüçîâàòüñÿ ýòèì ìåòîäîì äëÿ ïðèáëèæåííîãî
ðåøåíèÿ çàäà÷è (9.47), (9.48) íåîáõîäèìî âûïîëíèòü åãî ðàçãîí, òî
åñòü îïðåäåëèòü y1. Ðåàëèçàöèÿ ðàçãîíà ñ ïîìîùüþ ëþáîãî
÷èñëåííîãî ìåòîäà ïðèâîäèò ê òîìó, ÷òî y1 âû÷èñëÿåòñÿ ñ
íåêîòîðîé ìàëîé îøèáêîé y1 = ε > 0. Â ýòîì ñëó÷àå äàëüíåéøåå
èñïîëüçîâàíèå ìåòîäà (9.49) ïðèâîäèò ê ñëåäóþùåìó ðåçóëüòàòó:

y2 = −4ε, y3 = 21ε, y4 = 104ε, y5 = 521ε, . . . (9.50)



Ïðèìåð...

Êàê âèäíî èç (9.50), ïðè èñïîëüçîâàíèè ìåòîäà (9.49) îò øàãà ê
øàãó ïðîèñõîäèò äîñòàòî÷íî áûñòðîå óâåëè÷åíèå âåëè÷èíû
îøèáêè εm = |y(xm)− ym|, (m = 0, 1, 2, . . .):

ε0 = 0, ε1 = ε, ε2 = 4ε, ε3 = 21ε, ε4 = 104ε, ε5 = 521ε, . . . ,

÷òî ñâèäåòåëüñòâóåò î ðàñõîäèìîñòè ìåòîäà (9.49).
Òàêîå ÿâëåíèå íàçûâàåòñÿ íåóñòîé÷èâîñòüþ ìåòîäà:

Íåóñòîé÷èâîñòü k-øàãîâîãî ìåòîäà ïî íà÷àëüíûì óñëîâèÿì

Ìàëàÿ îøèáêà â íà÷àëüíûõ óñëîâèÿõ y1, y2, . . . , yk−1, äëÿ
k-øàãîâîãî ìåòîäà ïðèâîäèò ê åå óâåëè÷åíèþ â ïðèáëèæåííûõ
çíà÷åíèÿõ ym (m ≥ k) ðåøåíèÿ çàäà÷è Êîøè íà åãî ïîñëåäóþùèõ
èòåðàöèÿõ.

×òîáû ïîëó÷èòü óñëîâèÿ, êîòîðûå ãàðàíòèðóþò óñòîé÷èâîñòü è â
êîíå÷íîì èòîãå � ñõîäèìîñòü ìíîãîøàãîâûõ ìåòîäîâ, òðåáóåòñÿ
ðàññìîòðåòü ýëåìåíòû òåîðèè ëèíåéíûõ ðàçíîñòíûõ óðàâíåíèé.



9.10. Ëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ è èõ
óñòîé÷èâîñòü

Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå k-ãî ïîðÿäêà ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè

ym + a1ym−1 + a2ym−2 + . . .+ akym−k = 0, (9.51)

ãäå ai ∈ R (i = 1, 2, . . . , k).

Ïðèìåð: Ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå 2-ãî ïîðÿäêà

ym + 4ym−1 − 5ym−2 = 0.

Åñëè çàäàíû íà÷àëüíûå óñëîâèÿ � ÷èñëà y0, y1, . . . , yk−1, òî
ñëåäóþùèå ÷ëåíû ïîñëåäîâàòåëüíîñòè yk, yk+1, . . . îïðåäåëÿþòñÿ
ïî ÿâíîé ôîðìóëå

ym = − (a1ym−1 + a2ym−2 + . . .+ akym−k)

è ðåøåíèåì óðàâíåíèÿ (9.51) ÿâëÿåòñÿ ÷èñëîâàÿ
ïîñëåäîâàòåëüíîñòü {ym}∞m=0.



Ëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ...
Ñâîéñòâà ðåøåíèé ëèíåéíîãî ðàçíîñòíîãî óðàâíåíèÿ

1 Ñðåäè ðåøåíèé óðàâíåíèÿ (9.51) åñòü òðèâèàëüíîå
{ym = 0}∞m=0;

2 Ëþáàÿ ëèíåéíàÿ êîìáèíàöèÿ ðåøåíèé óðàâíåíèÿ (9.51)
ÿâëÿåòñÿ åãî ðåøåíèåì;

3 Îáùåå ðåøåíèå óðàâíåíèÿ (9.51) ïðåäñòàâëÿåò ñîáîé
ëèíåéíóþ êîìáèíàöèþ åãî ëèíåéíî-íåçàâèñèìûõ ðåøåíèé,
îáðàçóþùèõ ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé.

Äëÿ íàõîæäåíèÿ ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé óðàâíåíèÿ
(9.51) ïðåäëàãàåòñÿ èñêàòü åãî ëèíåéíî-íåçàâèñèìûå ðåøåíèÿ â
âèäå ys = ρs. Ïîäñòàíîâêà ym = ρm â (9.51) ïðèâîäèò ê óðàâíåíèþ

ρm + a1ρ
m−1 + a2ρ

m−2 + . . .+ akρ
m−k = 0,

èëè, ïîñëå ñîêðàùåíèÿ íà ρm−k, àëãåáðàè÷åñêîå óðàâíåíèå

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

ρk + a1ρ
k−1 + a2ρ

k−2 + . . .+ ak−1ρ+ ak = 0 (9.52)



Ëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ...
Åñëè ρ � ïðîñòîé êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (9.52)
(âîçìîæíî, êîìïëåêñíûé), òî åìó ñîîòâåòñòâóåò ðåøåíèå
óðàâíåíèÿ (9.51) � ïîñëåäîâàòåëüíîñòü y = {1, ρ, ρ2, . . . , ρm, . . .},
êîòîðàÿ îñòàåòñÿ îãðàíè÷åííîé òîãäà è òîëüêî òîãäà, êîãäà |ρ| ≤ 1.

Åñëè æå êîðåíü ρ èìååò êðàòíîñòü l > 1, òî åìó ñîîòâåòñòâóåò l
ëèíåéíî íåçàâèñèìûõ ðåøåíèé âèäà

y(1) = {1, ρ, ρ2, . . . , ρm, . . .},
y(2) = {1, 1ρ, 2ρ2, . . . ,mρm, . . .},
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
y(l) = {1, 1l−1ρ, 2l−1ρ2, . . . ,ml−1ρm, . . .},

êîòîðûå îãðàíè÷åíû òîãäà è òîëüêî òîãäà, êîãäà |ρ| < 1.

Ëèíåéíîå íåîäíîðîäíîå ðàçíîñòíîå óðàâíåíèå k-ãî ïîðÿäêà ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè:

ym + a1ym−1 + a2ym−2 + . . .+ akym−k = b0, (9.53)

ãäå b0, ai ∈ R (i = 1, 2, . . . , k), b0 ̸= 0. Îáùåå ðåøåíèå óðàâíåíèÿ
(9.53) çàïèñûâàåòñÿ â âèäå ñóììû åãî ÷àñòíîãî ðåøåíèÿ è îáùåãî
ðåøåíèÿ ñîîòâåòñòâóþùåãî åìó îäíîðîäíîãî óðàâíåíèÿ (9.51).



Óñòîé÷èâîñòü ëèíåéíîãî ðàçíîñòíîãî óðàâíåíèÿ

Îïðåäåëåíèå 9.7.

Òðèâèàëüíîå ðåøåíèå ðàçíîñòíîãî óðàâíåíèÿ (9.51) íàçûâàåòñÿ
óñòîé÷èâûì, åñëèa

∀ε > 0 ∃δ > 0 : ∀{yi}k−1
i=0 :

|yi| < δ, i = 0, 1, . . . , k − 1 ⇒ |yj | < ε, j = k, k + 1, . . .
(9.54)

aÂ ýòîì ñëó÷àå ãîâîðÿò òàêæå, ÷òî ðàçíîñòíîå óðàâíåíèå (9.51) óñòîé÷èâî.

Òåîðåìà 9.4. Êðèòåðèé óñòîé÷èâîñòè

Äëÿ òîãî ÷òîáû ðàçíîñòíîå óðàâíåíèå (9.51) áûëî óñòîé÷èâûì,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ âñåõ êîðíåé
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (9.52) âûïîëíÿëîñü óñëîâèå

|ρ| ≤ 1, (9.55)

ïðè÷åì åñëè |ρ| = 1, òî òàêîé êîðåíü íå ÿâëÿåòñÿ êðàòíûì.



9.11. 0-óñòîé÷èâîñòü è ñõîäèìîñòü k-øàãîâûõ
ðàçíîñòíûõ ìåòîäîâ

Îïðåäåëåíèå 9.8.

k-øàãîâûé ðàçíîñòíûé ìåòîä (9.41) íàçûâàåòñÿ 0-óñòîé÷èâûì,
åñëè ðàçíîñòíîå óðàâíåíèå

ym =

k∑
i=1

αiym−i, m = k, . . . , n− 1, (9.56)

ïîëó÷àþùååñÿ èç ôîðìóëû (9.41) ïðè h = 0, ÿâëÿåòñÿ óñòîé÷èâûì.

ÏÐÈÌÅÐ 1. ßâíûé äâóøàãîâûé ðàçíîñòíûé ìåòîä

ym = −4ym−1 + 5ym−2 + h
(
4fm−1 + 2fm−2

)
,

êîòîðûé èìååò ÷åòâåðòûé ïîðÿäîê òî÷íîñòè íà îäíîì øàãå
(òðåòèé � íà âñåì ïðîìåæóòêå) (ñì. (9.46)).
Ðàçíîñòíîå óðàâíåíèå, ïîëó÷àþùååñÿ èç (9.46) ïðè h = 0, èìååò
âèä ym = −4ym−1 + 5ym−2 (ñì. (9.49)).



0-óñòîé÷èâîñòü è ñõîäèìîñòü k-øàãîâûõ ðàçíîñòíûõ
ìåòîäîâ ...

Ñîîòâåòñòâóþùåå (9.49) õàðàêòåðèñòè÷åñêîå óðàâíåíèå

ρ2 + 4ρ− 5 = 0

èìååò êîðíè ρ1 = 1, ρ2 = −5. Òàêèì îáðàçîì, óñëîâèå
óñòîé÷èâîñòè |ρ| ≤ 1 íå âûïîëíÿåòñÿ. Ñëåäîâàòåëüíî, ìåòîä (9.46)
íå ÿâëÿåòñÿ 0-óñòîé÷èâûì.

ÏÐÈÌÅÐ 2. Âñå ìåòîäû Àäàìñà (9.37), (9.39) ÿâëÿþòñÿ
0-óñòîé÷èâûìè, òàê êàê ïðè h = 0 ñîîòâåòñòâóþùåå èì ðàçíîñòíîå
óðàâíåíèå èìååò âèä ym+1 = ym, õàðàêòåðèñòè÷åñêîå óðàâíåíèå
ρ = 1 èìååò åäèíñòâåííûé êîðåíü, óäîâëåòâîðÿþùèé óñëîâèþ
óñòîé÷èâîñòè (9.55).

Òåîðåìà 9.5. "Àïïðîêñèìàöèÿ + Óñòîé÷èâîñòü = Ñõîäèìîñòü"

Åñëè k-øàãîâûé ðàçíîñòíûé ìåòîä (9.41) èìååò íåâÿçêó ïîðÿäêà
p+ 1, ðàçãîí ïîðÿäêà p è ÿâëÿåòñÿ 0-óñòîé÷èâûì, òî îí ñõîäèòñÿ ñ
ïîðÿäêîì p.



9.12. Æåñòêèå ñèñòåìû. À-óñòîé÷èâîñòü.

Ñâîéñòâî æåñòêîñòè ñèñòåìû, çàäàâàåìîé ðåøåíèåì çàäà÷è Êîøè
(9.1),(9.2), ñîçäàåò áîëüøèå ïðîáëåìû ïðè ÷èñëåííîì ðåøåíèè
ýòîé çàäà÷è.

Ïðèìåð æåñòêîé ñèñòåìû

y′ = −αy, x ∈ [0, X], (9.57)

y(0) = 1, (9.58)

ãäå α≫ 1

Òî÷íîå ðåøåíèå çàäà÷è (9.57), (9.58)

y(x) = e−αx > 0 ∀x ∈ [0, X] (9.59)



Ïðèìåð æåñòêîé ñèñòåìû ...
Ïðèìåíåíèå ÿâíîãî ìåòîäà Ýéëåðà (9.8)

ym+1 = ym − hαym = (1− hα) ym, m = 0, 1, . . . , n− 1 (9.60)

Âûâîäû

1 Åñëè h > 1
α (1− hα < 0), òî ïðèáëèæåííîå ðåøåíèå çàäà÷è

(9.57), (9.58), ïîëó÷åííîå ÿâíûì ìåòîäîì Ýéëåðà (9.60), íå
ñîõðàíÿåò òàêîå âàæíîå ñâîéñòâî åå òî÷íîãî ðåøåíèÿ (9.59),
êàê ïîëîæèòåëüíîñòü. Òàêèì îáðàçîì, äîïóñòèìûå çíà÷åíèÿ h
â (9.60) äîëæíû óäîâëåòâîðÿòü íåðàâåíñòâó h < 1

α .

2 Ðàçíîñòíîå óðàâíåíèå (9.60) óñòîé÷èâî, òîëüêî åñëè h ≤ 2
α

(|1− hα| ≤ 1). Íî ìàëûé øàã âåäåò ê íàêîïëåíèþ
âû÷èñëèòåëüíîé ïîãðåøíîñòè è ìåòîä (9.60) êàê ñ áîëüøèìè,
òàê è ñ ìàëûìè øàãàìè h ìîæåò äàòü î÷åíü íåòî÷íûå
ðåçóëüòàòû.

Â äàííîì ïðèìåðå ýòó ïðîáëåìó ìîæíî ðåøèòü ñ ïîìîùüþ
ïåðåìåííîãî øàãà h, ìàëîãî íà ïî÷òè âåðòèêàëüíîì ó÷àñòêå è
áîëüøîãî íà ïî÷òè ãîðèçîíòàëüíîì ó÷àñòêå, íî åñëè ðåøàåòñÿ
ñèñòåìà óðàâíåíèé, òî ïåðåìåííûé øàã h íå ïîìîæåò.



Ïðèìåð æåñòêîé ñèñòåìû ...

Ïðèìåíåíèå íåÿâíîãî ìåòîäà Ýéëåðà

ym+1 = ym − hαym+1

èëè

ym+1 =
1

1 + hα
ym, m = 0, 1, . . . , n− 1 (9.61)

Âûâîäû

1 Ïðèáëèæåííîå ðåøåíèå çàäà÷è (9.57), (9.58), ïîëó÷åííîå
íåÿâíûì ìåòîäîì Ýéëåðà (9.60), ñîõðàíÿåò ñâîéñòâî
ïîëîæèòåëüíîñòè åå òî÷íîãî ðåøåíèÿ (9.59) ïðè ëþáîì øàãå
h > 0.

2 Ðàçíîñòíîå óðàâíåíèå (9.61) óñòîé÷èâî, òàê êàê êîðåíü
ρ = 1

1+hα åãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ óäîâëåòâîðÿåò
óñëîâèþ 0 < ρ < 1 ïðè ëþáîì øàãå h > 0.

3 Çàäà÷ó (9.57), (9.58) ìîæíî ðåøàòü íåÿâíûì ìåòîäîì Ýéëåðà
ñ ëþáûì øàãîì h > 0.



Ïðèìåð æåñòêîé ñèñòåìû ...
Íà ðèñ. 17 æèðíîé ëèíèåé ïîêàçàíî òî÷íîå ðåøåíèå çàäà÷è Êîøè
(9.57), (9.58) ïðè α = 10, ëîìàíûìè ëèíèÿìè ïîêàçàíû
ïðèáëèæåííûå ðåøåíèÿ, ïîëó÷åííûå ÿâíûì (êðóæêè) è íåÿâíûì
(êâàäðàòèêè) ìåòîäîì Ýéëåðà ïðè øàãå h = 0.2.

Ðèñ. 17: Ãðàôèêè òî÷íîãî ðåøåíèÿ ïðè α = 10, à òàêæå ïðèáëèæåííîãî,
ïîëó÷åííîãî ÿâíûì è íåÿâíûì ìåòîäîì Ýéëåðà ïðè h = 0.2.



Îïðåäåëåíèå æåñòêîé ñèñòåìû

Íå ñóùåñòâóåò åäèíîãî îïðåäåëåíèÿ æåñòêèõ ñèñòåì, íåêîòîðûå èç
íèõ:

1 Æåñòêèå ñèñòåìû � ñèñòåìû ñ íàëè÷èåì ïî÷òè âåðòèêàëüíûõ
è ïî÷òè ãîðèçîíòàëüíûõ ó÷àñòêîâ ðåøåíèÿ.

2 Æåñòêèå ñèñòåìû � ñèñòåìû ñ áîëüøîé êîíñòàíòîé Ëèïøèöà.

3 Æåñòêèå ñèñòåìû � ñèñòåìû, êîòîðûå íåëüçÿ ðåøàòü ÿâíûìè
ìåòîäàìè.



Îïðåäåëåíèå æåñòêîé ñèñòåìû ...

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â íîðìàëüíîé ôîðìå

y′ = f(x,y), y ∈ Rn, x ∈ [x0, x0 +X], (9.62)

y(x0) = y0. (9.63)

Ïóñòü y(x) � òî÷íîå ðåøåíèå çàäà÷è Êîøè (9.62), (9.63).
Ñèñòåìà ïåðâîãî ïðèáëèæåíèÿ âäîëü ýòîãî ðåøåíèÿ

y′ = A(x)y, x ∈ [x0, x0 +X].

Ïóñòü λi = λi(x) � ñîáñòâåííûå ÷èñëà ìàòðèöû A(x).
Åñëè äëÿ íåêîòîðîãî x ∈ [x0, x0 +X] âûïîëíÿþòñÿ óñëîâèÿ:

1) Re(λi(x)) < 0;

2) maxRe(λi(x))
minRe(λi(x))

≥ 1,

òî ñèñòåìà (9.62), (9.63) íàçûâàåòñÿ æåñòêîé. ⊠



▲22. À-óñòîé÷èâîñòü

Äëÿ ðåøåíèÿ æåñòêèõ ñèñòåì ðåêîìåíäóåòñÿ ïðèìåíÿòü ìåòîäû ñî
ñïåöèàëüíûì ñâîéñòâîì À-óñòîé÷èâîñòè.

Ïóñòü ê ðåøåíèþ òåñòîâîãî óðàâíåíèÿ

y′ = λy, x ∈ [0, X], (9.64)

ãäå λ � êîìïëåêñíîå ÷èñëî, ïðèìåíÿåòñÿ k-øàãîâûé ðàçíîñòíûé
ìåòîä (9.41)

ym =
∑k

i=1 αiym−i + h
∑k

j=0 βjfm−j ,

m = k, . . . , n− 1.

Â ðåçóëüòàòå ïîëó÷àåòñÿ ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå
óðàâíåíèå k-ãî ïîðÿäêà

ym =
∑k

i=1 αiym−i + hλ
∑k

j=0 βjym−j ∼

(1− hλβ0) ym −
∑k

i=1 (αi + hλβi) ym−i = 0,

m = k, . . . , n− 1.

(9.65)



À-óñòîé÷èâîñòü ...

Îïðåäåëåíèå 9.9.

Îáëàñòüþ óñòîé÷èâîñòè ìåòîäà (9.41) íàçûâàåòñÿ ìíîæåñòâî
ïàðàìåòðîâ hλ íà êîìïëåêñíîé ïëîñêîñòè, òàêèõ, ÷òî
ñîîòâåòñòâóþùåå åìó ðàçíîñòíîå óðàâíåíèå (9.65) óñòîé÷èâî
(|ρ(hλ)| < 1).

Îïðåäåëåíèå 9.10.

Ìåòîä (9.41) íàçûâàåòñÿ À-óñòîé÷èâûì, åñëè îáëàñòü
óñòîé÷èâîñòè ñîäåðæèò âñþ ëåâóþ êîìïëåêñíóþ ïîëóïëîñêîñòü
Re(hλ) < 0.

ÏÐÈÌÅÐ.
ßâíûé ìåòîä Ýéëåðà ym+1 = ym + hfm, m = 0, 1, . . . , n− 1.

Ðåçóëüòàòîì åãî ïðèìåíåíèÿ ê òåñòîâîìó óðàâíåíèþ (9.64)
ÿâëÿåòñÿ ðàçíîñòíîå óðàâíåíèå

ym+1 = ym + hλym,



À-óñòîé÷èâîñòü ...
õàðàêòåðèñòè÷åñêîå óðàâíåíèå ρ− (1 + hλ) = 0 êîòîðîãî èìååò
åäèíñòâåííûé êîðåíü ρ = 1 + hλ.
Îáëàñòü óñòîé÷èâîñòè |1 + hλ| < 1 ïðåäñòàâëÿåò ñîáîé íà
êîìïëåêñíîé ïëîñêîñòè âíóòðåííîñòü åäèíè÷íîãî êðóãà ñ öåíòðîì
â òî÷êå (−1, 0) è íå ñîäåðæèò âñþ ëåâóþ êîìïëåêñíóþ
ïîëóïëîñêîñòü (ðèñ. 18.à). Ìåòîä íå ÿâëÿåòñÿ À-óñòîé÷èâûì.

ÏÐÈÌÅÐ. Íåÿâíûé ìåòîä Ýéëåðà
ym+1 = ym + hfm+1, m = 0, 1, . . . , n− 1.

Ðåçóëüòàòîì åãî ïðèìåíåíèÿ ê òåñòîâîìó óðàâíåíèþ (9.64)
ÿâëÿåòñÿ ðàçíîñòíîå óðàâíåíèå

ym+1 = ym + hλym+1,

êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êîòîðîãî ÿâëÿåòñÿ
ρ = 1

1−hλ . Îáëàñòü óñòîé÷èâîñòè |1− hλ| > 1 ïðåäñòàâëÿåò ñîáîé
íà êîìïëåêñíîé ïëîñêîñòè âíåøíîñòü åäèíè÷íîãî êðóãà ñ öåíòðîì
â òî÷êå (1, 0) è ñîäåðæèò âñþ ëåâóþ êîìïëåêñíóþ ïîëóïëîñêîñòü
(ðèñ. 18.á). Ìåòîä ÿâëÿåòñÿ À-óñòîé÷èâûì.



À-óñòîé÷èâîñòü ...

Ðèñ. 18: Îáëàñòü óñòîé÷èâîñòè: à � ÿâíîãî ìåòîäà Ýéëåðà; á �
íåÿâíîãî ìåòîäà Ýéëåðà



ÒÅÌÀ 10. ×èñëåííûå ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷
äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà

10.1. Ìåòîä ñòðåëüáû ðåøåíèÿ êðàåâîé çàäà÷è.

Ïîñòàíîâêà êðàåâîé çàäà÷è

y′′ = f(x, y, y′), x ∈ [a, b], (10.1)

y(a) = α, y(b) = β (10.2)

Ðåøåíèå êðàåâîé çàäà÷è (10.1),(10.2) ñâîäèòñÿ ê ðåøåíèþ
âñïîìîãàòåëüíîé çàäà÷è Êîøè ñ ïàðàìåòðîì è íåëèíåéíîãî
óðàâíåíèÿ, êîðåíü êîòîðîãî îïðåäåëÿåò èñêîìîå çíà÷åíèå
ïàðàìåòðà

Îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî âñïîìîãàòåëüíûõ çàäà÷ Êîøè

y′′ = f(x, y, y′), x ∈ [a, b], (10.3)

y(a) = α, y′(a) = µ, (10.4)

ãäå µ ∈ R � ïàðàìåòð.



Ìåòîä ñòðåëüáû ...
Çàäà÷ó Êîøè (10.3),(10.4) ïðè ôèêñèðîâàííîì çíà÷åíèè
ïàðàìåòðà µ ìîæíî ðåøàòü ÷èñëåííî 38. Òîãäà, åñëè
ïðåäïîëîæèòü, ÷òî ðåøåíèå y(x, µ) çàäà÷è Êîøè (10.3),(10.4)
íàéäåíî, òî íóæíî ïîäîáðàòü çíà÷åíèå µ∗ ïàðàìåòðà µ, ÷òîáû
âûïîëíÿëîñü óñëîâèå

y(b, µ∗) = β.

Äëÿ ýòîãî íóæíî ðåøèòü íåëèíåéíîå óðàâíåíèå

φ(µ) = y(b, µ)− β = 0, (10.5)

÷òî òàêæå ìîæíî ñäåëàòü ÷èñëåííûìè ìåòîäàìè. Ýòà ìåòîäèêà
ðåøåíèÿ êðàåâûõ çàäà÷ íàçûâàåòñÿ ìåòîäîì ñòðåëüáû (ðèñ. 19).

Ìåòîä ñòðåëüáû ïðåäñòàâëÿåò ñîáîé ïàðó âëîæåííûõ ìåòîäîâ:

Âíåøíèé � äëÿ ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ (10.5),
âíóòðåííèé � äëÿ ðåøåíèÿ çàäà÷è Êîøè (10.3),(10.4) (íàïðèìåð,
ìåòîä äèõîòîìèè è ÿâíûé ìåòîä Ýéëåðà).

38Ïðè ýòîì ñëåäóåò òîëüêî ó÷èòûâàòü, ÷òî äèôôåðåíöèàëüíîå óðàâíåíèå
âòîðîãî ïîðÿäêà íóæíî ïðåäâàðèòåëüíî ñâåñòè ê ñèñòåìå äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðÿäêà.



Ìåòîä ñòðåëüáû ...

Ðèñ. 19: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ìåòîäà ñòðåëüáû.

Òðåáóåòñÿ îïðåäåëèòü òàêîå çíà÷åíèå µ∗ ïàðàìåòðà µ, ÷òîáû
ðåøåíèå y(x, µ∗) çàäà÷è Êîøè (10.3),(10.4) ÿâëÿëîñü ðåøåíèåì
êðàåâîé çàäà÷è (10.1),(10.2).



Ìåòîä ñòðåëüáû ...

Îñîáûé èíòåðåñ ïðåäñòàâëÿåò àëãîðèòì â ñëó÷àå, êîãäà äëÿ
ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ (10.5) ïðèìåíÿåòñÿ ìåòîä
Íüþòîíà

µk+1 = µk − φ(µk)

φ′(µk)
, k = 0, 1, 2, . . . , (10.6)

ãäå íà êàæäîì øàãå íåîáõîäèìî âû÷èñëÿòü âåëè÷èíó φ′(µk).
Äëÿ òîãî ÷òîáû âû÷èñëèòü ýòó âåëè÷èíó, ïðåäëàãàåòñÿ
âîñïîëüçîâàòüñÿ óðàâíåíèåì â âàðèàöèÿõ.
Â ïðåäïîëîæåíèè äîñòàòî÷íîé ãëàäêîñòè ôóíêöèé f(x, y, y′) è
y(x, µ) äèôôåðåíöèðîâàíèå óðàâíåíèÿ (10.3) ïî µ ïðèâîäèò ê

y′′′xxµ = f ′yy
′
µ + f ′y′y′′xµ,

êîòîðîå â òåðìèíàõ âñïîìîãàòåëüíîé ôóíêöèè z(x, µ) = y′µ(x, µ)
ìîæåò áûòü çàïèñàíî â âèäå

z′′ = f ′y(x, y(x, µ), y
′
x(x, µ))z + f ′y′(x, y(x, µ), y′x(x, µ))z

′
x.



Ìåòîä ñòðåëüáû ...

Â ðåçóëüòàòå ñ ó÷åòîì íà÷àëüíûõ óñëîâèé (10.4) âñïîìîãàòåëüíàÿ
ôóíêöèÿ z ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè

z′′ = f ′yz + f ′y′z′x, x ∈ [a, b], (10.7)

z(a) = 0, z′(a) = 1 (10.8)

Òîãäà òðåáóåìàÿ â ôîðìóëå (10.6) ìåòîäà Íüþòîíà âåëè÷èíà

φ′(µk) = z(b, µk)

×èñëåííàÿ ðåàëèçàöèÿ ìåòîäà ñòðåëüáû

Òàêèì îáðàçîì, ìåòîä ñòðåëüáû ñ ïðèìåíåíèåì ìåòîäà Íüþòîíà
(10.6) ñâîäèò ðåøåíèå êðàåâîé çàäà÷è (10.1),(10.2) ê
ïîñëåäîâàòåëüíîìó ÷èñëåííîìó ðåøåíèþ äâóõ âñïîìîãàòåëüíûõ
çàäà÷ Êîøè (10.3),(10.4) è (10.7),(10.8) íà êàæäîì øàãå ìåòîäà
Íüþòîíà.



10.2. Ìåòîä ðàçíîñòíîé ïðîãîíêè ðåøåíèÿ ëèíåéíîé
êðàåâîé çàäà÷è

Ïîñòàíîâêà êðàåâîé çàäà÷è

y′′ = p(x)y + q(x), p(x) ≥ p̄ > 0 x ∈ [a, b] (10.9)

êðàåâûå óñëîâèÿ ïåðâîãî ðîäà

y(a) = α, y(b) = β; (10.10)

êðàåâûå óñëîâèÿ òðåòüåãî ðîäà

y′(a) = α0y(a) + α1, α0 > 0, (10.11)

y′(b) = −β0y(b) + β1, β0 > 0. (10.12)

Ïðèáëèæåííîå ðåøåíèå çàäà÷è (10.9)-(10.12)

xi ∈ [a, b] : xi=a+ih, ∀i = 0, 1, . . . , n, h= b−a
n

yi ≈ y(xi), ∀i = 0, 1, . . . , n
(10.13)



Äèñêðåòèçàöèÿ êðàåâîé çàäà÷è

Ïóñòü y ∈ C(4)[a, b]

y′′(x) =
y(x−h)−2y(x)+y(x+h)

h2 − h2

12 y
(4)(ξ(x)),

ξ(x) ∈ [x− h, x+ h]

∀x ∈ [a+ h, b− h]

(10.14)

Äèñêðåòèçàöèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (10.9)

yi−1 − 2yi + yi+1

h2
= piyi + qi, i = 1, 2, . . . , n− 1, (10.15)

ãäå pi = p(xi), qi = q(xi).



Äèñêðåòèçàöèÿ êðàåâîé çàäà÷è ...

Äèñêðåòèçàöèÿ êðàåâûõ óñëîâèé (10.10) è(10.11),(10.12):

êðàåâûõ óñëîâèé ïåðâîãî ðîäà

y0 = α, yn = β; (10.16)

êðàåâûõ óñëîâèé òðåòüåãî ðîäà

y1 − y0
h

= α0y0 + α1, (10.17)

yn − yn−1

h
= −β0yn + β1; (10.18)

Èç (10.15)-(10.18) ñëåäóåò, ÷òî ïðèáëèæåííîå ðåøåíèå {yi}ni=0

êðàåâîé çàäà÷è ìîæåò áûòü ïîñòðîåíî êàê ðåøåíèå ñèñòåìû
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé



Ïðèáëèæåííîå ðåøåíèå êðàåâîé çàäà÷è (10.9)-(10.12)
Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ êðàåâûõ
óñëîâèé ïåðâîãî ðîäà (10.10)

y0 = α,
yi−1 − (2 + h2pi)yi + yi+1 = h2qi, i = 1, 2, . . . , n− 1,
yn = β

(10.19)

Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ êðàåâûõ
óñëîâèé òðåòüåãî ðîäà (10.11),(10.12)

−(1 + hα0)y0 + y1 = hα1,
yi−1 − (2 + h2pi)yi + yi+1 = h2qi, i = 1, 2, . . . , n− 1,
yn−1 − (1 + hβ0)yn = −hβ1

(10.20)

Èñïîëüçóÿ îáîçíà÷åíèÿ:
Ai = 2 + h2pi, Bi = h2qi (i = 1, 2, . . . , n− 1);
A0 = 1, B0 = α, An = 1, Bn = β (äëÿ êðàåâûõ óñëîâèé (10.10));
A0 = 1 + hα0, B0 = hα1, An = 1 + hβ0, Bn = −hβ1 (äëÿ êðàåâûõ
óñëîâèé (10.11),(10.12)),
ñèñòåìû (10.19) è (10.20) ìîæíî çàïèñàòü â ìàòðè÷íîé ôîðìå:



Ïðèáëèæåííîå ðåøåíèå êðàåâîé çàäà÷è (10.9)-(10.12)
...

äëÿ êðàåâûõ óñëîâèé ïåðâîãî ðîäà (10.10)
1 0 0 0 · · · 0 0 0
1 −A1 1 0 · · · 0 0 0
0 1 −A2 1 · · · 0 0 0
· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · 1 −An−1 1
0 0 0 0 · · · 0 0 1

·


y0
y1
y2
· · ·
yn−1

yn

=


B0

B1

B2

· · ·
Bn−1

Bn


(10.21)

äëÿ êðàåâûõ óñëîâèé òðåòüåãî ðîäà (10.11),(10.12)
−A0 1 0 0 · · · 0 0 0
1 −A1 1 0 · · · 0 0 0
0 1 −A2 1 · · · 0 0 0
· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · 1 −An−1 1
0 0 0 0 · · · 0 1 −An

·


y0
y1
y2
· · ·
yn−1

yn

=


B0

B1

B2

· · ·
Bn−1

Bn


(10.22)



Ïðèáëèæåííîå ðåøåíèå êðàåâîé çàäà÷è (10.9)-(10.12)
Âîïðîñû

1 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé ñèñòåì (10.19) è
(10.20);

2 Ìåòîäû ðåøåíèÿ ñèñòåì (10.19) è (10.20);

3 Ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé y(h) ê òî÷íîìó ðåøåíèþ
y êðàåâîé çàäà÷è (10.9)-(10.12) ïðè h→ 0.

Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé ñèñòåì (10.19) è (10.20)

Ìàòðèöû ñèñòåì (10.19) è (10.20) äëÿ ëþáîãî h > 0 îáëàäàþò
ñâîéñòâîì ñòðîãîãî äèàãîíàëüíîãî ïðåîáëàäàíèÿ, ïîñêîëüêó
p(x) ≥ p̄ > 0 x ∈ [a, b] è α0 > 0, β0 > 0. Ñëåäîâàòåëüíî, ýòè
ìàòðèöû ïðè ëþáîì h > 0 ÿâëÿþòñÿ íåâûðîæäåííûìè è ó ñèñòåì
(10.19) è (10.20) ñóùåñòâóþò ñîîòâåòñòâóþùèå åäèíñòâåííûå
ðåøåíèÿ.

Äèàãîíàëüíîå ïðåîáëàäàíèå ìàòðèöû ÿâëÿåòñÿ äîñòàòî÷íûì
óñëîâèå ñõîäèìîñòè ìåòîäà ßêîáè � èòåðàöèîííîãî ìåòîäà
ïðèáëèæåííîãî ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé.⊠



▲23. Ìåòîäû ðåøåíèÿ ñèñòåì (10.19) è (10.20)

Ìåòîä ðàçíîñòíîé ïðîãîíêè

Ìàòðèöû ñèñòåì (10.19) è (10.20) ÿâëÿþòñÿ òðåõäèàãîíàëüíûìè.
Ýòî ñâîéñòâî ïîçâîëÿåò èñïîëüçîâàòü äëÿ òî÷íîãî ðåøåíèÿ òàêèõ
ñèñòåì íåêîòîðóþ ìîäèôèêàöèþ ìåòîäà Ãàóññà, êîòîðóþ
íàçûâàþò ìåòîäîì ðàçíîñòíîé ïðîãîíêè.

Â îñíîâå ìåòîäà ðàçíîñòíîé ïðîãîíêè ëåæèò ñëåäóþùàÿ
îñîáåííîñòü ðåàëèçàöèè ìåòîäà Ãàóññà ðåøåíèÿ ñèñòåìû ñ
òðåõäèàãîíàëüíîé ìàòðèöåé.
Ìåòîä Ãàóññà êàê ïðîöåäóðà ïîñëåäîâàòåëüíîãî èñêëþ÷åíèÿ
ïåðåìåííûõ, ïðèâîäÿùàÿ ðàñøèðåííóþ ìàòðèöó ñèñòåìû ê
âåðõíåòðåóãîëüíîìó âèäó, ïðèìåíèòåëüíî ê ñèñòåìå ê
òðåõäèàãîíàëüíîé ìàòðèöåé ïîçâîëÿåò ïîñòðîèòü ðàâíîñèëüíóþ
èñõîäíîé ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ó êîòîðîé
êàæäîå óðàâíåíèå ñîäåðæèò òîëüêî äâå ïåðåìåííûå,
êîýôôèöèåíòû ïðè êîòîðûõ ðàñïîëîæåíû íà ãëàâíîé äèàãîíàëè
ìàòðèöû è äèàãîíàëè, ðàñïîëîæåííîé íàä íåé.



Ìåòîä ðàçíîñòíîé ïðîãîíêè ðåøåíèÿ ñèñòåìû ñ
òðåõäèàãîíàëüíîé ìàòðèöåé

Ïóñòü i− 1-îå óðàâíåíèå ñèñòåìû èìååò âèä

yi−1 = λiyi + µi, i ≥ 1. (10.23)

Äëÿ êðàåâûõ óñëîâèé ïåðâîãî ðîäà (10.10) y(a) = α
λ1 = 0, µ1 = α;
äëÿ êðàåâûõ óñëîâèé òðåòüåãî ðîäà (10.11) −A0y0 + y1 = B0

λ1 = 1
A0
, µ1 = −B0

A0
.

Ïîäñòàíîâêà ïðàâîé ÷àñòè ðàâåíñòâà (10.23) âìåñòî yi−1 â i-îå
óðàâíåíèå

yi−1 −Aiyi + yi+1 = Bi

ïðåîáðàçóåò åãî ê âèäó

λiyi + µi −Aiyi + yi+1 = Bi

èëè

yi =
1

Ai − λi
yi+1 +

µi −Bi

Ai − λi
. (10.24)



Ìåòîä ðàçíîñòíîé ïðîãîíêè ...
Òàêèì îáðàçîì âûðàæåíèå (10.24) îïðåäåëÿåò ðåêóððåíòíóþ ñâÿçü

Ïðÿìàÿ ïðîãîíêà

λi+1 = 1
Ai−λi

,

µi+1 = µi−Bi

Ai−λi
,

i = 1, 2, . . . , n,

(10.25)

ñ ïîìîùüþ êîòîðîé îïðåäåëÿþòñÿ çíà÷åíèÿ ïðîãîíî÷íûõ
êîýôôèöèåíòîâ (λi, µi) , i = 1, 2, . . . , n+ 1 � ïðÿìàÿ ïðîãîíêà.
Ïðè ýòîì ñïðàâåäëèâî âûðàæåíèå

yn = µn+1, (10.26)

êîòîðîå î÷åâèäíî äëÿ êðàåâûõ óñëîâèé ïåðâîãî ðîäà (10.10)
y(b) = β = µn+1.



Ìåòîä ðàçíîñòíîé ïðîãîíêè ...

Äëÿ êðàåâûõ óñëîâèé òðåòüåãî ðîäà (10.12) ïîñëåäíåå (n+ 1-îå)
óðàâíåíèå â ñèñòåìå (10.20) â ïðèíÿòûõ âûøå îáîçíà÷åíèÿõ èìååò
âèä

yn−1 −Anyn = Bn, (10.27)

à ïðåäïîñëåäíåå (n-îå) óðàâíåíèå â ðåçóëüòàòå ïðÿìîé ïðîãîíêè
çàïèñûâàåòñÿ â âèäå

yn−1 = λnyn + µn.

Ïîñëåäíèì øàãîì ïðÿìîé ïðîãîíêè ÿâëÿåòñÿ ïîäñòàíîâêà ïðàâîé
÷àñòè ýòîãî ðàâåíñòâà âìåñòî yn−1 â óðàâíåíèå (10.27). Â
ðåçóëüòàòå âîçíèêàåò âûðàæåíèå

λnyn + µn −Anyn = Bn.

Îòêóäà ñ ó÷åòîì ôîðìóë (10.25)

yn =
µn −Bn

An − λn
= µn+1.



Ìåòîä ðàçíîñòíîé ïðîãîíêè ...
Çàêëþ÷èòåëüíûì ýòàïîì ðåøåíèÿ ñèñòåìû ìåòîäîì ðàçíîñòíîé
ïðîãîíêè ÿâëÿåòñÿ îáðàòíàÿ ïðîãîíêà, êîòîðàÿ îñóùåñòâëÿåòñÿ ïî
ôîðìóëàì (10.23)

Îáðàòíàÿ ïðîãîíêà

yi−1 = λiyi + µi,

i = n, n− 1, . . . , 1.
(10.28)

Îñóùåñòâèìîñòü ïðÿìîé ïðîãîíêè (10.25)

Òðåáóåòñÿ äîêàçàòü, ÷òî ïðè óñëîâèè ñòðîãîãî äèàãîíàëüíîãî
ïðåîáëàäàíèÿ ìàòðèöû ñèñòåìû (10.19) ((10.20))

Ai − λi ̸= 0, ∀i = 1, 2, . . . , n. (10.29)

39

39Ñàìîñòîÿòåëüíî, íàïðèìåð ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè, ïîêàçàòü,
÷òî λi < 1, ∀i = 1, 2, . . . , n. Òîãäà Ai − λi > 1, ∀i = 1, 2, . . . , n.



Ñõîäèìîñòü ìåòîäà ðàçíîñòíîé ïðîãîíêè

Òðåáóåòñÿ äîêàçàòü, ÷òî ïðè h→ 0

yi(h) → y(xi)

Äëÿ ýòîãî äîñòàòî÷íî îöåíèòü ïîãðåøíîñòè

εi = y(xi)− yi, i = 0, 1, 2, . . . , n. (10.30)

Ó÷èòûâàÿ, ÷òî äëÿ âíóòðåííèõ óçëîâ âûïîëíÿåòñÿ

y′′(xi) =
y(xi−1)− 2y(xi) + y(xi+1)

h2
+Ri, i = 1, 2, . . . , n−1, (10.31)

ãäå äëÿ ïîãðåøíîñòè ýòîé ôîðìóëû ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ äëÿ âòîðîé ïðîèçâîäíîé ñïðàâåäëèâà îöåíêà

|Ri| ≤
1

12
M4h

2, M4 = max
x∈[a,b]

|y(4)(x)|. (10.32)



Ñõîäèìîñòü ìåòîäà ðàçíîñòíîé ïðîãîíêè ...
Ïîäñòàíîâêà ïðàâîé ÷àñòè âûðàæåíèÿ (10.31) â
äèôôåðåíöèàëüíîå óðàâíåíèå (10.9) ïðèâîäèò ê ðàâåíñòâàì

y(xi−1)− 2y(xi) + y(xi+1)

h2
+Ri = piy(xi) + qi, i = 1, 2, . . . , n− 1.

Âû÷èòàíèå èç íèõ ñîîòâåòñòâóþùèõ (ïî èíäåêñó i) ðàâåíñòâ
(10.15) ïðèâîäèò ê âûðàæåíèÿì

(y(xi−1)−yi−1)−2(y(xi)−yi)+(y(xi+1)−yi+1)
h2 +Ri =

= pi (y(xi)− yi) ,

i = 1, 2, . . . , n− 1

êîòîðûå â òåðìèíàõ ïîãðåøíîñòåé εi ìîæíî ïåðåïèñàòü â âèäå

εi−1 − 2εi + εi+1

h2
+Ri = piεi, i = 1, 2, . . . , n− 1

èëè

εi−1 − (2 + h2pi)εi + εi+1 = −Rih
2, i = 1, 2, . . . , n− 1.



Ñõîäèìîñòü ìåòîäà ðàçíîñòíîé ïðîãîíêè. Ñëó÷àé
êðàåâûõ óñëîâèé ïåðâîãî ðîäà (10.10).

Â ñëó÷àå êðàåâûõ óñëîâèé ïåðâîãî ðîäà (10.10) (ñì. ñèñòåìó
(10.19)) äëÿ ïîãðåøíîñòåé (10.30) ñèñòåìà óðàâíåíèé èìååò âèä

ε0 = 0,
εi−1 − (2 + h2pi)εi + εi+1 = −Rih

2, i = 1, 2, . . . , n− 1,
εn = 0.

(10.33)

Èç (10.33) ñëåäóåò, ÷òî

(2 + h2pi)εi = εi−1 + εi+1 +Rih
2, i = 1, 2, . . . , n− 1.

Òîãäà

(2 + h2pi)|εi| ≤ 2|εi∗ |+ |Ri|h2, i = 1, 2, . . . , n− 1,
(2 + h2pi∗)|εi∗ | ≤ 2|εi∗ |+ |Ri∗ |h2,
h2pi∗ |εi∗ | ≤ |Ri∗ |h2,

ãäå |εi∗ | = maxi=1,2,...,n−1 |εi|.



Ñõîäèìîñòü ìåòîäà ðàçíîñòíîé ïðîãîíêè. Ñëó÷àé
êðàåâûõ óñëîâèé ïåðâîãî ðîäà (10.10). ...

Îòêóäà

|εi∗ | ≤
|Ri∗ |
pi∗

.

Â ðåçóëüòàòå ñ ó÷åòîì îöåíêè (10.32) è ñâîéñòâ ôóíêöèè p
(p(x) ≥ p̄ > 0 x ∈ [a, b])

Ñëó÷àé êðàåâûõ óñëîâèé ïåðâîãî ðîäà (10.10)

|y(xi)− yi| ≤
1

12p̄
M4h

2, i = 0, 1, 2, . . . , n. (10.34)

Âûâîä

Â ñèëó (10.34), äëÿ êðàåâûõ óñëîâèé ïåðâîãî ðîäà (10.10) ìåòîä
ðàçíîñòíîé ïðîãîíêè (10.19) ñõîäèòñÿ ñî âòîðûì ïîðÿäêîì.



Ñõîäèìîñòü ìåòîäà ðàçíîñòíîé ïðîãîíêè. Ñëó÷àé
êðàåâûõ óñëîâèé òðåòüåãî ðîäà (10.11),(10.12).

Â ýòîì ñëó÷àå äëÿ ïîñòðîåíèÿ îöåíêè ïîãðåøíîñòè (10.30) ìåòîäà
ðàçíîñòíîé ïðîãîíêè (ñì. ñèñòåìó (10.20)) ïðèäåòñÿ ó÷èòûâàòü íå
òîëüêî ïîãðåøíîñòè ôîðìóëû ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ
äëÿ âòîðîé ïðîèçâîäíîé âî âíóòðåííèõ óçëàõ, íî è ïîãðåøíîñòè
ôîðìóë ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ äëÿ ïåðâîé ïðîèçâîäíîé
íà êðàÿõ:

y′(a) =
y(x1)− y(x0)

h
+ r0, y′(b) =

y(xn)− y(xn−1)

h
+ rn,

ãäå äëÿ ïîãðåøíîñòè ýòèõ ôîðìóë ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ äëÿ ïåðâîé ïðîèçâîäíîé ñïðàâåäëèâû îöåíêè

|r0| ≤
1

2
M2h, |rn| ≤

1

2
M2h, M2 = max

x∈[a,b]
|y′′(x)|.

Òîãäà â ñëó÷àå êðàåâûõ óñëîâèé òðåòüåãî ðîäà (10.11),(10.12) (ñì.
ñèñòåìó (10.20)) äëÿ ïîãðåøíîñòåé (10.30) ñèñòåìà óðàâíåíèé
èìååò âèä



Ñõîäèìîñòü ìåòîäà ðàçíîñòíîé ïðîãîíêè. Ñëó÷àé
êðàåâûõ óñëîâèé òðåòüåãî ðîäà (10.11),(10.12). ...

−(1 + hα0)ε0 + ε1 = r0,
εi−1 − (2 + h2pi)εi + εi+1 = −Rih

2, i = 1, 2, . . . , n− 1,
εn−1 − (1 + hβ0)εn = −rn.

(10.35)

Àíàëîãè÷íî (10.34) íåòðóäíî äîêàçàòü, ÷òî

Ñëó÷àé êðàåâûõ óñëîâèé òðåòüåãî ðîäà (10.11),(10.12)

|y(xi)− yi| ≤ max{ 1

2α0
M2h,

1

2β0
M2h,

1

12p̄
M4h

2}, i = 0, 1, 2, . . . , n.

(10.36)

Âûâîä

Â ñèëó (10.36), äëÿ êðàåâûõ óñëîâèé òðåòüåãî ðîäà (10.11),(10.12)
ìåòîä ðàçíîñòíîé ïðîãîíêè (10.20) ñõîäèòñÿ ñ ïåðâûìa ïîðÿäêîì.

aÄëÿ äîñòèæåíèÿ âòîðîãî ïîðÿäêà ñõîäèìîñòè èñïîëüçóþòñÿ ðàçíûå
ñïîñîáû: ôîðìóëû äèôôåðåíöèðîâàíèÿ äëÿ ïåðâîé ïðîèçâîäíîé ïî òðåì
óçëàì íà êðàé èëè ìåòîä ôèêòèâíîãî óçëà.



10.3. Áîëåå òî÷íàÿ àïïðîêñèìàöèÿ êðàåâûõ óñëîâèé
òðåòüåãî ðîäà (10.11),(10.12).

Àïïðîêñèìàöèÿ ïåðâîé ïðîèçâîäíîé â êðàåâîì óñëîâèè (10.11)

y′(a) =
−3y(x0) + 4y(x1)− y(x2)

2h
+O(h2). (10.37)

Òîãäà ïåðâîå óðàâíåíèå â ñèñòåìå (10.20) çàïèñûâàåòñÿ
ñëåäóþùèì îáðàçîì

−3y0 + 4y1 − y2
2h

= α0y0 + α1

èëè, åñëè ïðèâåñòè ïîäîáíûå,

− (3 + 2α0h)y0 + 4y1 − y2 = 2α1h. (10.38)

Ñâîéñòâî òðåõäèàãîíàëüíîñòè ìàòðèöû ñèñòåìû (10.20) óòðà÷åíî.
Îäíàêî åãî ìîæíî âîññòàíîâèòü, åñëè ñëîæèòü óðàâíåíèå (10.38)
ñî âòîðûì óðàâíåíèåì

y0 −A1y1 + y2 = B1

ýòîé ñèñòåìû. Â ðåçóëüòàòå ïåðâîå óðàâíåíèå ïðèíèìàåò âèä



10.4. Áîëåå òî÷íàÿ àïïðîêñèìàöèÿ êðàåâûõ óñëîâèé
òðåòüåãî ðîäà (10.11), (10.12). ...

−(2 + 2α0h)y0 + (4−A1)y1 = 2α1h+B1.

Òàêèì îáðàçîì, ìàòðèöà ñèñòåìû (10.20) ñòàíîâèòñÿ
òðåõäèàãîíàëüíîé.

Áîëåå òî÷íóþ àïïðîêñèìàöèþ êðàåâûõ óñëîâèé òðåòüåãî ðîäà
(10.11),(10.12) ìîæíî ïîëó÷èòü èñïîëüçóÿ ôèêòèâíûå óçëû

Àïïðîêñèìàöèÿ âòîðîé ïðîèçâîäíîé â êðàåâîì óñëîâèè (10.11) ñ
ôèêòèâíûì óçëîì x−1 = a− h

y′(a) =
y(a+ h)− y(a− h)

2h
+O(h2) =

y(x1)− y(x−1)

2h
+O(h2).

(10.39)

Òîãäà ïåðâîå óðàâíåíèå â ñèñòåìå (10.20) çàïèñûâàåòñÿ
ñëåäóþùèì îáðàçîì



Àïïðîêñèìàöèÿ ïåðâîé ïðîèçâîäíîé â êðàåâîì
óñëîâèè (10.11) ñ èñïîëüçîâàíèåì ôèêòèâíîãî óçëà

y1 − y−1

2h
= α0y0 + α1

èëè, åñëè ïðèâåñòè ïîäîáíûå,

− y−1 − 2α0hy0 + y1 = 2α1h. (10.40)

Ïðè ýòîì, åñëè ïðåäïîëîæèòü, ÷òî ôóíêöèè p è q ïðîäîëæèìû
âëåâî ïî íåïðåðûâíîñòè, òî ìîæíî âûïèñàòü äèñêðåòíûé àíàëîã
(10.15) äèôôåðåíöèàëüíîãî óðàâíåíèÿ (10.9) â óçëå x0:

y−1 − 2y0 + y1
h2

= p0y0 + q0,

êîòîðûé ïðèâîäèò ê åùå îäíîìó óðàâíåíèþ, ñîäåðæàùåìó
íåèçâåñòíóþ âåëè÷èíó y−1

y−1 −
(
2 + p0h

2
)
y0 + y1 = q0h

2. (10.41)



Àïïðîêñèìàöèÿ ïåðâîé ïðîèçâîäíîé â êðàåâîì
óñëîâèè (10.11) ñ èñïîëüçîâàíèåì ôèêòèâíîãî óçëà ...

Â ðåçóëüòàòå ñëîæåíèÿ óðàâíåíèé (10.40) è (10.41) óäàåòñÿ
èñêëþ÷èòü èç ðàññìîòðåíèÿ âåëè÷èíó y−1, òåì ñàìûì ïîñòðîèâ
ïåðâîå óðàâíåíèå ñèñòåìû (10.20)

−
(
2 + 2α0h+ p0h

2
)
y0 + 2y1 = 2α1h+ q0h

2. (10.42)

Òàêèì îáðàçîì ìàòðèöà ñèñòåìû (10.20) íå òîëüêî ñòàíîâèòñÿ
òðåõäèàãîíàëüíîé, íî è ïðèîáðåòàåò ñâîéñòâî äèàãîíàëüíîãî
ïðåîáëàäàíèÿ (ñì. (10.42)).

Àíàëîãè÷íûì îáðàçîì ìîæíî ïîñòðîèòü áîëåå òî÷íóþ
àïïðîêñèìàöèþ êðàåâîãî óñëîâèÿ (10.12) (íà ïðàâîì êîíöå).

Ïîðÿäîê ñõîäèìîñòè ìåòîäà ðàçíîñòíîé ïðîãîíêè

Ðåçóëüòàòîì ïðèìåíåíèÿ îïèñàííûõ âûøå ïîäõîäîâ ê
àïïðîêñèìàöèè êðàåâûõ óñëîâèé òðåòüåãî ðîäà (10.11), (10.12)
ÿâëÿåòñÿ âòîðîé ïîðÿäîê ñõîäèìîñòè ìåòîäà ðàçíîñòíîé ïðîãîíêè.



10.5. Âàðèàöèîííûå ìåòîäû ðåøåíèÿ êðàåâîé çàäà÷è

Ïîñòàíîâêà êðàåâîé çàäà÷è

y′′ = f(x, y, y′), x ∈ [a, b], (10.43)

y(a) = α, y(b) = β. (10.44)

Îñíîâíàÿ èäåÿ âàðèàöèîííûõ ìåòîäîâ ðåøåíèÿ êðàåâîé çàäà÷è
(10.43), (10.44) çàêëþ÷àåòñÿ â îïðåäåëåíèè åå ðåøåíèÿ êàê
ðåøåíèÿ íåêîòîðîé âñïîìîãàòåëüíîé ýêñòðåìàëüíîé çàäà÷è

Ïîñòàíîâêà ýêñòðåìàëüíîé çàäà÷è

J [y] → min
y∈Y

, (10.45)

ãäå

J [y] =

∫ b

a

F (x, y, y′)dx, (10.46)

Y = {y ∈ C(2) ([a, b]) | y(a) = α, y(b) = β}. (10.47)



Óðàâíåíèå Ýéëåðà â çàäà÷å (10.45)

Ïóñòü y∗ ∈ Y � ýêñòðåìàëü â çàäà÷å (10.45), òî åñòü ôóíêöèÿ,
äîñòàâëÿþùàÿ ìèíèìàëüíîå çíà÷åíèå ôóíêöèîíàëó (10.46) íà
ôóíêöèîíàëüíîì ïðîñòðàíñòâå Y (ñì. (10.47)).

Íåîáõîäèìîå óñëîâèå ýêñòðåìóìà â çàäà÷å (10.45)

∂

∂ε
J [y∗ + εφ]|ε=0 = 0 ∀φ ∈ Φ, (10.48)

ãäå ε ∈ R; Φ = {φ ∈ C(2) ([a, b]) | φ(a) = φ(b) = 0}

J [y∗ + εφ] =
∫ b

a
F (x, y∗ + εφ, (y∗)

′
+ εφ′)dx,

∂
∂εJ [y

∗ + εφ]|ε=0 =
∫ b

a
[F ′

y(x, y
∗, (y∗)

′
)φ+ F ′

y′(x, y∗, (y∗)
′
)φ′]dx =

=
∫ b

a
F ′

yφdx+ F ′
y′φ|ba −

∫ b

a
d
dx

(
F ′
y′

)
φdx



Óðàâíåíèå Ýéëåðà ...
Ïîñêîëüêó φ(a) = φ(b) = 0, òî

∂
∂εJ [y

∗ + εφ]|ε=0 =
∫ b

a
F ′

yφdx−
∫ b

a
d
dx

(
F ′
y′

)
φdx =

=
∫ b

a
[F ′

y − d
dx

(
F ′
y′

)
]φdx

Âàðèàöèîííûé ïðèíöèï∫ b

a

g(x)φ(x)dx = 0 ∀φ⇔ g(x) ≡ 0, x ∈ [a, b] (10.49)

Òîãäà, â ñèëó (10.49),∫ b

a
[F ′

y − d
dx

(
F ′
y′

)
]φdx = 0 ∀φ⇔ F ′

y − d
dx

(
F ′
y′

)
≡ 0, x ∈ [a, b]

Ñëåäîâàòåëüíî, íåîáõîäèìîå óñëîâèå ýêñòðåìóìà (10.48) â çàäà÷å
(10.45) ðàâíîñèëüíî ñëåäóþùåìó òîæäåñòâó



Óðàâíåíèå Ýéëåðà ...

Óðàâíåíèå Ýéëåðà

d

dx

(
F ′
y′(x, y∗, (y∗)

′
)
)
− F ′

y(x, y
∗, (y∗)

′
) ≡ 0, x ∈ [a, b] (10.50)

Êàê íåòðóäíî âèäåòü, óðàâíåíèå Ýéëåðà (10.50) ÿâëÿåòñÿ
äèôôåðåíöèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà îòíîñèòåëüíî
ôóíêöèè y.

Ñâÿçü ìåæäó êðàåâîé çàäà÷åé (10.43), (10.44) è ýêñòðåìàëüíîé
çàäà÷åé (10.45)

Äëÿ òîãî, ÷òîáû ýêñòðåìàëü y∗ çàäà÷è (10.45) ÿâëÿëàñü è
ðåøåíèåì êðàåâîé çàäà÷è (10.43), (10.44) äîñòàòî÷íî âûáðàòü
ôóíêöèþ F (x, y, y′) òàê, ÷òîáû äèôôåðåíöèàëüíîå óðàâíåíèå
y′′ = f(x, y, y′) (ñì. (10.43)) è óðàâíåíèå Ýéëåðà (10.50) áûëè
èäåíòè÷íû.

⊠



▲24. Îáùàÿ ñõåìà ïîñòðîåíèÿ ïðèáëèæåííîãî
ðåøåíèÿ ýêñòðåìàëüíîé çàäà÷è (10.45)

I. Ïåðåõîä îò çàäà÷è (10.45) ê âñïîìîãàòåëüíîé ýêñòðåìàëüíîé
çàäà÷å íà êîíå÷íî-ìåðíîì ïîäïðîñòðàíñòâå Yn
áåñêîíå÷íî-ìåðíîãî ïðîñòðàíñòâà Y

Ïóñòü

Yn = { y(x, c1, c2, . . . , cn) ∈ C(2) ([a, b]) |
y(a, c1, c2, . . . , cn) = α, y(b, c1, c2, . . . , cn) = β
∀(c1, c2, . . . , cn)⊤ ∈ Rn },

(10.51)

ãäå Yn ⊂ Y ∀n ∈ N.

Âñïîìîãàòåëüíàÿ ýêñòðåìàëüíàÿ çàäà÷à:

J [y] → min
y∈Yn

. (10.52)



Îáùàÿ ñõåìà ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ
ýêñòðåìàëüíîé çàäà÷è (10.45) ...

II. Ïåðåõîä îò âñïîìîãàòåëüíîé ýêñòðåìàëüíîé çàäà÷è (10.52) ê
çàäà÷å ìèíèìèçàöèè ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ

Ïóñòü
G(c1, c2, . . . , cn) = J [yn], (10.53)

ãäå yn(x) = y(x, c1, c2, . . . , cn) ∈ Yn.

Çàäà÷à ìèíèìèçàöèè ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ:

G(c1, c2, . . . , cn) → min
(c1,c2,...,cn)⊤∈Rn

. (10.54)

III. Ðåøåíèå ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî n
íåèçâåñòíûõ

Íåîáõîäèìîå óñëîâèå â çàäà÷å ìèíèìèçàöèè ôóíêöèè íåñêîëüêèõ
ïåðåìåííûõ (10.54):

∂

∂ci
G(c∗1, c

∗
2, . . . , c

∗
n) = 0 ∀i = 1, 2, . . . , n. (10.55)



Âîïðîñû

1 Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ñèñòåìû (10.55);

2 ßâëÿåòñÿ ëè ðåøåíèå ñèñòåìû (10.55) òî÷êîé ýêñòðåìóìà äëÿ
ôóíêöèè G (ñì. (10.53);

3 Â ïðåäïîëîæåíèè, ÷òî ñèñòåìà (10.55) èìååò åäèíñòâåííîå
ðåøåíèå (c∗1, c

∗
2, . . . , c

∗
n)

⊤ ∈ Rn, êîòîðîå ÿâëÿåòñÿ òî÷êîé
ìèíèìóìà ôóíêöèè G, ïóñòü
y∗n(x) = yn(x, c

∗
1, c

∗
2, . . . , c

∗
n) ∈ Yn � ýêñòðåìàëü âî

âñïîìîãàòåëüíîé çàäà÷å (10.52).

Ñóùåñòâóåò ëè ïðåäåë

lim
n→∞

J [y∗n] = J [y∗];

4 Ñóùåñòâóåò ëè ïðåäåë

lim
n→∞

y∗n = y∗.



Îáùèé îòâåò íà 3-èé âîïðîñ
Îïðåäåëåíèå 10.1.

Ïîñëåäîâàòåëüíîñòü ïîäïðîñòðàíñòâ Yn ⊂ Y ïëîòíà â
ïðîñòðàíñòâå Y , åñëè

∀y ∈ Y ∀ε > 0 ∃n ∈ N ∃yn ∈ Yn :

|y(x)− yn(x)| < ε, |y′(x)− y′n(x)| < ε

∀x ∈ [a, b].

(10.56)

Òåîðåìà 10.1.

Ïóñòü ïîñëåäîâàòåëüíîñòü ïîäïðîñòðàíñòâ Yn ⊂ Y ïëîòíà â

ïðîñòðàíñòâå Y è ôóíêöèÿ F (x, y, y′) (J [y] =
∫ b

a
F (x, y, y′)dx) �

ðàâíîìåðíî Ëèïøèöåâà ïî àðãóìåíòàì y è y′. Òîãäà

J [y∗n] → J [y∗] ïðè n→ ∞.

Äîêàçàòåëüñòâî.



Äîêàçàòåëüñòâî
Ïîñêîëüêó ∀n ∈ N Yn ⊂ Y , òî miny∈Yn J [y] ≥ miny∈Y J [y].
Ñëåäîâàòåëüíî, J [y∗n] ≥ J [y∗]. Òîãäà

0 ≤ J [y∗n]− J [y∗] ≤ J [yn]− J [y∗] =

=
∫ b

a

(
F (x, yn, y

′
n)− F (x, y∗, (y∗)

′
)
)
dx.

(10.57)

Çäåñü ∫ b

a
[F (x, yn, y

′
n)− F (x, y∗, (y∗)

′
)]dx =

=
∫ b

a
[F (x, yn, y

′
n)− F (x, y∗, y′n)]dx+

+
∫ b

a
[F (x, y∗, y′n)− F (x, y∗, (y∗)

′
)]dx ≤

≤
∫ b

a
|F (x, yn, y′n)− F (x, y∗, y′n)|dx+

+
∫ b

a
|F (x, y∗, y′n)− F (x, y∗, (y∗)

′
)|dx.

(10.58)



Äîêàçàòåëüñòâî
Â ñèëó ðàâíîìåðíîé ëèïøèöåâîñòè ôóíêöèè F (x, y, y′) ïî
àðãóìåíòàì y è y′, ñóùåñòâóþò òàêèå äâå êîíñòàíòû L > 0 è
K > 0, ÷òî

|F (x, yn, y′n)−F (x, y∗, y′n)| ≤ L|yn(x)−y∗(x)|,
|F (x, y∗, y′n)−F (x, y∗, (y∗)

′
)| ≤ K|y′n(x)−(y∗)

′
(x)|

∀x ∈ [a, b].
(10.59)

Òàêèì îáðàçîì, èç (10.57), (10.58) è (10.59) ñëåäóåò, ÷òî

0 ≤ J [y∗n]− J [y∗] ≤ L

∫ b

a

|yn(x)−y∗(x)|dx+K

∫ b

a

|y′n(x)−(y∗)
′
(x)|dx.

(10.60)
Äàëåå, ïîñêîëüêó ïîñëåäîâàòåëüíîñòü ïîäïðîñòðàíñòâ Yn ⊂ Y
ïëîòíà â ïðîñòðàíñòâå Y , òî

∀ε > 0 ∃n ∈ N ∃yn ∈ Yn : |yn(x)−y∗(x)|<ε, |y′n(x)−(y∗)
′
(x)|<ε ∀x ∈ [a, b].

(10.61)
Â ðåçóëüòàòå (10.60), (10.61) ïðèâîäÿò ê íåðàâåíñòâàì

0 ≤ J [y∗n]− J [y∗] ≤ (b− a)(L+K)ε. (10.62)

□ Òåîðåìà äîêàçàíà.



10.6. Ìåòîä Ðèòöà
Ïîñòàíîâêà ëèíåéíîé êðàåâîé çàäà÷è

(p(x)y′)
′ − q(x)y = f(x), x ∈ [a, b], (10.63)

y(a) = α, y(b) = β, (10.64)

ãäå p ∈ C(1)([a, b]), q, f ∈ C([a, b]): p(x) ≥ p0 > 0, q(x) ≥ 0, x ∈ [a, b].

Ðåøåíèå êðàåâîé çàäà÷è (10.63), (10.64) îïðåäåëÿåòñÿ êàê ðåøåíèå
ñëåäóþùåé ýêñòðåìàëüíîé çàäà÷è

Ïîñòàíîâêà ýêñòðåìàëüíîé çàäà÷è

J [y] → min
y∈Y

, (10.65)

ãäå

J [y] =

∫ b

a

F (x, y, y′)dx, (10.66)

F (x, y, y′) = p(x)[y′]2 + q(x)[y]2 + 2f(x)y, x ∈ [a, b], (10.67)

Y = {y ∈ C(2) ([a, b]) | y(a) = α, y(b) = β}. (10.68)



Ìåòîä Ðèòöà ...

Íåòðóäíî ïðîâåðèòü, ÷òî óðàâíåíèå Ýéëåðà (10.50)

d
dx

(
F ′
y′(x, y, y′)

)
− F ′

y(x, y, y
′) ≡ 0, x ∈ [a, b]

äëÿ ôóíêöèè F (x, y, y′), îïðåäåëÿåìîé âûðàæåíèåì (10.67),
èäåíòè÷íî äèôôåðåíöèàëüíîìó óðàâíåíèþ (10.63).
Äåéñòâèòåëüíî, çäåñü

F ′
y′(x, y, y′) = 2p(x)y′, F ′

y(x, y, y
′) = 2q(x)y + 2f(x).

Ñëåäîâàòåëüíî, óðàâíåíèå Ýéëåðà (10.50) äëÿ ôóíêöèè
ðàññìàòðèâàåìîé F (x, y, y′) èìååò âèä

(2p(x)y′)
′ − 2q(x)y − 2f(x) = 0, x ∈ [a, b],

òî åñòü ÿâëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì (10.63)

(p(x)y′)
′ − q(x)y = f(x), x ∈ [a, b].



Ìåòîä Ðèòöà. Âñïîìîãàòåëüíàÿ ýêñòðåìàëüíàÿ çàäà÷à
íà êîíå÷íî-ìåðíîì ïîäïðîñòðàíñòâå Yn.

Yn = { yn ∈ C(2)([a, b]) | yn(x) = ψ(x) +
∑n

i=1 ciφi(x) :

ψ,φi ∈ C(2)([a, b])(i = 1, 2, . . . , n) :

ψ(a) = α, ψ(b) = β,
φi(a) = φi(b) = 0 (i = 1, 2, . . . , n) }

(10.69)

Ïðèìåðû

ψ(x) = α+ x−a
b−a (β − α);

1) φi(x) = (x− a)i(x− b) (i = 1, 2, . . . , n),

2) φi(x) = sin
(
iπ x−a

b−a

)
(i = 1, 2, . . . , n).

Óñëîâèå ïëîòíîñòè ïîñëåäîâàòåëüíîñòè ïîäïðîñòðàíñòâ Yn ⊂ Y â
ïðîñòðàíñòâå Y âûïîëíÿåòñÿ.



Ìåòîä Ðèòöà. Çàäà÷à ìèíèìèçàöèè ôóíêöèè
íåñêîëüêèõ ïåðåìåííûõ.

Îïðåäåëåíèå ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ

J [yn] =

=
∫ b

a

(
p[ψ′+

∑n
i=1 ciφi

′]2+q[ψ +
∑n

i=1 ciφi]
2+2f [ψ+

∑n
i=1 ciφi]

)
dx=

=
∑n

i=1

∑n
j=1Aijcicj + 2

∑n
k=1Akck +A0 =

= G(c1, c2, . . . , cn),
(10.70)

Aij =
∫ b

a

(
pφ′

iφ
′
j + qφiφj

)
dx,

Ak =
∫ b

a

(
pψ′φ′

k + qψφk + fφk

)
dx,

A0 =
∫ b

a

(
p[ψ′]2 + qψ2 + 2fψ

)
dx.

(10.71)



Ìåòîä Ðèòöà. Çàäà÷à ìèíèìèçàöèè ôóíêöèè
íåñêîëüêèõ ïåðåìåííûõ...

Íåîáõîäèìîå óñëîâèå ýêñòðåìóìà ôóíêöèè G(c1, c2, . . . , cn)

∂

∂ci
G(c∗1, c

∗
2, . . . , c

∗
n) = 2

n∑
j=1

Aijc
∗
j + 2Ai = 0 ∀i = 1, 2, . . . , n,

êîòîðîå ðàâíîñèëüíî ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

n∑
j=1

Aijc
∗
j = −Ai,∀i = 1, 2, . . . , n. (10.72)

Òåîðåìà 10.2.

Ïóñòü ôóíêöèè φ′
1, φ

′
2, . . . , φ

′
n � ëèíåéíî-íåçàâèñèìû. Òîãäà

ñèñòåìà (10.72) èìååò åäèíñòâåííîå ðåøåíèå (c∗1, c
∗
2, . . . , c

∗
n)

⊤ ∈ Rn,
êîòîðîå äîñòàâëÿåò ìèíèìàëüíîå çíà÷åíèå ôóíêöèè
G(c1, c2, . . . , cn).



Äîêàçàòåëüñòâî

Äîêàçàòåëüñòâî.

Äîñòàòî÷íî ïîêàçàòü, ÷òî êâàäðàòè÷íàÿ ôîðìà
∑n

i=1

∑n
j=1Aijcicj

ÿâëÿåòñÿ ïîëîæèòåëüíî-îïðåäåëåííîé.

Äåéñòâèòåëüíî, â ýòîì ñëó÷àå, âî-ïåðâûõ, ìàòðèöà {Aij}ni,j=1

ÿâëÿåòñÿ ïîëîæèòåëüíî-îïðåäåëåííîé è, ïîýòîìó, íåâûðîæäåííîé.
Ñëåäîâàòåëüíî, ó ñèñòåìû (10.72) ñóùåñòâóåò åäèíñòâåííîå
ðåøåíèå (c∗1, c

∗
2, . . . , c

∗
n)

⊤ ∈ Rn. Âî-âòîðûõ, ýëåìåíòû Aij ýòîé
ìàòðèöû âû÷èñëÿþòñÿ êàê çíà÷åíèÿ ÷àñòíûõ ïðîèçâîäíûõ
âòîðîãî ïîðÿäêà ôóíêöèè G(c1, c2, . . . , cn) ïî ïåðåìåííûì ci è cj ,
óìíîæåííûå íà êîýôôèöèåíò 2, è íå çàâèñÿò îò çíà÷åíèé
ïåðåìåííûõ ci (i = 1, 2, . . . , n). Òàêèì îáðàçîì, äëÿ ëþáîé òî÷êè
(c1, c2, . . . , cn)

⊤ ∈ Rn ìàòðèöà {Aij}ni,j=1 äëÿ ôóíêöèè G ÿâëÿåòñÿ

åå ìàòðèöåé Ãåññå40 H(G). Ñâîéñòâî ïîëîæèòåëüíîé
îïðåäåëåííîñòè ýòîé ìàòðèöû ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì
òîãî, ÷òî ðåøåíèå ñèñòåìû (10.72) ÿâëÿåòñÿ åäèíñòâåííîé òî÷êîé
ìèíèìóìà ôóíêöèè G.

40ñ òî÷íîñòüþ äî ïîñòîÿííîãî ïîëîæèòåëüíîãî ìíîæèòåëÿ



Äîêàçàòåëüñòâî

Èñïîëüçóÿ (10.71), íåòðóäíî óáåäèòüñÿ, ÷òî

n∑
i=1

n∑
j=1

Aijcicj =

∫ b

a

p( n∑
i=1

ciφ
′
i

)2

+ q

(
n∑

i=1

ciφi

)2
dx. (10.73)

Ñ ó÷åòîì ñâîéñòâ ôóíêöèé p è q (p(x) ≥ p0 > 0, q(x) ≥ 0, x ∈ [a, b])
èç (10.73) ñëåäóåò, ÷òî äëÿ ëþáîãî âåêòîðà (c1, c2, . . . , cn)

⊤ ̸= 0

n∑
i=1

n∑
j=1

Aijcicj > 0.

Ïðåäïîëîæåíèå, ÷òî

n∑
i=1

n∑
j=1

Aijcicj = 0,



Äîêàçàòåëüñòâî ...
ñ íåîáõîäèìîñòüþ ïðèâîäèò ê òîæäåñòâó

p(x)

(
n∑

i=1

ciφ
′
i(x)

)2

+ q(x)

(
n∑

i=1

ciφi(x)

)2

≡ 0, x ∈ [a, b].

Îòêóäà
n∑

i=1

ciφ
′
i(x) ≡ 0, x ∈ [a, b],

÷òî, â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé φ′
1, φ

′
2, . . . , φ

′
n,

îçíà÷àåò, ÷òî c1 = c2 = . . . = cn = 0.
Âîçíèêàåò ïðîòèâîðå÷èå ñ (c1, c2, . . . , cn)

⊤ ̸= 0.
□ Òåîðåìà äîêàçàíà.

Äëÿ ìåòîäà Ðèòöà òåîðåìû 10.1 è 10.2 äàþò ïîëîæèòåëüíûå
îòâåòû íà ïîñòàâëåííûå âûøå ïåðâûå òðè âîïðîñà, âîçíèêàþùèå
ïðè ðåàëèçàöèè ïðåäëîæåííîé îáùåé ñõåìû ïðèáëèæåííîãî
ðåøåíèÿ ýêñòðåìàëüíîé çàäà÷è (10.63), (10.64).

⊠



▲25. Ìåòîä Ðèòöà. Ñõîäèìîñòü.
Îòâåò íà ÷åòâåðòûé âîïðîñ î ñóùåñòâîâàíèè ïðåäåëà
limn→∞ y∗n = y∗ äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 10.3.

Ïóñòü

1) p ∈ C(1)([a, b]) : p(x) ≥ p0 > 0, x ∈ [a, b];
2) q, f ∈ C([a, b]) : q(x) ≥ 0, x ∈ [a, b];
3) ∀n ∈ N ∃yn ∈ Yn : J [yn] → J [y∗] ïðè n→ ∞.

Òîãäà ïðè n→ ∞ yn(x) ⇒ y∗(x) íà îòðåçêå [a, b].

Äîêàçàòåëüñòâî.
Ó÷èòûâàÿ, ÷òî J [yn] ≥ J [y∗], äîñòàòî÷íî ïîêàçàòü, ÷òî

|yn(x)− y∗(x)| ≤

√
b− a

p0
(J [yn]− J [y∗])

1
2 ∀x ∈ [a, b], (10.74)

ãäå

J [yn]−J [y∗]=
∫ b

a

(
p[(y′n)

2−((y∗)
′
)2]+q[(yn)

2−(y∗)2]+2f(yn−y∗)
)
dx.



Äîêàçàòåëüñòâî ...
Äåéñòâèòåëüíî, äëÿ ëþáîãî x ∈ [a, b] ñïðàâåäëèâî âûðàæåíèå
yn(x)− y∗(x) =

∫ x

a

(
y′n(t)− (y∗)

′
(t)
)
dt. Îòêóäà

|yn(x)−y∗(x)|≤
∫ x

a

|y′n(t)−(y∗)
′
(t)|dt≤

∫ b

a

|y′n(t)−(y∗)
′
(t)|dt.

(10.75)
Ñ ó÷åòîì èçâåñòíîãî íåðàâåíñòâà Ãåëüäåðà∫ b

a

f(x)g(x)dx ≤

√∫ b

a

f2(x)dx

√∫ b

a

g2(x)dx

è ñâîéñòâ ôóíêöèé p, q (p(x) ≥ p0 > 0, q(x) ≥ 0, x ∈ [a, b]) èç
(10.75) ñëåäóåò, ÷òî

|yn(x)− y∗(x)| ≤
√
b− a

√∫ b

a
[y′n(x)− (y∗)

′
(x)]2dx ≤

≤
√

b−a
p0

√∫ b

a
p(x)[y′n(x)− (y∗)

′
(x)]2dx ≤

≤ D
√∫ b

a

(
p[y′n−(y∗)

′
]2+q[yn−y∗]2

)
dx = D

√∫ b

a
R(x)dx,

(10.76)



Äîêàçàòåëüñòâî ...

ãäå D =
√

b−a
p0

, R(x) = p[y′n − (y∗)
′
]2 + q[yn − y∗]2, x ∈ [a, b].

Äàëåå, åñëè âîñïîëüçîâàòüñÿ î÷åâèäíûì ðàâåíñòâîì
(c− d)2 = c2 − d2 − 2d(c− d), òî∫ b

a
R(x)dx =

∫ b

a

(
p[y′n − (y∗)

′
]2 + q[yn − y∗]2

)
dx =

=
∫ b

a

(
p[(y′n)

2 − ((y∗)
′
)2] + q[(yn)

2 − (y∗)2]
)
dx−

−2
∫ b

a

(
p(y∗)

′
[y′n − (y∗)

′
] + qy∗[yn − y∗]

)
dx,

(10.77)

ãäå ∫ b

a
p(y∗)

′
[y′n − (y∗)

′
]dx =

∫ b

a
p(y∗)

′
d(yn − y∗) =

= p(y∗)
′
[yn − y∗]|ba −

∫ b

a

(
p(y∗)

′)′
[yn − y∗]dx =

= −
∫ b

a

(
p(y∗)

′)′
[yn − y∗]dx,

òàê êàê yn(a) = y∗(a) è yn(b) = y∗(b).



Äîêàçàòåëüñòâî ...

Ñëåäîâàòåëüíî,∫ b

a

(
p(y∗)

′
[y′n − (y∗)

′
] + qy∗[yn − y∗]

)
dx =

= −
∫ b

a

(
p(y∗)

′)′
[yn − y∗]dx+

∫ b

a
qy∗[yn − y∗]dx =

=
∫ b

a
(−
(
p(y∗)

′)′
+ qy∗)[yn − y∗]dx.

(10.78)

Ïîñêîëüêó ôóíêöèÿ y∗ êàê ðåøåíèå ýêñòðåìàëüíîé çàäà÷è (10.65)
ÿâëÿåòñÿ è ðåøåíèåì èñõîäíîé êðàåâîé çàäà÷è (10.63), (10.64), òî
åñòü óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

(py′)
′ − qy = f , òî −

(
p(y∗)

′)′
+ qy∗ = −f . Â ðåçóëüòàòå ðàâåíñòâî

(10.78) ïðèíèìàåò âèä∫ b

a

(
p(y∗)

′
[y′n−(y∗)

′
]+qy∗[yn−y∗]

)
dx=−

∫ b

a

f [yn−y∗]dx. (10.79)

Òîãäà èç (10.77) è (10.79) ñëåäóåò, ÷òî



Äîêàçàòåëüñòâî ...

∫ b

a
R(x)dx =

∫ b

a

(
p[y′n − (y∗)

′
]2 + q[yn − y∗]2

)
dx =

=
∫ b

a

(
p[(y′n)

2 − ((y∗)
′
)2] + q[(yn)

2 − (y∗)2] + 2f [yn−y∗]
)
dx.
(10.80)

Ïîäñòàíîâêà ïðàâîé ÷àñòè ðàâåíñòâà (10.80) â (10.76) ïðèâîäèò ê
òðåáóåìîé îöåíêå (10.74)

|yn(x)−y∗(x)| ≤

≤ D
√∫ b

a

(
p[(y′n)

2−((y∗)
′
)2]+q[(yn)

2−(y∗)2]+2f [yn−y∗]
)
dx =

=
√

b−a
p0

(J [yn]− J [y∗])
1
2

∀x ∈ [a, b].

□ Òåîðåìà äîêàçàíà.



10.7. Âàðèàöèîííûå ìåòîäû ïðèáëèæåííîãî ðåøåíèÿ
êðàåâîé çàäà÷è äëÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ âòîðîãî ïîðÿäêà â îáùåì âèäå

Ïîñòàíîâêà êðàåâîé çàäà÷è

L[y] = f(x), x ∈ [a, b], (10.81)

y(a) = α, y(b) = β, (10.82)

ãäå L � ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêàa.

aÏðèìåðû: 1) L[y] = y′′; 2) L[y] = (py′)′ − qy.

Ïóñòü φ ∈ C2([a, b]): φ(a) = α, φ(b) = β. Òîãäà ââåäåíèå â
ðàññìîòðåíèå âñïîìîãàòåëüíîé ôóíêöèè

z(x) = y(x)− φ(x), x ∈ [a, b]

ïîçâîëÿåò ñôîðìóëèðîâàòü äëÿ êðàåâîé çàäà÷è (10.81), (10.82)
ðàâíîñèëüíóþ åé êðàåâóþ çàäà÷ó ñ îäíîðîäíûìè êðàåâûìè
óñëîâèÿìè:



Âàðèàöèîííûå ìåòîäû ïðèáëèæåííîãî ðåøåíèÿ
ëèíåéíîé êðàåâîé çàäà÷è ñ îäíîðîäíûìè êðàåâûìè
óñëîâèÿìè

Ïîñòàíîâêà îäíîðîäíîé êðàåâîé çàäà÷è

L[z] = f̄(x), x ∈ [a, b], (10.83)

z(a) = 0, z(b) = 0, (10.84)

ãäå, â ñèëó ëèíåéíîñòè îïåðàòîðà L,

L[z + φ] = f(x),
L[z] + L[φ] = f(x),
L[z] = f(x)− L[φ] = f̄(x),
x ∈ [a, b].

Áåç ïîòåðè îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî êðàåâûå óñëîâèÿ (10.82)
â èñõîäíîé êðàåâîé çàäà÷å (10.81), (10.82) ÿâëÿþòñÿ îäíîðîäíûìè,
òî åñòü α = 0, β = 0.



Ìåòîä Ãàëåðêèíà

Ïóñòü Yn � êîíå÷íîìåðíîå ïîäïðîñòðàíñòâî ïðîñòðàíñòâà Y ,
êîòîðîå îáðàçîâàíî ëèíåéíûìè êîìáèíàöèÿìè áàçèñíûõ
(ëèíåéíî-íåçàâèñèìûõ) ôóíêöèé:

Yn = { yn ∈ C(2)([a, b]) | yn(x) =
∑n

i=1 ciφi(x) :

φi ∈ C(2)([a, b]) :
φi(a) = φi(b) = 0, i = 1, 2, . . . , n }

(10.85)

Ïðåäëàãàåòñÿ íàõîäèòü ïðèáëèæåííîå ðåøåíèå yn êðàåâîé
çàäà÷è(10.81), (10.82) â ýòîì ïðîñòðàíñòâå Yn. Íåâÿçêîé íàçûâàþò
âåëè÷èíó

µ(x) = L[yn](x)− f(x), x ∈ [a, b]. (10.86)

Òàê êàê íåâÿçêà � ôóíêöèÿ, òî ìîæíî ïðåäëîæèòü ðàçíûå
ïîäõîäû ê óìåíüøåíèþ íåâÿçêè.
Ìåòîä Ãàëåðêèíà îñíîâàë íà òîì, ÷òîáû ñäåëàòü íåâÿçêó µ
îðòîãîíàëüíîé íåêîòîðîé (âîîáùå ãîâîðÿ, äðóãîé) ñèñòåìå
áàçèñíûõ ôóíêöèé {ψi, i = 1, 2, . . . , n} èç ïðîñòðàíñòâà Yn:



Ìåòîä Ãàëåðêèíà ...

⟨L[yn]− f, ψi⟩ = 0, i = 1, 2, . . . , n.

Ïîäñòàíîâêà âìåñòî ôóíêöèè yn åå ðàçëîæåíèÿ ïî ñèñòåìå
áàçèñíûõ ôóíêöèé {φi, i = 1, 2, . . . , n} ñ ó÷åòîì ëèíåéíîé
íåçàâèñèìîñòè ôóíêöèé ψj (j = 1, 2, . . . , n) ïðèâîäèò ê ñèñòåìå
ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ ðàçëîæåíèÿ ck
(k = 1, 2, . . . , n):

n∑
k=1

⟨L[φk], ψi⟩ck = ⟨f, ψi⟩, i = 1, 2, . . . , n. (10.87)

Çàìå÷àíèå

Ìåòîä Ðèòöà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ìåòîäà Ãàëåðêèíà, åñëè,
âî-ïåðâûõ, óðàâíåíèå ñàìîñîïðÿæåííîå, à, âî-âòîðûõ, ñèñòåìû
áàçèñíûõ ôóíêöèé {φi, i = 1, 2, . . . , n} è {ψi, i = 1, 2, . . . , n}
ñîâïàäàþò.



Ìåòîä íàèìåíüøèõ êâàäðàòîâ
Ïðèáëèæåííîå ðåøåíèå yn êðàåâîé çàäà÷è(10.81), (10.82) èùåòñÿ â
ïðîñòðàíñòâå Yn (ñì. (10.85)). Äëÿ îïðåäåëåíèÿ èñêîìîãî ýëåìåíòà
ýòîãî ïðîñòðàíñòâà ïðåäëàãàåòñÿ ìèíèìèçèðîâàòü êâàäðàò íîðìû
íåâÿçêè (10.86), òî åñòü ñêàëÿðíîå ïðîèçâåäåíèå íåâÿçêè (10.86)
ñàìîé íà ñåáÿ

G(c1, c2, . . . , cn) = ∥L[yn]− f∥2 = ⟨L[yn]− f, L[yn]− f⟩ =

= ⟨
∑n

k=1 ckL[φk]− f,
∑n

i=1 ciL[φi]− f⟩ =

=
∑n

k=1

∑n
i=1 ⟨L[φk], L[φi]⟩ckci−2

∑n
k=1 ⟨L[φk], f⟩ck+⟨f, f⟩.

(10.88)
Âûðàæåíèå (10.88) ïðåäñòàâëÿåò ñîáîé ëèíåéíî-êâàäðàòè÷íóþ
ôîðìó îòíîñèòåëüíî êîýôôèöèåíòîâ c1, c2, . . . , cn. Íåîáõîäèìîå
óñëîâèå ýêñòðåìóìà ôóíêöèè G(c1, c2, . . . , cn)

∂

∂ci
G(c1, c2, . . . , cn) = 0 ∀i = 1, 2, . . . , n

ìîæåò áûòü çàïèñàíî â âèäå ñèñòåìû ëèíåéíûõ óðàâíåíèé



Ìåòîä íàèìåíüøèõ êâàäðàòîâ ...

n∑
j=1

aijcj = bi, i = 1, 2, . . . , n, (10.89)

ãäå
aij = ⟨L[φi], L[φj ]⟩, bi = ⟨L[φi], f⟩, i, j = 1, 2, . . . , n.

Ïðè ýòîì ìàòðèöà A=

(
a11 · · · a1n

· · · · · · · · ·
an1 · · · ann

)
ñèñòåìû (10.89) ÿâëÿåòñÿ

ïîëîæèòåëüíî-îïðåäåëåííîé òîãäà è òîëüêî òîãäà, êîãäà
L[φ1], L[φ2], . . . , L[φn] ëèíåéíî-íåçàâèñèìû. Åñëè ýòî óñëîâèå
âûïîëíÿåòñÿ, òî ìåòîä íàèìåíüøèõ êâàäðàòîâ ñâîäèòñÿ ê
ðåøåíèþ ñèñòåìû (10.89).

Çàìå÷àíèå

Ìåòîä íàèìåíüøèõ êâàäðàòîâ ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ìåòîäà
Ãàëåðêèíà, åñëè â êà÷åñòâå ñèñòåìû áàçèñíûõ ôóíêöèé
{ψi, i = 1, 2, . . . , n} âûáðàòü {L[φi], i = 1, 2, . . . , n}.



Ìåòîä êîëëîêàöèè
Ïðèáëèæåííîå ðåøåíèå yn êðàåâîé çàäà÷è(10.81), (10.82) èùåòñÿ â
ïðîñòðàíñòâå Yn (ñì. (10.85)). Äëÿ îïðåäåëåíèÿ èñêîìîãî ýëåìåíòà
ýòîãî ïðîñòðàíñòâà ïðåäëàãàåòñÿ çàíóëèòü íåâÿçêó (10.86) â
íåêîòîðûõ óçëàõ xi (i = 1, 2, . . . , n), íàçûâàåìûõ óçëàìè
êîëëîêàöèè.
Ïóñòü óçëû êîëëîêàöèè a ≤ x1 ≤ x2 ≤ . . . ≤ xn ≤ b. Òîãäà

L[yn](xi) = f(xi), ∀i = 1, 2, . . . , n. (10.90)

Ðàâåíñòâà (10.90) îáðàçóþò ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ c1, c2, . . . , cn

n∑
k=1

ckL[φk](xi) = f(xi), i = 1, 2, . . . , n. (10.91)

Çàìå÷àíèå

Îñíîâíàÿ ïðîáëåìà â ìåòîäå êîëëîêàöèè ñîñòîèò â òàêîì âûáîðå
óçëîâ, ÷òîáû ìàòðèöà ñèñòåìû (10.91) áûëà íåâûðîæäåííîé, à
òàêæå â îáîñíîâàíèè ñõîäèìîñòè ìåòîäà ïðè äàííîì ñïîñîáå
óâåëè÷åíèÿ êîëè÷åñòâà óçëîâ.



ÒÅÌÀ 11. Èíòåðïîëÿöèÿ ñïëàéíàìè

Ïîñòàíîâêà çàäà÷è

Ïóñòü çàäàíû íàáîð äàííûõ

x0, x1, x2, . . . , xn ∈ [a, b] : xi ̸= xj ∀i ̸= j
y0, y1, y2, . . . , yn

(11.1)

è êëàññ ôóíêöèé Φ.

φ ∈ Φ : φ(xi) = yi ∀i = 0, 1, 2, . . . , n. (11.2)

Çàäà÷à ÷èñëåííîé èíòåðïîëÿöèè (11.2) íà êëàññå ìíîãî÷ëåíîâ
ñòåïåíè n ìîæåò áûòü ðåøåíà ñ ïîìîùüþ èíòåðïîëÿöèîííîãî
ìíîãî÷ëåíà Ëàãðàíæà Ln(x), çàäàâàåìîãî ñ ïîìîùüþ ôîðìóëû
(6.12). Îäíàêî òàêàÿ êîíñòðóêöèÿ îáëàäàåò ðÿäîì ñóùåñòâåííûõ
íåäîñòàòêîâ, êîòîðûå ïðîÿâëÿþòñÿ â ïðèëîæåíèÿõ ïðè áîëüøèõ
çíà÷åíèÿõ n.



11.1. Èíòåðïîëÿöèîííûé êóáè÷åñêèé ñïëàéí.

Ñïëàéíàìè íàçûâàþò ôóíêöèè, çàäàííûå êóñî÷íî ìíîãî÷ëåíàìè
íà îòðåçêàõ [xi−1, xi], i = 1, 2, . . . , n. Ñðåäè âñåõ ñïëàéíîâ
íàèáîëüøåå ðàñïðîñòðàíåíèå ïîëó÷èëè èíòåðïîëÿöèîííûå
êóáè÷åñêèå ñïëàéíû.

Îïðåäåëåíèå 11.1.

Èíòåðïîëÿöèîííûì êóáè÷åñêèì ñïëàéíîì S(x) íàçûâàåòñÿ
äâàæäû íåïðåðûâíî-äèôôåðåíöèðóåìàÿ âíóòðè îòðåçêà [a, b]
ôóíêöèÿ, çàäàííàÿ íà êàæäîì îòðåçêå [xi−1, xi] (i = 1, 2, . . . , n)
êóáè÷åñêèì ìíîãî÷ëåíîì è óäîâëåòâîðÿþùàÿ èíòåðïîëÿöèîííûì
óñëîâèÿì (11.2).

Èíòåðïîëÿöèîííûé êóáè÷åñêèé ñïëàéí S(x) îïðåäåëÿåòñÿ íà
îòðåçêå [a, b] ñëåäóþùèìè ôîðìóëàìè:

S(x) = pi(x) = Aix
3 +Bix

2 + Cix+Di, x ∈ [xi−1, xi],
i = 1, 2, . . . , n.

(11.3)



Èíòåðïîëÿöèîííûé êóáè÷åñêèé ñïëàéí ...
Òàêèì îáðàçîì, èíòåðïîëÿöèîííûé êóáè÷åñêèé ñïëàéí S(x)
çàäàåòñÿ íà îòðåçêå [a, b] ñ ïîìîùüþ 4n ïàðàìåòðîâ:
(Ai, Bi, Ci, Di), i = 1, 2, . . . , n. Çíà÷åíèÿ ýòèõ ïàðàìåòðîâ
îïðåäåëÿþòñÿ ñëåäóþùèìè óñëîâèÿìè:

pi(xi−1) = yi−1, pi(xi) = yi, i = 1, 2, . . . , n; (11.4)

p′i(xi) = p′i+1(xi), i = 1, 2, . . . , n− 1; (11.5)

p′′i (xi) = p′′i+1(xi), i = 1, 2, . . . , n− 1. (11.6)

Â ðåçóëüòàòå, äëÿ îïðåäåëåíèÿ çíà÷åíèé 4n ïàðàìåòðîâ èìååòñÿ
âñåãî 2n+ 2(n− 1) = 4n− 2 óñëîâèé. Ñëåäîâàòåëüíî äëÿ
îäíîçíà÷íîãî îïðåäåëåíèÿ ñïëàéíà S ê (11.4), (11.5), (11.6)
òðåáóåòñÿ äîáàâèòü åùå äâà äîïîëíèòåëüíûõ óñëîâèÿ. Íà êîíöàõ
îòðåçêà çàäàþò êðàåâûå óñëîâèÿ41, íàïðèìåð:

S′(a) = y′0, S
′(b) = y′n (11.7)

èëè
S′′(a) = y′′0 , S

′′(b) = y′′n. (11.8)
41Óñëîâèÿ (11.7) íàçûâàþò êðàåâûìè óñëîâèÿìè ïåðâîãî òèïà, (11.8) �

âòîðîãî òèïà.



11.2. Ýôôåêòèâíûé ñïîñîá ïîñòðîåíèÿ
èíòåðïîëÿöèîííîãî êóáè÷åñêîãî ñïëàéíà.

Òàê êàê ñïëàéí íà êàæäîì îòðåçêå [xi−1, xi] çàäàåòñÿ êóáè÷åñêîé
ôóíêöèåé, òî åãî âòîðàÿ ïðîèçâîäíàÿ ÿâëÿåòñÿ ëèíåéíîé
ôóíêöèåé. Ïóñòü Mi = S′′(xi) è hi = xi −xi−1, i = 1, 2, . . . , n. Òîãäà

S′′(x) =Mi−1
xi − x

hi
+Mi

x− xi−1

hi
, x ∈ [xi−1, xi]. (11.9)

Èíòåãðèðîâàíèå îáåèõ ÷àñòåé ðàâåíñòâà (11.9) ïðèâîäèò ê
âûðàæåíèÿì

S′(x) = −Mi−1
(xi−x)2

2hi
+Mi

(x−xi−1)
2

2hi
+Ri,

S(x) =Mi−1
(xi−x)3

6hi
+Mi

(x−xi−1)
3

6hi
+Rix+Hi, x ∈ [xi−1, xi],

ãäå Ri, Hi � êîíñòàíòû èíòåãðèðîâàíèÿ. Äëÿ èõ îïðåäåëåíèÿ èç
èíòåðïîëÿöèîííûõ óñëîâèé (11.4) óäîáíî âûïîëíèòü
íåâûðîæäåííóþ çàìåíó êîíñòàíò



Ýôôåêòèâíûé ñïîñîá ïîñòðîåíèÿ èíòåðïîëÿöèîííîãî
êóáè÷åñêîãî ñïëàéíà ...

Rix+Hi = ai(xi − x) + bi(x− xi−1).

Çäåñü

{
−ai + bi = Ri,

xiai − xi−1bi = Hi,
, ãäå îïðåäåëèòåëü ìàòðèöû ýòîé

ñèñòåìû ðàâåí det

(
−1 1
xi −xi−1

)
= xi−1 − xi = −hi ̸= 0. Òîãäà

S(x) = pi(x) =Mi−1
(xi−x)3

6hi
+Mi

(x−xi−1)
3

6hi
+

+ai(xi − x) + bi(x− xi−1),
x ∈ [xi−1, xi].

(11.10)

Èç (11.10) ñ ó÷åòîì óñëîâèé èíòåðïîëÿöèè (11.4) ñëåäóåò{
pi(xi−1) =Mi−1

h2
i

6 + aihi = yi−1,

pi(xi) =Mi
h2
i

6 + bihi = yi.



Ýôôåêòèâíûé ñïîñîá ïîñòðîåíèÿ èíòåðïîëÿöèîííîãî
êóáè÷åñêîãî ñïëàéíà ...

Îòêóäà {
ai =

yi−1

hi
−Mi−1

hi

6 ,

bi =
yi

hi
−Mi

hi

6 .

Â ðåçóëüòàòå

pi(x) =Mi−1
(xi−x)3

6hi
+Mi

(x−xi−1)
3

6hi
+

+
(

yi−1

hi
−Mi−1

hi

6

)
(xi − x) +

(
yi

hi
−Mi

hi

6

)
(x− xi−1),

x ∈ [xi−1, xi], i = 1, 2, . . . , n.
(11.11)

Äëÿ òîãî ÷òîáû ïîëó÷èòü óðàâíåíèÿ äëÿ Mi (i = 0, 1, 2, . . . , n),
ïðåäëàãàåòñÿ âîñïîëüçîâàòüñÿ óñëîâèÿìè (11.5)

p′i(xi) = p′i+1(xi), i = 1, 2, . . . , n− 1.



Ýôôåêòèâíûé ñïîñîá ïîñòðîåíèÿ èíòåðïîëÿöèîííîãî
êóáè÷åñêîãî ñïëàéíà ...

Èç (11.11) ñëåäóåò, ÷òî

p′i(xi) =
hi

2 Mi +
yi−yi−1

hi
− hi

6 Mi +
hi

6 Mi−1,

p′i+1(xi) = −hi+1

2 Mi +
yi+1−yi

hi+1
− hi+1

6 Mi+1 +
hi+1

6 Mi.

Ïîäñòàíîâêà ïðàâûõ ÷àñòåé ýòèõ ðàâåíñòâ â (11.5) ïîñëå
ïðèâåäåíèÿ ïîäîáíûõ ïðèâîäèò ê ëèíåéíîé ñèñòåìå èç n− 1-ãî
óðàâíåíèÿ îòíîñèòåëüíî n+ 1-îé íåèçâåñòíîé

hi

6 Mi−1 +
hi+hi+1

3 Mi +
hi+1

6 Mi+1 = yi+1−yi

hi+1
− yi−yi−1

hi
,

i = 1, 2, . . . , n− 1.

(11.12)

Â ðåçóëüòàòå äîáàâëåíèÿ ê (11.12) êðàåâûõ óñëîâèé (11.8)

S′′(a) = y′′0 , S
′′(b) = y′′n



Ýôôåêòèâíûé ñïîñîá ïîñòðîåíèÿ èíòåðïîëÿöèîííîãî
êóáè÷åñêîãî ñïëàéíà ...

âîçíèêàåò ñèñòåìà êðàìåðîâñêîãî òèïà
M0 = y′′0 ,

hi

6 Mi−1+
hi+hi+1

3 Mi+
hi+1

6 Mi+1=
yi+1−yi

hi+1
−yi−yi−1

hi
, i=1, 2, . . . , n−1

Mn = y′′n,
(11.13)

ìàòðèöà êîòîðîé îáëàäàåò ñâîéñòâîì ñòðîãî äèàãîíàëüíîãî
ïðåîáëàäàíèÿ.

Åäèíñòâåííîå ðåøåíèå ñèñòåìû (11.13) äëÿ èñõîäíûõ äàííûõ
(11.1) è êðàåâûõ óñëîâèé (11.8) îïðåäåëÿåò åäèíñòâåííûé
èíòåðïîëÿöèîííûé êóáè÷åñêèé ñïëàéí S(x), x ∈ [a, b], êîòîðûé íà
îòðåçêå [a, b] çàäàåòñÿ ôîðìóëàìè (11.11).



11.3. Ýêñòðåìàëüíîå ñâîéñòâî èíòåðïîëÿöèîííîãî
êóáè÷åñêîãî ñïëàéíà

Ïîñòàíîâêà ýêñòðåìàëüíîé çàäà÷è

J [y] → min
y∈Y

, (11.14)

ãäå

J [y] =

∫ b

a

[f ′′(x)]2dx, (11.15)

Y = {y ∈ C(2) ([a, b]) | y(xi) = yi, i = 0, 1, 2, . . . , n}, (11.16)

a = x0 < x1 < x2 < . . . < xn−1 < xn = b.

Ìåõàíè÷åñêàÿ èíòåðïðåòàöèÿ çàäà÷è (11.14)-(11.16) ñîñòîèò â òîì,
÷òî íóæíî ìèíèìèçèðîâàòü ïîòåíöèàëüíóþ ýíåðãèþ óïðóãîãî
ãèáêîãî òåëà, íàïðèìåð, ìåòàëëè÷åñêîé ëèíåéêè, ñ çàêðåïëåííûìè
òî÷êàìè.



Ýêñòðåìàëüíîå ñâîéñòâî èíòåðïîëÿöèîííîãî
êóáè÷åñêîãî ñïëàéíà ...

Òåîðåìà 11.1. Òåîðåìà Õîëëèäåÿ

Åäèíñòâåííûì ðåøåíèåì ýêñòðåìàëüíîé çàäà÷è (11.14)-(11.16)
ÿâëÿåòñÿ èíòåðïîëÿöèîííûé êóáè÷åñêèé ñïëàéí S(x), x ∈ [a, b], ñ
äîïîëíèòåëüíûìè óñëîâèÿìè

S′′(a) = S′′(b) = 0.

⊠



▲26. Ìåòîä íàèìåíüøèõ êâàäðàòîâ

12.1. Ìåòîä íàèìåíüøèõ êâàäðàòîâ â çàäà÷å ðåøåíèÿ ëèíåéíûõ
ñèñòåì.

Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ax = b, (12.1)

ãäå x ∈ Rn, b ∈ Rm, A ∈ Rm×n (dim(A) = m× n): m ̸= n.

Çàäà÷à ìèíèìèçàöèè êâàäðàòà íåâÿçêè

min
x∈Rn

J(x), (12.2)

ãäå
J(x) = ∥Ax− b∥2. (12.3)

Èñïîëüçóÿ ñâîéñòâà ñêàëÿðíîãî ïðîèçâåäåíèÿ, ìèíèìèçèðóåìóþ
âåëè÷èíó ìîæíî ïðåäñòàâèòü â âèäå

J(x) = ∥Ax− b∥2 = ⟨Ax− b, Ax− b⟩ = ⟨Ax, Ax⟩ − 2⟨Ax, b⟩+ ⟨b, b⟩ =
= ⟨x, A⊤Ax⟩ − 2⟨x, A⊤b⟩+ ⟨b, b⟩.



Ìåòîä íàèìåíüøèõ êâàäðàòîâ â çàäà÷å ðåøåíèÿ
ëèíåéíûõ ñèñòåì ...

Òîãäà íåîáõîäèìîå óñëîâèå ýêñòðåìóìà äëÿ ôóíêöèè J(x)

∂

∂xi
J(x∗) = 0 ∀i = 1, 2, . . . , n

ðàâíîñèëüíî ñëåäóþùåé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (ÌÍÊ-ñèñòåìå)

A⊤Ax = A⊤b. (12.4)

Çäåñü ìàòðèöà A⊤A ∈ Rn×n è ÿâëÿåòñÿ íåîòðèöàòåëüíî-
îïðåäåëåííîé.

Íåâûðîæäåííûé ìåòîä íàèìåíüøèõ êâàäðàòîâ

Ïóñòü A⊤A > 0. Òîãäà ñèñòåìà (12.4) èìååò åäèíñòâåííîå
ðåøåíèå � ÌÍÊ-ðåøåíèå ñèñòåìû (12.1)

x∗ =
(
A⊤A

)−1
A⊤b (12.5)



Íåâûðîæäåííûé ìåòîä íàèìåíüøèõ êâàäðàòîâ ...

Òåîðåìà 12.1.

Ìàòðèöà A⊤A ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé òîãäà è
òîëüêî òîãäà, êîãäà ñòîëáöû h1,h2, . . . ,hn ìàòðèöû A ëèíåéíî
íåçàâèñèìû, ò. å. ðàíã ìàòðèöû A ðàâåí n.a

aÝòî óñëîâèå íàçûâàåòñÿ íåâûðîæäåííûì ÌÍÊ.

Äîêàçàòåëüñòâî.
Âåêòîð Ax ìîæíî çàïèñàòü â ñëåäóþùåì âèäå Ax =

∑n
i=1 hixi.

Òîãäà ⟨x, A⊤Ax⟩ = ⟨Ax, Ax⟩ = 0 òîãäà è òîëüêî òîãäà, êîãäà

n∑
i=1

hixi = 0.

À ýòî, â ñâîþ î÷åðåäü, îçíà÷àåò, ÷òî ìàòðèöà A⊤A ÿâëÿåòñÿ
ïîëîæèòåëüíî îïðåäåëåííîé òîãäà è òîëüêî òîãäà, êîãäà ñòîëáöû
h1,h2, . . . ,hn ìàòðèöû A ëèíåéíî íåçàâèñèìû, ò. å. ðàíã ìàòðèöû
A ðàâåí n.
□ Òåîðåìà äîêàçàíà.



Íåâûðîæäåííûé ìåòîä íàèìåíüøèõ êâàäðàòîâ ...
Ïðèìåð

Ïåðåîïðåäåëåííàÿ íåñîâìåñòíàÿa ñèñòåìà x1 + x2 = 1
x1 = 1
x2 = 1

(12.6)

aâ êëàññè÷åñêîì ñìûñëå

Çäåñü

A=

1 1
1 0
0 1

, b=
1
1
1

.
Òîãäà

A⊤=

(
1 1 0
1 0 1

)
, A⊤A=

(
2 1
1 2

)
, A⊤b=

(
2
2

)
.

ÌÍÊ-ñèñòåìà äëÿ (12.6) èìååò âèä{
2x1 + x2 = 2
x1 + 2x2 = 2.

(12.7)



Íåâûðîæäåííûé ìåòîä íàèìåíüøèõ êâàäðàòîâ ...
Íåòðóäíî âèäåòü, ÷òî ñèñòåìà (12.7) íåâûðîæäåíà è åå ðåøåíèå

ÌÍÊ-ðåøåíèå ñèñòåìû (12.6) x∗1 = 2
3

x∗2 = 2
3 .

Ñóììà êâàäðàòîâ ðàññòîÿíèé îò òî÷êè x∗ =
(
2
3 ,

2
3

)⊤
äî ïðÿìûõ,

çàäàâàåìûõ óðàâíåíèÿìè ñèñòåìû (12.6), � íàèìåíüøàÿ ñðåäè
âñåõ âîçìîæíûõ òî÷åê (ñì. ðèñ. 20).

Ðèñ. 20: Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ÌÍÊ-ðåøåíèÿ ñèñòåìû.



Âûðîæäåííûé ìåòîä íàèìåíüøèõ êâàäðàòîâ

Ïóñòü òåïåðü íàáëþäàåòñÿ âûðîæäåíèå ÌÍÊ, ò.å. rang(A) < n. Â
÷àñòíîñòè, âûðîæäåííûé ÌÍÊ èìååò ìåñòî, êîãäà m < n, ò.å.
÷èñëî óðàâíåíèé â ñèñòåìå (12.1) ìåíüøå ÷èñëà íåèçâåñòíûõ, ÷òî
ïðèâîäèò ê íååäèíñòâåííîñòè ðåøåíèÿ. Çàäà÷à îòíîñèòñÿ ê ÷èñëó
íåêîððåêòíûõ è ðåãóëÿðèçèðîâàííûé ÌÍÊ ïîçâîëÿåò îòûñêàòü
ðåøåíèå ñ ìèíèìàëüíîé íîðìîé.

Àëãîðèòì âûðîæäåííîãî ìåòîäà íàèìåíüøèõ êâàäðàòîâ

Ê ìèíèìèçèðóåìîé ôóíêöèè ⟨Ax− b, Ax− b⟩ (êâàäðàòó íåâÿçêè)
äîáàâëÿåòñÿ êâàäðàò íîðìû x ñ íåêîòîðûì ïîëîæèòåëüíûì
êîýôôèöèåíòîì α (ïàðàìåòð ðåãóëÿðèçàöèè). Òàêèì îáðàçîì,
ìèíèìèçèðóåìàÿ âåëè÷èíà ïðåäñòàâëÿåòñÿ â âèäå

Jα(x) = ∥Ax− b∥2 + α∥x∥2 = ⟨Ax− b, Ax− b⟩+ α⟨x,x⟩ =

= ⟨Ax, Ax⟩ − 2⟨Ax, b⟩+ ⟨b, b⟩+ α⟨x,x⟩ =

= ⟨x,
(
A⊤A+ αE

)
x⟩ − 2⟨x, A⊤b⟩+ ⟨b, b⟩.



Àëãîðèòì âûðîæäåííîãî ìåòîäà íàèìåíüøèõ
êâàäðàòîâ ...

Àíàëîãè÷íî (12.4) ñòðîèòñÿ ÌÍÊ-ñèñòåìà(
A⊤A+ αE

)
x = A⊤b, (12.8)

êîòîðàÿ èìååò åäèíñòâåííîå ðåøåíèå

x∗
α =

(
A⊤A+ αE

)−1
A⊤b

ïðè ëþáîì α > 0.
Åñëè ñóùåñòâóåò ïðåäåë ïîñëåäîâàòåëüíîñòè âåêòîðîâ x∗

α ïðè
α→ 0, òî îí íàçûâàåòñÿ âûðîæäåííûì ÌÍÊ-ðåøåíèåì ëèíåéíîé
ñèñòåìû (12.1).
Ýòî ðåøåíèå ôîðìàëüíî çàïèñûâàåòñÿ â âèäå

x∗ = lim
α→0

(
A⊤A+ αE

)−1
A⊤b. (12.9)



Ìàòðèöà ïñåâäîîáðàòíàÿ ê ìàòðèöå A

Ïî àíàëîãèè ñ îáðàòíîé ìàòðèöåé A−1, ñ ïîìîùüþ êîòîðîé ìîæíî
çàïèñàòü ðåøåíèå ñèñòåìû x = b â ñëó÷àå íåâûðîæäåííîé
ìàòðèöû A â âèäå x = A−1b â âûðîæäåííîì ìåòîäå íàèìåíüøèõ
êâàäðàòîâ ìîæíî îïðåäåëèòü ìàòðèöó A+, êîòîðóþ íàçûâàþò
ïñåâäîîáðàòíîé ê ìàòðèöå A

A+ = lim
α→0

(
A⊤A+ αE

)−1
A⊤ (12.10)

Ñâîéñòâî A+

Ìàòðèöà A+A ïðåäñòàâëÿåò ñîáîé äèàãîíàëüíóþ ìàòðèöó, ó
êîòîðîé íà ãëàâíîé äèàãîíàëè ñòîèò íåñêîëüêî åäèíèö, à âñå
îñòàëüíûå ýëåìåíòû � íóëè.

ÌÍÊ-ðåøåíèå â âûðîæäåííîì ñëó÷àå

x∗ = A+b



12.2. Ìåòîä íàèìåíüøèõ êâàäðàòîâ â çàäà÷å
ïðèáëèæåíèÿ ôóíêöèé (äèñêðåòíûé âàðèàíò)

Ïîñòàíîâêà çàäà÷è

x1, x2, . . . , xm
y1, y2, . . . , ym

(12.11)

Φ = { φ | φ(x) =
n∑

i=1

ciφi(x) } (12.12)

Òðåáóåòñÿ â êëàññå ôóíêöèé Φ âûáðàòü ôóíêöèþ f , íàèëó÷øèì
îáðàçîì ïðèáëèæàþùóþ çíà÷åíèÿ â óçëàõ xi, i = 1, 2, . . . ,m.

Åñëè â Φ ñóùåñòâóåò ôóíêöèÿ f , â òî÷íîñòè óäîâëåòâîðÿþùàÿ
èíòåðïîëÿöèîííûì óñëîâèÿì f(xj) = yj , j = 1, 2, . . . ,m, òî
ðåøàåòñÿ çàäà÷à èíòåðïîëÿöèè. Â áîëåå îáùåì ñëó÷àå, êîãäà
èíòåðïîëÿöèîííûå óñëîâèÿ íå âûïîëíÿþòñÿ, òî ðàññìàòðèâàåòñÿ
çàäà÷à ïðèáëèæåíèÿ, â êîòîðîé ìèíèìèçèðóþòñÿ îòêëîíåíèÿ îò
ýòèõ óñëîâèé. Â ìåòîäå íàèìåíüøèõ êâàäðàòîâ â êà÷åñòâå
êðèòåðèÿ èñïîëüçóåòñÿ ñóììà êâàäðàòîâ îòêëîíåíèé â óçëàõ



Äèñêðåòíûé âàðèàíò...

J(c1, c2, . . . , cn) =

m∑
j=1

(
n∑

i=1

ciφi(xj)− yj

)2

. (12.13)

Ââîäèòñÿ ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå ôóíêöèé,
îïðåäåëåííûõ íà óçëàõ

⟨f(x), g(x)⟩ =
m∑
j=1

f(xj)g(xj).

Òîãäà ìèíèìèçèðóåìûé êðèòåðèé (12.13) ìîæíî ïåðåïèñàòü â âèäå

J(c1, c2, . . . , cn) = ⟨
∑n

i=1 ciφi(x)− Y,
∑n

i=1 ciφi(x)− Y ⟩ =

=
∑n

i=1

∑n
k=1 cick⟨φi, φk⟩−

−2
∑n

i=1 ci⟨φi, Y ⟩+ ⟨Y, Y ⟩,

(12.14)

ãäå Y = (y1, y2, . . . , ym)
⊤ ∈ Rm.



Äèñêðåòíûé âàðèàíò...
Òàêèì îáðàçîì, ìèíèìèçèðóåìûé êðèòåðèé (12.13) ïðåäñòàâèì â
âèäå ñóììû êâàäðàòè÷íîé ôîðìû ñ ñèììåòðè÷åñêîé ìàòðèöåé
A = {⟨φi, φj⟩}ni,j=1, îäíîðîäíîé ôîðìû è êîíñòàíòû è ìîæåò
ðàññìàòðèâàòüñÿ êàê ôóíêöèÿ n ïåðåìåííûõ.

Íåîáõîäèìîå óñëîâèå ýêñòðåìóìà ôóíêöèè J(c1, c2, . . . , cn)

∂

∂ci
J(c1, c2, . . . , cn) = 0 ∀i = 1, 2, . . . , n,

ðàâíîñèëüíî ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

n∑
j=1

⟨φi, φj⟩cj = ⟨φi, Y ⟩ ∀i = 1, 2, . . . , n. (12.15)

Åñëè ìàòðèöà A ñèñòåìû (12.15) íåâûðîæäåíà, òî åå åäèíñòâåííîå
ðåøåíèå c∗1, c

∗
2, . . . , c

∗
n îïðåäåëÿåò èñêîìóþ ôóíêöèþ

f∗(x) =

n∑
i=1

c∗iφi(x).



Äèñêðåòíûé âàðèàíò...

Çàìå÷àíèå

Óäîáñòâî òàêîãî âàðèàíòà çàäà÷è ïðèáëèæåíèÿ ñîñòîèò â òîì, ÷òî
ýëåìåíòû ìàòðèöû è âåêòîðà ïðàâûõ ÷àñòåé ñèñòåìû (12.15) ëåãêî
ñ÷èòàòü, òàê îíè ïðåäñòàâëÿþò ñîáîé êîíå÷íîìåðíûå ñêàëÿðíûå
ïðîèçâåäåíèÿ, ò.å. êîíå÷íûå ñóììû. Â òî æå âðåìÿ ýòîò ìåòîä
èìååò ñóùåñòâåííûé íåäîñòàòîê: ïðè óâåëè÷åíèè ÷èñëà n
áàçèñíûõ ôóíêöèé φi, i = 1, 2, . . . , n, ìåòîä íàèìåíüøèõ êâàäðàòîâ
âûðîæäàåòñÿ.

⊠



▲27. ×èñëåííûå ìåòîäû ðåøåíèÿ èíòåãðàëüíûõ
óðàâíåíèé

Çàäà÷à ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé âîçíèêàåò êàê
âñïîìîãàòåëüíàÿ ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.

Êàê ñàìîñòîÿòåëüíàÿ çàäà÷à ðåøåíèå èíòåãðàëüíûõ óðàâíåíèé
âîçíèêàåò âî ìíîãèõ ïðèêëàäíûõ çàäà÷àõ. Íàïðèìåð,
èññëåäîâàíèÿ ðàáîòû ÿäåðíûõ ðåàêòîðîâ, ïðè ðåøåíèè îáðàòíûõ
çàäà÷ ãåîôèçèêè, ïðè îáðàáîòêå ðåçóëüòàòîâ íàáëþäåíèé è ò.ï.



Òèïû èíòåãðàëüíûõ óðàâíåíèé
Èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà

ïåðâîãî ðîäà

Iy =

∫ b

a

K(x, s)y(s)ds = f(x) (13.1)

è âòîðîãî ðîäà

y − λIy = y(x)− λ

∫ b

a

K(x, s)y(s)ds = f(x). (13.2)

Èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà

ïåðâîãî ðîäà

Iy =

∫ x

a

K(x, s)y(s)ds = f(x) (13.3)

è âòîðîãî ðîäà

y − λIy = y(x)− λ

∫ x

a

K(x, s)y(s)ds = f(x). (13.4)

Ôóíêöèÿ K(x, s) â (13.1)-(13.3) íàçûâàåòñÿ ÿäðîì èíòåãðàëüíîãî
îïåðàòîðà I.



Ïîñòàíîâêà çàäà÷è

Ïóñòü çàäàíû íåêîòîðûå âåùåñòâåííûå ôóíêöèè f(x)
(x ∈ [a, b] ⊆ D[f ]) è K(x, s) ((x, s) ∈ [a, b]× [a, b] ⊆ D[K]), à
òàêæå � íåêîòîðîå ÷èñëî λ ∈ R. Òðåáóåòñÿ íàéòè ôóíêöèþ y(x)
(x ∈ [a, b]), êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿa:

aÏîäñòàíîâêà ôóíêöèè y â ñîîòâåòñòâóþùåå óðàâíåíèå ðàâåíñòâî ïðèâîäèò
ê âåðíîìó ïî ïåðåìåííîé x òîæäåñòâó.



Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå
ôóíêöèè ÿäðà K(x, s)

Îïðåäåëåíèå 13.1.

Åñëè â ðàâåíñòâàõ (13.1)-(13.3) ïðàâàÿ ÷àñòü f(x) ≡ 0, òî
ñîîòâåòñòâóþùèå èíòåãðàëüíûå óðàâíåíèÿ íàçûâàþòñÿ
îäíîðîäíûìè. Â ïðîòèâíîì ñëó÷àå � íåîäíîðîäíûìè.

Äëÿ îäíîðîäíûõ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà âòîðîãî
ðîäà (13.2) ìîæíî ðàññìîòðåòü çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ è
ñîáñòâåííûå ôóíêöèè ÿäðà K(x, s).

Ïîñòàíîâêà çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå
ôóíêöèè ÿäðà K(x, s)

y − λIy = 0 (13.5)

Òðåáóåòñÿ îïðåäåëèòü ÷èñëà λ, ïðè êîòîðûõ èíòåãðàëüíîå
óðàâíåíèå (13.5) èìååò íåòðèâèàëüíîå ðåøåíèå y(x) (x ∈ [a, b])a.

aÌíîæåñòâî ñîáñòâåííûõ çíà÷åíèé ÿäðà K(x, s) íàçûâàåòñÿ ñïåêòðîì
èíòåãðàëüíîãî îïåðàòîðà I.



Ìåòîä ðàçëîæåíèÿ èíòåãðàëüíîãî îïåðàòîðà ïî åãî
ñïåêòðó

Ðàññìàòðèâàåòñÿ íåîäíîðîäíîå èíòåãðàëüíîå óðàâíåíèå
Ôðåäãîëüìà âòîðîãî ðîäà (13.2), êîòîðîå â îïåðàòîðíîé ôîðìå
èìååò ñëåäóþùèé âèä

(E − λI) y = f, (13.6)

ãäå E � åäèíè÷íûé îïåðàòîð (Ey = y).

Ïóñòü λ : ||λI|| < 1.

Òîãäà ∃ (E − λI)
−1

=
∑∞

i=0 (λI)
k (ñì. (4.64)).

Â ýòîì ñëó÷àå ðåøåíèå óðàâíåíèÿ (13.1) îïðåäåëÿåòñÿ ôîðìóëîé

y = (E − λI)
−1
f =

∞∑
i=0

(λI)kf (13.7)



Ðåøåíèå óðàâíåíèé Ôðåäãîëüìà ìåòîäîì çàìåíû
èíòåãðàëà êîíå÷íîé ñóììîé

Ïóñòü ÿäðî K(x, s) è ïðàâàÿ ÷àñòü f(x) èìåþò íåïðåðûâíûå
ïðîèçâîäíûå äî íåêîòîðîãî ïîðÿäêàa.

aÒîãäà è ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ èìååò ïðîèçâîäíûå äî òîãî æå
ïîðÿäêà.

Äëÿ ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà (13.1) è (13.2)
ìîæíî ïðèìåíèòü ìåòîä çàìåíû èíòåãðàëà, âõîäÿùåãî â
óðàâíåíèÿ, êîíå÷íîé ñóììîé, âîñïîëüçîâàâøèñü äëÿ ýòîãî òåìè
èëè èíûìè êâàäðàòóðíûìè ôîðìóëàìè.
Ïóñòü çà îñíîâó ïðèíÿòà íåêîòîðàÿ êâàäðàòóðíàÿ ôîðìóëà∫ b

a

F (x)dx =

n∑
j=0

AjF (xj) +Rn[F ], (13.8)

ãäå óçëû x0, x1, x2, . . . , xn ∈ [a, b] (xi ̸= xj ∀i ̸= j) è êîýôôèöèåíòû
A0, A1, A2, . . . , An íå çàâèñÿò îò âûáîðà ôóíêöèè F (x), à Rn[F ] �
îñòàòî÷íûé ÷ëåí êâàäðàòóðíîé ôîðìóëû.



Ðåøåíèå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà ìåòîäîì
çàìåíû èíòåãðàëà êîíå÷íîé ñóììîé ...

Åñëè â èíòåãðàëüíîì óðàâíåíèè Ôðåäãîëüìà âòîðîãî ðîäà (13.2)
ïîëîæèòü x = xi (i = 0, 1, 2, . . . , n), òî

y(xi)− λ

∫ b

a

K(xi, s)y(s)ds = f(xi) i = 0, 1, 2, . . . , n. (13.9)

Çàìåíà â (13.9) èíòåãðàëà ñ ïîìîùüþ êâàäðàòóðíîé ôîðìóëû
(13.8) ïðèâîäèò â ðàâåíñòâàì

y(xi)− λ
∑n

j=0AjK(xi, xj)y(xj) = f(xi) + λR(i)
n ,

R(i)
n = Rn[K(xi, s)y(s)]

i = 0, 1, 2, . . . , n.

(13.10)



Ðåøåíèå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà ìåòîäîì
çàìåíû èíòåãðàëà êîíå÷íîé ñóììîé ...

Îòáðàñûâàíèå â ðàâåíñòâàõ (13.10) ñëàãàåìûõ λR(i)
n ïðèâîäèò ê

ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî
íåèçâåñòíûõ ïðèáëèæåííûõ çíà÷åíèé Yi èñêîìîãî ðåøåíèÿ y(x) â
óçëàõ x0, x1, x2, . . . , xn ∈ [a, b]

Yi − λ
∑n

j=0AjKijYj = fi

i = 0, 1, 2, . . . , n,
(13.11)

ãäå Kij = K(xi, xj), fi = f(xi) ∀i, j = 0, 1, 2, . . . , n.

Ïðèáëèæåííîå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà
âòîðîãî ðîäà íà âñåì îòðåçêå [a, b]

Ïðèáëèæåííîå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (13.2) íà âñåì
îòðåçêå [a, b] ìîæíî ïîñòðîèòü â ðåçóëüòàòå èíòåðïîëÿöèè ïî
ðåøåíèþ Y0, Y1, Y2, . . . , Yn ñèñòåìû (13.11).



Ðåøåíèå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà ìåòîäîì
çàìåíû èíòåãðàëà êîíå÷íîé ñóììîé ...

Àíàëèòè÷åñêîå âûðàæåíèå ïðèáëèæåííîãî ðåøåíèÿ
èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà íà âñåì
îòðåçêå [a, b]

Çà àíàëèòè÷åñêîå âûðàæåíèå ïðèáëèæåííîãî ðåøåíèÿ
èíòåãðàëüíîãî óðàâíåíèÿ (13.2) ìîæíî ïðèíÿòü ôóíêöèþ

Y (x) = f(x) + λ

n∑
j=0

AjK(x, xj)Yj x ∈ [a, b], (13.12)

ïðèíèìàþùóþ â óçëàõ x0, x1, x2, . . . , xn çíà÷åíèÿ Y0, Y1, Y2, . . . , Yn.

Â ñëó÷àå óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà (13.1) ñèñòåìà
(13.11) èìååò âèä

n∑
j=0

AjKijYj = fi i = 0, 1, 2, . . . , n. (13.13)



Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå
ôóíêöèè ÿäðà K(x, s) äëÿ îäíîðîäíîãî èíòåãðàëüíîãî
óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà

Â ñëó÷àå îäíîðîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà
âòîðîãî ðîäà (13.2) (f(x) ≡ 0) ñèñòåìà (13.11) ÿâëÿåòñÿ
îäíîðîäíîé

Yi − λ

n∑
j=0

AjKijYj = 0 i = 0, 1, 2, . . . , n. (13.14)

Îäíîðîäíàÿ ñèñòåìà (13.14) áóäåò èìåòü íåòðèâèàëüíîå ðåøåíèå
òîãäà è òîëüêî òîãäà, êîãäà åå îïðåäåëèòåëü ðàâåí íóëþ.
Ïðèðàâíèâàíèå ê íóëþ îïðåäåëèòåëÿ ñèñòåìû (13.14) ïðèâîäèò ê
àëãåáðàè÷åñêîìó óðàâíåíèþ ñòåïåíè n+ 1 îòíîñèòåëüíî λ. Êîðíè
λ̄0, λ̄1, λ̄2, . . . , λ̄n ýòîãî óðàâíåíèÿ îïðåäåëÿþò ïðèáëèæåííûå
çíà÷åíèÿ ïåðâûõ n+ 1 ñîáñòâåííûõ çíà÷åíèé ÿäðà K(x, s).
Ïîäñòàâëÿÿ â îäíîðîäíóþ ñèñòåìó (13.14) îäíî èç èç íàéäåííûõ
çíà÷åíèé λ̄i è íàõîäÿ ëèíåéíî-íåçàâèñèìûå ðåøåíèÿ ýòîé
ñèñòåìû, ìîæíî ïîëó÷èòü ïðèáëèæåíèÿ ê ëèíåéíî-íåçàâèñèìûì
ñîáñòâåííûì ôóíêöèÿì ÿäðà K(x, s), ñîîòâåòñòâóþùèì äàííîìó
ñîáñòâåííîìó çíà÷åíèþ.



Ðåøåíèå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà ìåòîäîì
çàìåíû èíòåãðàëà êîíå÷íîé ñóììîé ...

Çàêëþ÷èòåëüíûå çàìå÷àíèÿ

Ïðè âûáîðå êâàäðàòóðíîé ôîðìóëû â ìåòîäå çàìåíû èíòåãðàëà
êîíå÷íîé ñóììîé íóæíî èìåòü â âèäó, ÷òî ÷åì áîëåå òî÷íàÿ
ôîðìóëà ïðèìåíÿåòñÿ, òåì áîëüøàÿ ãëàäêîñòü ÿäðà K(x, s) è
ïðàâîé ÷àñòè f(x) èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà
òðåáóåòñÿ. Ïðè íåñîáëþäåíèè ýòîãî óñëîâèÿ ïîïûòêà ïðèìåíåíèÿ
áîëåå òî÷íûõ êâàäðàòóðíûõ ôîðìóë äëÿ ïîëó÷åíèÿ áîëåå òî÷íîãî
ïðèáëèæåíèÿ èñêîìîãî ðåøåíèÿ ìîæåò ïðèâåñòè ê ñîâñåì
îáðàòíîìó ðåçóëüòàòó.

Ìîæåò îêàçàòüñÿ ïîëåçíûì ñëåäóþùèé ïðèåì. Åñëè ÿäðî K(x, s)
ãëàäêîå, à ïðàâàÿ ÷àñòü f(x) èìååò îñîáåííîñòè, òî ìîæíî âìåñòî
y(x) ââåñòè íîâóþ íåèçâåñòíóþ ôóíêöèþ

z(x) = y(x)− f(x).

Ïîäñòàíîâêà åå â èñõîäíîå óðàâíåíèå, íàïðèìåð, â èíòåãðàëüíîå
óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà (13.2), äàåò



Ðåøåíèå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà ìåòîäîì
çàìåíû èíòåãðàëà êîíå÷íîé ñóììîé. Çàêëþ÷èòåëüíûå
çàìå÷àíèÿ.

z(x)− λ

∫ b

a

K(x, s)z(s)ds = λ

∫ b

a

K(x, s)f(s)ds.

Â ðåçóëüòàòå ñòðîèòñÿ èíòåãðàëüíîå óðàâíåíèå òàêîãî æå âèäà, â

êîòîðîì ïðàâàÿ ÷àñòü λ
∫ b

a
K(x, s)f(s)ds áóäåò óæå áîëåå ãëàäêîé,

à ñëåäîâàòåëüíî, è ðåøåíèå z(x) áóäåò áîëåå ãëàäêèì.
Ðåøèâ ýòî èíòåãðàëüíîå óðàâíåíèå, òî åñòü ïîñòðîèâ åãî ðåøåíèå
z̄(x), ìîæíî çàòåì íàéòè è èñêîìîå ðåøåíèå ȳ(x) èñõîäíîãî
óðàâíåíèÿ

ȳ(x) = z̄(x) + f(x).

⊠


